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PREFACE 


The terms curve, surface, length, area have been used by many generations of 
mathematicians. And yet, no general agreement has been arrived at concerning 
the selection of precise formal definitions for these terms, as a basis of a general 
comprehensive theory. The theory of length and area which is presented in 
this book is based upon fundamental ideas of Lebesgue and Geocze. As com- 
pared with other equally plausible and relevant approaches proposed during the 
past fifty years, this theory is distinguished by a high degree of completeness, 
achieved through the sustained efforts of many mathematicians. However, the 
number of difficult and fascinating problems is still large, and application of the 
results to other fields, especially to Calculus of Variations, is hardly begun. 
Hence the writer hopes that he was justified in emphasizing methods and results 
that seemed most relevant for further researches. 

This book is an amplification of a set of four Colloquium lectures which the 
writer had the honor to deliver at the annual meeting of the American Mathe- 
matical Society in Chicago, November 1945. War-time conditions created 
delays and complications that were resolved in the most sympathetic manner by 
the officers of the Society. Several colleagues rendered invaluable help by 
reading and preparing for print the manuscript of this book. The Institute for 
Advanced Study in Princeton and the Ohio State University cooperated in 
providing leisure and material assistance. The writer wishes to express his 
appreciation of the cooperation he received from all these sources. 


Columbus, Ohio, 
March 1946 


Tibob Rado 
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PART I. BACKGROUND MATERIAL 


CHAPTER I.L INTRODUCTION 

1.1.1. The concepts of curve, surface, length, area are of general occurrence 
in mathematics and its applications, and indeed in everyday life. As indicated 
in the preface, the theory studied in this book represents only one of several 
plausible approaches to the difficult and fascinating problems that arise in con- 
nection with these fundamental concepts. The purpose of this introductory 
chapter is to give a brief survey of the field that we propose to cover and to 
acquaint the reader with the general plan of exposition. In this preliminary 
survey, the terms curve, surface, length, area will be used in the same vague sense 
as in Calculus, for example. Precise definitions will be formulated and studied 
in subsequent chapters. 

1.1.2. Given a curve C m terms of parametric equations x — x(u), y = y(u), 
z = z(u), a ^ u ^ 5, its length L is determined by the formula 


h 
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Similarly, if a surface S is given by parametric equations x = x(u, v), y — 
y{u, v), z = z(u, v), a u ^ h, c S V S d, then its area A is determined by the 
formula 
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These formulas are familiar to eveiy mathematician. They are established, or 
rather made plausible in Calculus under very restrictive assumptions. As these 
assumptions are gradually ' relaxed, the validity, and even the meaning, of the 
formulas (1) and (2) becomes less and less clear. Thus there arises a fundamental 
problem that we shall teim, for convenient reference, the representation problem: 
determine the precise range of validity of the formulas (1) and (2). 

The representation problem is merely one of several fundamental issues in 
the theory studied in this book. We selected it as the starting point of this 
preliminary survey because even a cursory discussion of this problem reveals the 
variety and complexity of the conceptual and technical difficulties that we shall 
have to deal with. It will be convenient to write the formulas (1), (2) in a more 
concise form. As regards (1), we introduce the vector function %{u) with com- 
ponents x(u), y(u), z{u), and we denote by f{u) the vector function with com- 
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1.1.2 


ponents x'iu), y'iu), z'{u). The integrand in (1) is then equal to the length 
1 ic'{u) I of f(u). Let us also observe that L may be thought of as a functional 
whose argument is a vector function y(w). Accordingly, we write L(f) for L. 
The formula (1) appears then in the form 

b 

(la) L(i-) = J -1 f{u) I dw. 


Similarly, to condense formula (2), we introduce the vector function ^(w, v) = 
v), y{u, v), z(u, y)], and we denote by the vector functions [Xu , Vu , ^u], 

[rc„, respectively, where the subscripts refer to partial differentiation. 

The integrand in (2) is then equal to the length | X I of the vector product 
Ju X . It is customary to put IF = | X | ■ In analogy with (la), we 
can now write (2) in the form 

b d 

(2a) 4(1) = If ir du dv. 

a c 


In (la), the length L appears as a functional depending upon a representation of 
the curve C, I'ather than a functional depending upon the curve C itself. A 
.similar remark applies to (2a). Thus there arises the question of invariance 
under changes of the representation. This point will be studied carefully later 
on. For the moment, the use of the symbols L(j), A(j) instead of the symbols 
L{C), A (/S') permits us to po.stpone a discussion of the concepts of curve and 
surface, a discussion that will constitute one of the major issues of the theory 
(see part II). 

1.1.3. A striking feature of the formulas (1) and (2) is their obvious formal 
analogy. In fact, (1) and (2) are special cases of a general formula concerned 
wdth n-dimensional varieties in A-dimen.sional space (see Eisenhart [1]). The 
formulas (1) and (2) represent merely the special cases n = I and n = 2, the 
surrounding space being Euclidean three-space. Thus the question is justified 
whether it would not be more appropriate to undertake the construction of a 
uniform theory for general values of n, N, instead of concerning ourselves merely 
with the two simplest special cases. The construction of a uniform general 
theory is indeed an ultimate objective of great interest. Plowever, even the 
case n = 2 presents difficulties that seem to indicate that the case n > 2 is 
perhaps beyond the reach of our present resources in Analysis and in Topology. 

Let us recall that the terms curve, length, and so on, are also used to refer to 
geometrical objects in the complex domain, giving rise to theories of great interest 
and importance. However, we shall restrict ourselves to the real do7nain throughout. 

1.1.4. Returning to the formula (la), it would seem that a first step should 
consist of defining the length I/(f). And yet, it is general practice in several 
mathematical fields, especialty in Differential Geometry in its higher phases, to 
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consider the formula (la) as the definition of I/(y). In the mathematical fields 
just referred to, y(w) is assumed to possess all the properties of smoothness that 
may be needed. However, if these assumptions are relaxed, the formula (la) 
tends to become doubtful. In the first place, the integrand of (1) may be dis- 
continuous, and in fact it is apparent that even in comparatively simple cases 
the concept of the definite integral, as understood in mathematical disciplines of a 
classical type, soon becomes inadequate. One of the reasons advanced by 
Lebesgue [2] for introducing the concept of his integral was precisely the inade- 
quacy of the classical concept of the definite integral for the purpose of evaluat- 
ing the length of a curve. From this point on, we shall use the term integral in 
the sense of Lebesgue integral. A degree of familiarity vith this integral will be 
assumed on the part of the reader (for excellent pre.sentations, see for example 
McShane [7], Saks [6]). For the moment, the following two remarks concerning 
the Lebesgue integral are relevant. 

(i) As regards scope, that is, range of applicabilitjq the Riemann integral is 
definitely inadequate, while the Lebesgue integral gives complete coverage as far 
as the theory studied in this book is concerned. 

(ii) For the purpose of integration in the Lebesgue sense, the integrand need 
not be defined on the whole range of integration. Indeed, the values of the 
integrand may be arbitrarily changed on a set of measure zero without affecting 
the value of its Lebesgue integral. As a consequence, the Lebesgue process of 
integration applies even though the integrand is undefined on a subset of measure 
zero of the range of integration. 

Now let f{x) denote the familiar Cantor ternary function in the interval 
/ : 0 ^ .T ^ 1. Then/(rr) is continuous and nondecreasing in I, and/(0) = 0, 
/(I) = 1. Furthermore, there exists in / a sequence of nonoverlapping intervals 
Jj , •••,/„, • ■ • , such that/Cr) is constant in each /„ and the sum of the lengths 
of the intervals /„ is equal to 1. Now let us define the vector function liu) by 
the formula i{u) = [u,f{u), 0], 0 A w A 1. The corresponding curve (7 is then a 
simply covered arc wdrich can be also represented in the nonparametric form 
y — f(^), 0 A .r ^ 1. The length L oi C may be readily determined by using 
inscribed polygons, and one finds that L = 2. On the other hand, f'(u) exists 
and is equal to zero at every point u that is interior to one of the intervals 7„ . 
Thus I f'(w) I = 1 with the exception of a set of measure zero in 7, and hence 
the integral of | j'(w) | over 7 is equal to 1. Hence the formula (la) fails in this 
relatively simple case. In other words, the formula (la) cannot be used as a 
definition of the arc length outside of the range usuall}'' considered in mathe- 
matical disciplines of a classical type. Similar remai'ks apply to the formula 
(2a). 

1.1.5. Proceeding to the discussion of the definition of L(^), we assume from 
now on that y(w) is merely continuous in the interval a ^ u ^ h. Even though 
“the use of the symbol L(^) relieves us, temporariljq of the obligation to discuss 
the geometrical aspects of the situation, a few remarks concerning the geometrical 
interpretation are in order. While u describes the interval a A w ^ 5, the 
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corresponding point P, whose coordinates coincide with the components x(u), 
y(u), z(u) of the continuous vector function ]c(u), describes a certain point set 
cr(5), but we do not exclude the case where P crosses the same point of <r(f) 
several times. For example, if we first choose f (w) = (cos u, sin w, 0), 0 ^ w ^ 
2r, then (r(j) coincides with the perimeter K of the unit circle in the cc^-plane. 
By inspection, or from the formula (la), it is clear that L(j) = 27r. Let us 
choose next i{u) — (cos «, sin u, 0), 0 ^ ^ 47r. Then £r(f) coincides with K as 

before, but this time clearly P(y) = 4t, both by formula (la) and by inspection, 
since K is now described twice. Thus we shall think of P(f) not as representing 
the length of a point set but rather as representing the length of a trip over a point 
set. Note that mere inspection of the point set a-(j) cannot by itself reveal the 
value of P( j), as the preceding simple examples show. While this conception of 
P(f) may seem most natural, especially from the point of view of applications in 
Analysis, it is important to observe that the alternative point of view, where 
length is considered as a quantity attached to a point set itself rather than to a 
continuous trip over a point set, is of equal interest and importance. In deciding 
to accept the point of view that L(^) should stand for the length of a trip rather 
than the length of a point set, we made one of several major decisions that we 
shall have to face yet. Similar remarks will apply in connection with our study 
of surface area. 

1.1.6. For convenience, let us define a quasi-linear vector function q(u) as 
follows: q(u) is quasi-linear in the interval I : a ^ u ^ h ii there exists a subdi- 
vision of I, by points a ~ Uq < Ui < • ■ ■ < Uk~i < Uk < • ■ • < Un = h, such 
that the components of q{u) are continuous in I and are linear in each interval of 
the indicated subdivision. As regards the geometrical picture, q{u) may be 
thought of as determining, in xyz-sp&ce, a polygon which may intersect itself 
and for which some, or even all, of the sides may reduce to single points. The 
quantity l(q) = ^ | q{Uk) — g(w*_i)j, /c = 1, •••,?!, may be thought of as the 
length, in the elementary sense, of the corresponding polygon. Now let j(w) be 
a continuous vector function in the same interval I. If g{Uk) = ic{uk), k = 0,1, 

‘ ' ,n, then we shall say that q{u) is inscribed in i{u), the geometrical interpreta- 
tion being obvious. We define now 

(1) L(f) = l.u.b. l{q), 

where the least upper bound is taken with respect to all inscribed quasi-linear 
vector functions q{u). This definition originates in the intuitive observation 
that the length of an inscribed polygon is a lower bound for the length of the 
curve. Thus (1) may be thought of as a definition of L(f) from below. Ele- 
mentary examples show that L(y) may be infinite. An equivalent definition is 
represented by the formula 

(2) m = lim l{qf), 

where g„(w) is any sequence of inscribed quasi-linear vector functions such that 
q„{u) — > uniformly in 7. While the preceding alternative definitions of 
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L(j) are generally known and accepted, an equally important equivalent defini- 
tion in terms of upper bounds is perhaps less familiar. Let be any sequence 
of continuous vector functions in / such that f„(w) j(w) uniformly in /. As a 
ready consequence of the definition of L(%), there follows the inequality 

(3) L(?) ^ lim inf LiicJ, 

which expresses the fundamental fact that L(^) is a lower semi-continuous func- 
tional. Let then qfu) be any sequence of {not necessarily inscribed) quasi-linear 
vector functions in I such that qfu) f (w) uniformly in L Then we have, in 
view of the lower semi-continuity property, the inequality X(y) S hna inf l{qf). 
In other words, each sequence qn{u), with the properties just described, yields an 
upper bound lim inf Z(g„) for L(f). An easy argument leads to the formula 

(4) L(f) = gr.l.b. lim inf Z(g„), 

where the greatest lower bound is taken with respect to all (not necessarily 
inscribed) quasi-linear sequences q^iu) such that — » %{u) uniformly in I. 

The formula (4) yields an equivalent definition from above for L{%). 

1.1.7. It is immediate that L(y) is invariant under changes of the Cartesian 
coordinate system xyz. Since we did not define yet the concept of a curve, the 
assertion that L(y) has the same value for all representations of a curve is mean- 
ingless as yet, but this point will be carefully discussed later on. For the mo- 
ment, let us state only the important and obvious fact that L{i) is a convex 
functional. That is, if %x{u), f 2 (n) are continuous vector functions in the inter- 
val /: a ^ -a ^ b, then L(ji) -f- L(^ 2 ) ^ L($i ja)- This is the so-called 
inequality of Steiner. This inequality implies the following geometrical state- 
ment. Let Cl , Ca be simple arcs, and let T designate any biimique and continu- 
ous correspondence between the points of Ci and Cz ■ If Pi , P 2 are corresponding 
points of Cl , Cz , then the locus of the mid-point of the segment with end points 
Pi , Pa is a third curve C, and the inequality of Steiner implies that the length of 
C is less than or equal to the arithmetic mean of the lengths of Ci , Ca . 

1.1.8. Let ^(m) denote a continuous vector function in the interval I \ a S 
u Sb. We have then the following fundamental theorems (see chapter III.3 for 
a detailed discussion of the topics considered in the present section). 

(i) L( 5 ) < 00 if and only if the components of i{v) are of bounded variation. 

(ii) If L(f) < <», then i'{u) exists in I except possibly for a set of measure 
zero, and | i'{u) | is summable in I. Furthermore, we have the inequality 

h 

Ux) a / 1 f'(«) I du, 

a 

'Where the sign of equality holds if and only if the components of i{u) are absolutely 
continuous in I. 

Of course, there are many further important results concerning L(f) (see part 
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III), but the theorems (i) and (ii) suffice to indicate the nature of the repre- 
sentation problem (see 1.1.2). It is now apparent that the solution of this 
problem depends upon several concepts of fundamental importance throughout 
Analysis (Lebesgue integral, bounded variation, absolute continuity). Further- 
more, it is apparent that there will arise various interesting geometrical questions 
in connection vdth the concept of a curve. Turning presently to surface area, we 
naturally expect an analogous set of theorems, depending upon concepts of 
comparable importance. However, a little reflection will make it clear that mere 
formal analogy, such as that obtaining between the formulas (1) and (2) in 1.1.2, 
may turn out to be superficial. Let us consider, for example, the theory of har- 
monic functions }i(xi , .Va , • • • , x^) of n variables. Such a function is, by defini- 
tion, a solution of the differential equation d%/dxl 4- • • • + d%(dxl = 0. For 
n = 1, A is simply a linear function axi + h, and thus the theory of harmonic func- 
tions of a single variable is a triviality. On the other hand, the theory of harmonic 
functions of two variables represents one of the great accomplishments in 
mathematics. Further instances of superficial analogies abound in the theory of 
Differential Equations, in Calculus of Variations, and in many other fields. We 
shall discuss presently certain phenomena that seem to indicate that the analogy 
between arc length and surface area is of an equally superficial character, a 
situation that did not discourage, however, the persistent efforts of many mathe- 
maticians to develop analogous theories of length and area. The present status 
of the theory supports the view that far-reaching analogies do exist. But the 
analogies lie deep, while the discrepancies are conspicuous, as we now shall see. 

1 . 1 . 9 . The preceding remark may suggest that we propose to discuss presently 
so-called pathological cases. On the contrary, our main objective at this time is 
to call attention to the fact that the concept of surface area involves complica- 
tions even if we consider only relatively simple situations. Thus the phenomena 
to be discussed presently may be of interest not merely to the specialist in the 
field but perhaps also to the general mathematical community. Furthermore, 
it is clear that a general theory of surface area will have to rely, to a substantial 
extent, upon preliminary observations carried out in the elementary range. 
For these reasons, the following somewhat detailed discussion of elementary 
phenomena is perhaps justified. 

1 . 1 . 10 . We shall first consider an interesting example due to H. A. Schwarz [1], 

Let S denote the cylindrical surface given by the formulas 1,0^2^ 1. 

Then the area A(S) oi Sis equal to 2-jr. Now cut S along a generator and spread 
S upon a plane. The result is a rectangle R whose sides have the lengths 1 and 
27r respectively. Subdivide the sides of R into m and n equal parts respectively, 
and subdivide R, by lines parallel to the sides through the points of division, into 
mn congruent rectangles r. Subdivide each of these rectangles r into four tri- 
angles by drawing both diagonals. Bend R so as to obtain 8, and use the ver- 
tices^ of the 4mw triangles as the vertices of an inscribed polyhedron with imn 
(rechhnear) triangular faces. Let denote the area of this inscribed polyhe- 
dron. Am elementary calculation yields the formula 
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mn 


2n sin r — j- 
2n 


1 , 4?n 

~i 4 
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2n 


2n sin 


T 

n' 


Inspection yields the following remarks. 

(i) If we choose m = w®, then ^ for If we choose m = n, tlieii 

Amn — > 27r = .4 {S) for n-^co. As a matter of fact, if k is any number such that 
27 r ^ /c < CO , then we can make A^n approach k by pinperly coordinating m and 
n. It follows that -surface area cannot be defined as the limit of the areas of 
inscribed polyhedra. This definition would be logically inconsistent, since the 
limit in question does not exist, as the Schwarz example shows. Neither can 
surface area be defined as the least upper bound of the areas of inscribed poly- 
hedra. Such a definition would be logically consistent, but it would be unac- 
ceptable because it would fail to agree with generally accepted formulas for 
surface area in elementary cases. Thus the definitions of arc length, repre- 
sented by the formulas (1) and (2) in 1.1.6, do not admit of direct analogues in 
the theory of surface area. 

(ii) If m and converge to <» in any manner, then clearly never ap- 
proaches a value less than 27r, since A^^ ^ 2n sin (Tr/2n) -|- n sin (r/n). Thus 
A(;S) = 2irr is the smallest limit that A„,„ may approach. This may be con- 
strued as an indication, even though very faint, that the definition of arc length 
represented by formula (4) in 1.1.6 may admit of an analogue in the theory of 
surface area. 

1 . 1 . 11 . It is perhaps difficult to understand how mathematicians could ever 
have been surprised by an example as simple as that devised by H. A. Schwarz. 
In any case, an overwhelming number of definitions have been subsequently 
proposed for surface area, and the end is apparently not yet in sight. Now since 
any definition of surface area must agree with the generally accepted values in 
elementary cases, it is reasonable to assume that each new definition is based 
upon observations in the range of those simple cases where one may speak of a 
generally accepted value of the area. A brief review of some such cases may 
therefore be in order at this time. 

Case 1. Let j(w, v) = [x(ii, v), y{u, v), z{u, w)] be a continuous vector function 
in the unit square Q ; 0 ^ ^ 1, 0 ^ ^ 1, and let cr denote the set of all those 

points in .r^s-space that correspond to the points (w, v) of Q by means of the 
equations x = x{u, v),y = y(u,v),z = z{u, v). Suppose further that these equa- 
tions determine a 1-1 correspondence between the points of Q and the points 
of cr. Then we may say that cr is a simply covered topological 2-cell (cf. part II). 

Case la. The set a is some simple figure hke a square, a rectangle, a circular 
disc, a spherical cap, and so forth. Briefly, let cr be any simple figure whose area 
is given by some standard formula. Then the functional A(f) must agree with 
the value furnished by the standard formula. Note that in such cases it is 
entirely unnecessary to refer, for the calculation of A(f), to the formula (2a) in 
1.1.2, and in fact that formula may be altogether meaningless even though the 
generally accepted value of A(y) is beyond doubt. The following example is 
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instructive from this point of view. Let f{x) and g{x) be two continuous func- 
tions in the interval 0 ^ .r ^ 1, such that 0 < f{x) < g{x) for 0 ^ a; ^ 1, and 
let cr denote the figure in the a:^-plane that is bounded by the graphs y = f{x), 
y = g{x), and by the lines a; = 0, re = 1. By a standard formula in Calculus,, 
the area of a is then given by the integral 

1 

J ~ fix)] dx. 

0 

In particular, if we choose g(x) = /(re) + 1, then the area of a is equal to 1. Now 
let us consider the vector function %{u, v) = [u, f{u) + v, 0] in the unit square 
QrO^w^l, O^ygl. The equations x = u,y = f{u) v, ;s = 0 determine 
then a 1-1 continuous correspondence between Q and a, and hence we must 
have A( 5 ) = 1. On the other hand, if we choose /(rc) as a continuous function 
without a derivative, then the partial derivative yu does not exist anywhere in Q. 
Let us now introduce new parameters a, (3 by means of the formulas u = a + j3, 
y = « — /?, and let us also introduce a new Cartesian coordinate system in a 
general position relative to the system xyz. There results an example where 
A(x) = 1 by a standard formula in Calculus, while the integral formula for sur- 
face area (see 1.1.2) is altogether meaningless because none of the six first partial 
derivatives involved exists anywhere. 

Case lb. The components x(u, v), y{u, v), z(u, y) of j(w, v) have continuous 
first partial derivatives in some square that contains the unit square Q in its 
interior, and the quantity W of the formula (2a) in 1.1.2 is positive in Q. Under 
these conditions, A(f) is given by the formula (2a) in 1.1.2, by general agreement 
of all mathematicians. As a matter of fact, in this case many mathematicians 
consider that formula as the definition of surface area for this particular case. 

^ Case Ic. Let us now assume merely that the components of y(w, y) have con- 
tinuous first partial derivatives in the interior of the unit square Q and that 
TL > 0 in the interior of Q. In other words, we make no assumptions concerning 
the existence or behavior of the first partial derivatives on the perimeter of Q 
From the Calculus point of view, the integral in formula (2a) in 1.1.2 is then to 
be treated as an improper integral, and thus that formula should be written in 
the form 

(1) A(j) = lim [[ W dudv, 

n--*co V 
On 

where is the sequence ^ 

Qn '.l/n u -A I — l/n, 1/n ^ y ^ 1 - l/n. 

If the improper integral (in the Biemann sense) of W over Q fails to exist, then 
probably most mathematicians would agree that A.(y) = “j, as indicated by (1) 

If the improper integral exists, then the situation may be doubtful. In any case^ 
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textbooks dealing with this matter from the classical point of view fail, as a rule, 
to state assumptions with sufficient clarity for the purpose of a clear-cut decision 
concerning this point. So case Ic should be classified, for the moment, as a 
doubtful case. 

Case Id. Let the set a (see above) coincide with a bounded, simply-connected 
Jordan region in the a^y-plane, and let denote the set of the interior points of 
9?. Now we may choose the boundary curve of 9? as an Osgood curve (a simple 
closed continuous curve of positive two-dimensional measure, see Osgood [ 1 ]). 
Then the measure | 91° | of 91° is less than the measure | 91 | of 9?. Hence, a 
decision must be reached whether should be equal to 1 91° 1 or else to | 91 1- 
Of course, we maj^ say that in such eases we should rather speak of the area of 91 
and of the area of 91°, instead of insisting upon a definite choice. However, it is 
clear that once a general definition of surface area has been adopted, yl(y) will be 
equal to either | 91 1 or else to | 91° |. Thus adoption of a general definition of sur- 
face area implies decisions in cases that are doubtful as regards a priori general 
agreements. 

Incidentally, if a decision in favor of formula (1) above has been reached in the 
preceding doubtful case Ic, then there follows for the present doubtful case the 
decision .A (f) = | 91° [. Indeed, by a fundamental theorem on conformal mapping 
(see Carath^odory [1]), we can choose i{u, v) = [x{u, v), y{u, v), 0] in such a 
manner that the equations x = x{u, v), y — y{u, v) define a 1-1 continuous 
mapping from the unit square Q onto 91 which is conformal in the interior of Q. 
The assumptions made in case Ic are then satisfied, and the formula (1) yields 
immediately the relation ^ (j) = | 91° j. Now a decision in case Ic in favor of the 
formula (1) seems to be quite natural, but the preceding remark shows that more 
is implied by such a decision than one may first expect. 

Case 2 . Using a in the same sense as in case 1 , let us drop now the assumption 
that the correspondence between Q and a is biunique. The geometrical picture 
becomes then quite vague, and we mention only one special case that is relevant 
for our immediate purposes. Let us suppose that y(w, v) is continuous and 
quasi-linear in Q. That is, there exists a subdivision of Q into rectilinear tri- 
angles ti , • “ , without common interior points, such that the components of 
X(u, v) are linear functions of u, v in each one of the triangles , • • • , . By 

means of the equations x — x{u, v), y = y{u, v), z — z{u, v) there corresponds then 
to each triangle 4 a rectilinear triangle in xyz-spsbce, where A* may reduce to 
a segment or even to a single point. Then the literature contains overwhelming 
evidence in favor of the agreement ^( 5 ) = ( Ai j -f- • • • + | A„ |, where j A* | 
denotes the area of A* in the elementary sense if A^ is a nondegenerate triangle, 
and I Ajfc I = 0 if A* reduces to a single point or to a segment. Incidentally, the 
quantity W of formula ( 2 a) in 1 . 1.2 is now integrable in the Lebesgue sense (and 
even in the Riemann sense if certain obvious agreements are made), and one 
finds readily that the integral formula leads also to the relation J.(j)==|Ai|-}- 
• • • -f- I A„ |. Of course, the set <r need not be simply covered, and taken by 
itself cannot be used to gain information concerning ^(?). 
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1.1.12. The preceding brief and incompleie review of what may be termed the 
elementary range yields some relevant information concerning the difficulties 
that should bo anticipated in a general theory of surface area. For conciseness, 
let us introduce the follov'iiig terminology. The unit square 0 g g 1, 0 ^ 

g I will be denoted by Q. The notation v) will refer to a vector function, 
defined in 13 , with components x(u, v), y{u, y), u) that are continuous in Q. 
Given J’(iq the formulas .r = .T(i^ u), y = y{u, v), z ~ y), {%i, v) E Q, 

define a continuous mapijing from Q onto a certain subset of Euclidean 
thi'ce-space. This raapijing will be denoted by 7\u, u, y)- Then every point 
(.r, y, z) is the image of a certain number of distinct points {ii, v) in Q. The 
number of these points (u, r) will be denoted by Nix, y, z, Then N(x, y, z, 
i*) = 0 if (x', y, z) $ cr(|;), If (.r, y, 2 ) E <?•(¥), then y, z, i’) may be infinite. 
If the mapping Tin, v, j;) is Lo])oIogical, then Nix, y, z, y) = 1 on ai^). 

Let K denote the class of all continuous vector functions in Q, and let 

A', denote the class of those continuous vector functions j;(u, y) in G for which 
the associated mapping 7'(i(, v, y) is topological Any general definition of surface 
area should then yield a functional ^( 1 .') with the following properties. 

(i) A(i’) is defined and iion-ncgativc for eveiy j E A< (it is understood that 
A(i') may be infinite), Of course, A(i') may be defined also for ^ ^ A, . 

(ii) A(f) agrees with the generally accojAed formulas for surface area in the 
cases la and lb described in 1.1.11. 

The projmrtios (i), (ii) represent niinimuin requirements that every general 
definition of surface area may bo expected to meet, Let us note that the as- 
sumption E N, implie.s that the set cri^) is a simply covered surface, where the 
U.S 0 of the terra, surface is not subject to tlin doubts tliat may arise if one only 
assumes that y E A. We proceed to consider certain difficulties that arise for 
every choice of the functional /i(i‘) subject to the conditions (i), (ii). 

1.1.13. In the theory of are length wo Imd the fundamental theorem: if 
A(i’) < then tlie first derivativG.s of the components of f exist in the interval 
of definition, with the possible exception of a set of measure zero. Furthermore, 
the definite integral occuiTing in the formula for arc length exists in the Lebesgue 
sense (see 1.1.8). Tiie analogous statement for A(i') is however generally false. 
Indeed, in our discussion of case la in 1.1.11 we exhibited an example where 
j-t(j’) == 1 (by virtue of condition (ii) in 1.1.12), and yet none of the six first 
partial dcrivative.s of the components of ^‘(m, v) exists anywhere in Q. Thus we 
cannot even begin to consider the integral occurring in the formula for surface 
area. 

This example indicates that a surface may possess more unfavorable para- 
metric representations than those that a curve can possibly have. However, the 
nonexistence of derivatives may have more fundamental reasons. Returning to 
the case of arc length, it is intuitive that the nonexistence, locally, of derivatives 
J.S generally a consequence of oscillations tliai will appreciably increase the arc 
length. Conversely, the assumption that L(j) < <0 will have a dampening 
influence upon the oscillation of ^iii), and as a matter of fact the proof of the 
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theorem (ii) in 1 . 1 . 8 , is based upon thi.s intuitive idea, as far as tlie Gxi.stoiicc of 
derivatives is concerned. Now take a circular disc S and modify it as folio w.s; 
cut out from S a small circular disc and replace it by a circular cone. Lot S* 
be the resulting surface. Clcarl}'-, if the base circle of tlio cone is .siifTtcicntly 
small, we maj'^ choose the height of tlic cone very large, and yet keep the area of 
S* as close to the area of S as we please. Of course, we can replace any nuinbor of 
small discs in jS by very long and very thin cones without appreciably increasing 
the area of S. These remarks indicate a fundamental discrepanc}'' bot’\\'eon the 
dampening effect of the assumptions L and A 

The long thin cones of the preceding remark point to another sigiiifioant 
discrepancy. A short curve may be enclosed in a small sphere. But in.spo(;tion 
of a long and narrow rectangle reveals that no similar statement holds for surface 
area. 

Finally, let us consider the following situation. Let U denote the unit c.iibo 
I, O^yS 1, 0^^:^ I, and lot e > 0 be small. If a curve passes 
witliin e of every point of U, then its length must obviously be large. On the 
other hand, by properl}'' folding a veiy narrow and very long rectangle, it is easy 
to obtain an example of a surface that passes within e of every point of U and 
has an area less than e. 

The experienced reader will readily visualize the i)aradoxical phenomena that 
result from the preceding remarks by applying the method of the condensation 
of singularities. He will also realize that the preceding examples, in spite of tlu'ir 
trivial character, are related to some of the mo.st fundamental difficulties that 
arise in various fields of mathematics. Clearly, any general theory of .surface 
area will have to contend with difficulties of this t 3 ’'pe. 

To illustrate a somewhat different type of difficulties, let us consider, iu the 
.r^-plane, a (reotilinear) triangle A, with vertices at (0, 0), (e, 0), (0, 1), and a 
second triangle Az with vertices at ( 0 , 0 ), (fj 0 )} (Oj Oj where e > 0 i.s small. 
Let T denote the affine transformation that carries Ihe vertices of A, into tin* 
vertices of Az in the indicated order. Let Pi , Pz be corresponding p oinks of 
Ai , Az under P, and let P bo the mid-point of the segment that joins P, and P 3 . 
Then the locus of P is a triangle A with vortice.s at (0, 0), ((1 4- e)/2j 0), (0, 
(1 + e)/2). For the areas of these triangles we have the formulas 

I A I g , A, ^2 - 

and hence the inequality | A | g (j At j -j- | Az j)/2 fails to hold if e is sufRcieiiUy 
small. Comparison with 1.1.7 shows that the inoqualit}'^ of Steiner does not ad- 
mit of an unqualified generalization to surface area. The procoding romnrk is 
due to L. Fej 6 r. Now the inequality of Steiner is a most efficient tool in the 
theory of arc length, and the lack of a corresponding tool in the theory of surface 
area is the source of endless difficulties, Further instances could bo exhibited 
to illustrate the point that the technical difficulties to be anticipated in surface 
area theory are far greater than those encountered in the theor}’' of arc length. 
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1.1.14, In view of the examples discussed in 1.1.13 and 1.1.10, it is apparent 
that a program of developing analogous theories of arc length and surface area is 
not a routine undertaking b 3 i^ means. A second set of difficulties arises from 
the fact that equal Ij'' plausible definitions of surface area may, and indeed gen- 
erally must, conflict beyond the elementary range. We proceed to explain this 
significant point. 

One of the most obvious observations in the elemontaiy range may be .stated 
in the form of the 'projection principle. Let denote the orthogonal pro- 
jection of the set cr(j) (sec 1,1,12) upon the plane p in a:yie:-spaco, and let ( cr(i;)„ | 
denote the (two-dimensional) measure of £r(¥)p • Then, in simple cases, A(i') ^ 

I o'(j)p Ij foi' every choice of the plane p. Several definitions of .surface area are 
based upon this projection principle. Let pi'oj) denote any definition of 
this type. Let us now consider the doubtful case Id in LI. 11. In that case, 
if we choose p as the ^ry-plane, wo liavc and hence there follows the 

inequality 

(1) ACy, pro}) ^ I j. 

A second, though less obviou,s, observation in the elementaiy range yields the 
lower semi-coniinuily pnnciple in the following form: if y), n = 0, 1, 2, * • • , 
is a sequence of continuou.s vector functions in the unit square Q, such that 
fo uniformly in Q, then A(i’o) ^ lim inf A(|:„). This principle is clearly 
.suggested by tho analogous property of arc loiigth (see L 1 , 6) . Its validity in the 
elementai'y range does not seem to follow by altogether elementary methods, 
but is rigorously established at ijrcscnt (in particular, this book contains ample 
proof of the jn’inciplc). Furthermore, the property of lower semi-continuity is 
shared by important double integrals occurring in Calculus of Variations. Also, 
the lower semi- continuity principle represents one of the few clear-cut analogies 
between arc length and surface area. In fact, several importaut definitions of 
surface area are based upon this principle. Let A (j, Isc) represent any definition 
of this type. Let us consider again the doubtful case Id in 1.1.11. By approxi- 
mating to iff in terms of simply- connected polygonal regions comprized in 9i“, 
the lower semi- continuity proj^erty yields I'eadily the inequality (cf. the argument 
in V.2.68) 

(2) A(i‘, Isc) g I 

If we choose the boundary curve of as an Osgood curve of positive two-dimen- 
sional measure, then it follows from (1) and (2) that A(g, Isc) < A(i’, proj). 
Thus the projection prmdple and the lower semi-coniinuiiy pnnciple conjlict beyond 
the elementary range. 

We already mentioned that the example of Schwarz was the starting point of a 
large and still growing number of definitions for surface area. It may be natural 
to assume that the choice of a definition for surface area is a matter of taste. 
The preceding remarks show that the choice of the definition represents a major 
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decision. Another significant conflict of this type should bo mentioned here. 
We considered, at least in this preliminary survey, surface area as a functional 
id(f) depending upon a vector function. A theory based upon this conception 
may be called an analytic theory, in contradistinction to certain measure-theoret- 
ical theories. In theories of this latter type, one starts with a measure-function 
M{E) defined, for example, for all subsets of Euclidean three-.spaco. If x G Kt 
(see 1.1.12), then the theory requires that A(i’) = Af[(r(i’)I. Let us consider 
again the doubtful case Id in 1.1.11. According to every measure-theoretical 
theory known to the writer, we have then Air(9t) = j |, and hence also A ( 3 ;) = 

I 91 1. Thus a measure-theoretical theory selects | 91 | as the area, and hence, in 
view of ( 2 ), any analytic theory based upon the lower semi-continuity principle 
will present an inevitable conflict with every measure-theoretical theory, and vice 
versa. 

1.1.15. The theory of surface area, initiated by Lehesgue and Gedeze and pre- 
sented in this book, may now be characterized as an analytic theory based upon the 
lower semi-contimiity principle, The area-functional /l(i') will be required to 
possess the following properties, in addition to the properties (i) and (ii) stated 
in 1 . 1 . 12 . 

(iii) is defined for eveiy continuous vector function x E K (see 1 . 1 . 12 ), 
and is lower semi-continuous, That is, if v) Xo(u, v) uniformly in Q, 
and i'„ G 7C, n — 0, 1, 2, • • • , then A.(jo) ^ Hm inf A (};„). 

(iv) If q{u, v) is a quasi-linear vector function, then A(g) agrees wth the 
value described in 1 . 1 . 11 , case 2 . 

It is important to note that the properties stated so far do not univocally 
determine the functional A.(j:). As a matter of fact, there are known at present 
at least four such functionals, all based upon the lower semi-continuity principle, 
that are clearly revelant for the general theory. The functional proposed by 
Lebesgue is distinguished by the fact that it is the largest of all functionals A(j;) 
satisfying the conditions (i)-(iv) stated in 1 . 1 . 12 , 1.1,15. We noted before that 
the lower serai-continuity principle conflicts with the projection principle (see 
1.1.14). One of the many fundamental discoveries of Geocze consists of a 
modified projection principle that is compatible with the lower semi-continuity 
principle and in combination with the latter leads to further concepts of great 
importance in the development of the theory. The stud}’- of the modified pro- 
jection principle of Gebeze constitutes one of the major topics in this book. 
It is entirely possible that an analogous modification of the measure-theoretical 
concepts of surface area (see 1.1.14) may lead yet to a unified thcoiy. 

1.1.16. Continuation. According to (iii) in 1.1.16, our area-functionals 
A(i’) will be defined for all continuous vector functions x ^ K (see 1 . 1 . 12 ). 
Clearly, we shall need therefore a concept of surface of extreme generality 
(observe that the mapping T{u, v, %) of 1.1.12 is not required to be biunique). 
This leads to topological problems of a high order of interest and difficulty (see 
part II), and also to phenomena that must be constantly kept in mind by a 
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worker in thi.s field . In the way of illustration, lot us return to the trivial remark, 
made in 1.1.13, that for every e > 0 wc can readily coustriiet a surface whose 
area is les.s than e and which passes within e of every point of the unit ciibc.^ Tii 
view of the general setting of our theory, we can carry out a passage to the limit, 
obtaining the Gedeze example of a cube-filling surface of zero area (see V.2.71). 
Next, using tlie notations of 1.1.12, let us consider two vector functions G K, 
^2 G K, such that iY(a;, y, z, f,) ^ jV(.t, y, z, f^) for every point {x, y, z). One 
would then expect that the area-functional yl(jf) should satisfy the inciiuaUty 
/l(i-,) ^ A{i; 2 ). And yet, as a ready consequence of the properties (iii), (iv) 
stated in 1.1.15, there follows the existence of .simple case.s, analogous to tlio 
cube-filling surface of zero area, where A(y]) < ^(^ 2 ) (.see y.2.71). In all the.se 
instances, the examples arc obtained by a passage to tlie limit from perfectly 
obvious elementary situations, similar to those discussed in 1.1.13, and pcrliaps 
the initial elementary situation is more remarkable than the final product. 
Still, there will be little room in our theory for intuition based on lack of obaorva- 
tion.s. Incidentally, the e.xample of a cubc-filling surface of zero area wa.s tlie 
starting point of profound topological investigations of Geoeze which led to 
results of great importance in the subsequent development of the theory. One 
is reminded of the square-filling curve of Pcano which was the starting point of 
the present theory of Peano spaces. In a general way, the theory pre.scntcd in 
this book contains many instances wliere an apparent paradox turns out to bo the 
.soui’ce of essentially new insight, the mo.st elementary ease being, porliaps, the 
e.xample of Schwarz (see 1.1.10). 

1.1.17. The analytic theory of surface area, presented in this book, has been 
initiated by Lebc.sgue [2] in his famous memoir, hiUgrale, Longueur^ Aire, which 
appeared in 1902. In a series of profound investigations, publi.shed between 
1908 and 1917, Geoezo undertook a first systematic study of surface area, based 
upon the lower semi-continuity principle proposed by Lebesgue and upon a 
modified projection jirinciplc (see 1.1,15) discovered b}’- Gcocze Jiim.solf. In the 
light of the.se initial fundamental contributions of Lebesgue and Gefiezo, it ivas 
clear that the development of an adequate thcoiy of surface area, along tlie lines 
just indicated, will depend upon the solution of a number of problems of a high 
oi'der of difficulty in Analysis and in Topology. Furthermore, mo.st of the inaus- 
picious phenomena described in I.l.O-I.l.lC'were known to and fully appreciated 
by Geocze. In view of the discouraging conceptual and technical difficulties 
revealed by the work of Lebesgue and Geocze, it seemed doubtful whether the 
theoiy would attract the general interest necessary for continuous development. 
And yet, the progress was steady, due in particular to the sustained effort of 
workers primarily interested in Analysis, a curious situation in view of the fact, 
clearly indicated by the work of Geocze, that some of the most essential difficulties 
of the theoiy are of a topological character. The explanation of this somewhat 
surprising course of events seems to be rather obvious. The nonparmnetric case, 
that is the case of surfaces represented by an equation of the form z = f(x, y) 
where f{x, y) is single-valued and continuous, Avas a natural starting point on 
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account of its relative simplicity. In the first place, the geometrical pieUiro of 
the surface is quite clear, the topological diffieultios disappear, and as a conse- 
quence the theory of this case is essentially an application of the theory of fiuic- 
tions of real variables. Prom the point of view of Analysis, a striking simplifica- 
tion arises duo to the fact that the inequality of Steiner admits of an adequate 
extension in the nonparametric case (cf, 1.1.7, 1.1.13). As a coirscquonce, tho 
nonparametric case attracted the attention of many Analysts whose joint efforts 
resulted in a beautiful theory of a high degree of completeness. Furthermore, 
this special theory showed far-reaching analogies with tho theory of ilio arc 
length, thus serving as a stimulus for a renewed attack upon tho parametric case 
which seemed to present so many discouraging a-spccts. As regards develop- 
ments in the 'parameiric case, many fundamental contributions v^ore made by 
Analysts primarily interested in Calculus of A^ariations. Clearly, the doii])la 
integral occurring in the formula for surface area (see 1,1.2) may bo thought of ns 
a very .simple special case of the integrals that occur in doulile integral problems 
in Calculus of A^’anations, a circumstance which explains the intore.st of si)ocialists 
in this field in surface area theory. Even though the results achieved by tho use 
of analytic methods arc of great beauty and importance, the fundamental role 
of Topology seems to be clearly established, both by the pioneer work of Geoezo 
and by the latest developments. Jiy a mo.st fortunate coincidence, many of the 
topological problems relevant for surface area theory arose, independently, in 
that important branch of Topology which is known at present as Analytic 
Topolog)'’ (see G. T, AVhyburn [3]). Thus the student of surface area iheoiy 
can, and perhaps must, (lra^v upon the combined resources of Analysis and 
Topology in attacking tlie problems that still await solution. 

1.1.18. In concluding this preliminary survey'', let us ol:)sorve that we dis- 
cussed so far oiil}'- the difficulties to be anticipated. As regards the dcvelopmcmt 
of the theory, the reader interested in first obtaining a general picture may now 
turn to the Chapters 11,5, III, 4, IA^.5, A^.4 whicli contain information of a general 
character concerning re, suits achieved, problems yet open, and l)ibliogi'apliy. 

In particular, these chapters should be consulted for dctailccl roforence.s concern- 
ing the origin of the various results included in the main text where references are 
given onty for the purpose of technical information. In view of tho exlcnsh^e use 
of both Analysis and Topology, an entirely self-contained presentation could 
not be achieved. For this reason, background material that could not be ade- 
quatel 3 '' discussed has been assembled in chapters 1.2 and 1.3. A reader who 
feels that his background in either Analysis or in Topolog.y maj’’ be inadequate 
has many excellent texts at his disposal. Amongst these, Saks [6] and G. T. 
AVh 3 '-biirn [3] are admirably .suited to ease the task of the reader. 
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1.2.1. The purpose of this chapter is to list definitions and theorems in Topol- 
ogy wliich will be needed in the sequel but could not be discussed adequately in 
this book. Proofs u^ill be omitted. In most casesj Whyburn [3] may be used as 
gjenoral reference, and in .such cases no specific reference -vvill be given. Many 
theorems in this cliapter may be used as' exercises by a reader whose previous 
training did not include an adequate amount of Topolog}^ 

1.2.2. A topological space S consists of an aggregate K of elements, to be 

termed the points of and of an aggregate of subsets of /C, to be termed the 
open sets of such that the following conditions hold, (i) The empty set, to 
be denoted 0, and K itself belong to S3, (ii) If the sets Ei , E 2 belong to S3, 
then their common part also belongs to S3. As a consequence, if A?, , , 

• ■ • , is any finite system of sets in (3, then their common part • • • E„ 
also belongs to S3, (iii) If F is any family of sots that belong to S3, then their 
sum also belongs to S3, (iv) If , p 2 are distinct elements of AT, then there 
exists a pair of sets A?, , in S3, such iliat pi is contained in Ei , pa is contained in 
E 2 , and E,E 2 = 0. 

If it is desired to refer explicitly to the aggregates K and S3, one may use the 
symbol S(K, S3) to refer to the topological .space determined by K and S3. Two 
topological spaces jS( 1C, , S3,), /S(JCg , 13*) will be considered different unless K, — 
K 2 and S3i = S3a . If K and S3 arc clearly identified by the context, then we may 
write S instead of S2), 

The term topological space is being used in several texts in a more general 
sense, and this fact should bo carefully noted by the reader in using such texts. 
The concept of a topological space, defined above, is due to Pfausdorff [1], and 
seems to be best suited for our purposes. 

1.2.3. We shall list presently various terms and notations that will be used in 
the sequel. Let K be any aggregate of elements to be termed points. A subset 
E of K is termed nondegenerate if it contains more than one point. If the subsets 
El , Es have no common points, then J?, and E 2 are said to be disjoint. The 
empty subset is denoted by 0 (zero). A subset E which contains at most a 
donum erabJe infinity of distinct points is termed countable. Thus the empty 
set 0 is countable, and every finite subset E is countable. The symbol G is 
used in the sense of "clement of". Thus if p is a point and is a subset of K, 
then p ^ B moans that p lies in B, The negation of G is denoted by Tim 
inclusion sign C means “subset of". If A is a family of subsets of K, then the 
sum E ^ F, denotes the set of all those points p for which the relation 
p Q E holds for at least one set E ^ F, and the iDi’odiict Y1 E, E ^ F, denotes 
the set of all those points p for which the relation p ^ E holds for every set 
E G F. If the familj'’ F is countable, and is comprised of a (finite or infinite) 
sequence of subsets Ei , • • • , A„ , • • ■ , then the notations E„ , 
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1, 2, • • • , may bo used. If Ei , are subsets of K, then Bi — is the set of 
those points p which satisfy the simultaneous relations p ^ Ei , p ^ . In 

particular, the difference K — E is termed the complement of the subset E (with 
I’espect to 7C). The various concepts just defined give rise to an algebra of sets 
which will be freely used in the sequel. For a detailed discussion, see Kuratowski 
[3], Newman [1]. 

1.2.4. Continuation. Let pi , Pa , • " > Pn > • • • be a finite or infinite se- 
quence of points of K which are not necessarily distinct. Then a point p of K 
may occur in the sequence either not at all or else a finite or infinite number of 
times. Let N{p) be the number of occurrences of p in the sequence. Thus N{p) 
may be equal to zero, or to a finite positive integer, oi’ to <» . If pf , p| , ■ • • , 
pt y • • • is a second sequence, and N*{p) denotes the number of occurrences of p in 
this sequence, then we shall saj’’ that the sequence p* is a rearrangement of the 
sequence p„ provided that N{p) = N*{p) for eveiy point p of K, and we shall 
write [pi , • • ' , p„ , ■ ■ •] = [pf , "■ ,Pn , • • •], or more concisely [p„I == [p*J. 
Thus this equation does not mean that p„ = p,t for every n, but merely that the 
sequences p„ , p* arc rearrangements of each other. The symbol fpj by itself 
will be used to express the fact that the particular arrangement of the sequence 
p„ is immaterial in a certain situation. If pi , pi , pi are three sequences, and if 
the corresponding functions N\p), N'^ip), N^{p) satisfy the relation N®(p) = 
iV^*(p) + ^^ip)} then we shall write [pi] ~ [p,‘] -f- [p^]. Thus this formula means 
that the sequence pi is obtained by dovetailing the sequences p\ and pi , and it 
does not mean that pf, ~ pi -j- pi for every n. 

1.2.5. Continuation. Let there be given a second aggregate K*. Let us 
use p, p* as generic notations for points of K, K* respectively. A single-valued 
transformation, or mapping, .p* = T{p) from K into K* arises if for every point 
p G 7f there is as.signod a unique image point 7'(p) = P* G 7i'’'. Distinct points 
pi , P 2 of iC may have the same image in K* under T. It is not assumed that 
every point p* ^ K* is the image of some point p G 7C If F is a subset of K, 
then T{E) denotes the imago of E under T. In particular, T{K) denotes the 
image of K itself. Generally T{K) is a proper subset of K^, but if T{K) = 7v*, 
then we shall say that T is a transformation from K onto (and not merely into) 
K*. In the sequel, a formula T{K) — K* will mean that T is a single-valued 
mapping from K onto K*, and the formula T{K) C K* will mean that T is a 
single-valued mapping from K into K*. The term single-valued will be usually 
omitted. 

If jS?** is a subset of K*, then T~\B*) denotes the set of those points p G. K for 
which T(p) G E*. The set is termed the inverse set of E* (under T in 

K). In particular, if F* reduces to a single point p'^, then T~^{p'^) is the inverse 
set of the point p* If T{K) C K*, then T~^{p*) may be empty for certain 
points p*. The following formulas and facta will be useful in the sequel (T 
denotes a mapping from K into 7^*). 

(1) If F is any famil}’^ of subsets E of K, then T(X) E) T(F), T{![\ B) C 

n EeF. 
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(2) If El , E 2 are subsets of K, and Ei C , then T{Ei) C T(Ei). 

(3) If El , Ei are aiiv two subsets of K, then T{Ei) — T{Ei) C 

(4) If Et , are subsets of A'% and A? C Et , then ^“*(7^^) C T~'{Et). 

(5) If Ef , Ef are an}’- two subsets of K'^f thou 7’"'(7i7) — T \E*) C 
T~\Ef - A?). 

(6) If Ef is a subset of K*, and 7i?| = /C" - Ef is tlie complement, of Ef , 
then T~\Ei) is the complement of T~\Ef) in K. 

(7) If E is any subset of K, then E C 

(8) If E^ is any subset of K^, then Tr'{E^) = E\ 

(9) 7’"'(0) = 0, 7’(0) = 0. 

(10) T-\K*) - K, 7’-‘r{/C) = K, but the relation rr\K'‘) - K‘^ liold.s 
if and only if 7' maps K onto K^. 

(11) If T{K) = K*, then TT~\E^) = for every subset E^ of K^, 

(12) If 7^(70 = A* and 0 A* C E^, then r\E^) 0. 

(13) If A* is any family of subsets E^ of K ^ then r'XE E ') = E 7'~'(7^-'-), 
T-\tl E-^) = n 7’"X7^^), E* G A*. 

For further intercstingf formulas, sec Kuralowsld [3]. 

1.2.6. CoNTir^uATioN. A set E C 7l is termed an iuversc sot (under T) if 
and only if there exists a set E* C 7C* such that E = 7'“‘(7i^*). Assuming that 
T{K) = K^, wo ha^’e then the following statements. 

(1) A set E C 7C is an inver.se set if and onl}’- if E = T'^T(EJ), 

(2) If El , E, arc suliscts of A, then T{E,E,) C T{Ei)T(E,). Hut if at 
len.si one of Ei , E^ is an inverse set, then 7’(AiAs) = 7’(7iX)7’(A2)- 

1.2.7. Continuation, Suppo.se that 7^(70 = 7C^ If ^(pj) 9 ^ when- 
ever Pi , P 2 nre distinct points of K, then T is termed hiunique. Clearly, T is 
biimique if and only if 7'“^(p’^) consists of a single point for every choice of the 
point p* G EC*. If T is biuniqiie, then T~^{p'‘) is a single-valued mapping from. 
K* onto K which is termed the inverse rnapping to T, 

1.2.8. Let 7C, 7v, , K, be three aggregates, and lei 7\(70 = Ki , 'I'zilC) = K 2 , 
TiiiKi) = 7fa bo single-valued mappings. If T^ip) = 7’, 3 7’, (7?) for every point 
p G 7Cj then we shall say that 7\ is the product of T, and , and wo shall 
write 7^2 = 'EnTi . A^otc ihat products of mappings should he read from the light 
to the left, A relation T. = T^Ti i.s referred to as i\ factorization of 7^2 . ' 

1.2.9. A topological s]jaco S — S(K, J2) may be thought of as obtained in two 
steps. First, the aggregate K is a.'^signed, and then a elas.s fi of subsets of K is 
chosen, subject to the conditions stated in 1.2.2. The second .step (selection of 
the class U) will be termed iopologization of K. Before the .selection of fl, tlio 
aggregate K maj^ be thought of as an untopologizcd .space. Let us emphasize 
again that the class fl is required to satisfy all the conditions (i)-(iv) of 1,2.2, 
This remark is ^'ery relevant, since the term topologization is used in several 
texts in a less exacting sense. 

Given an untop ologized space, it may be that one of several possible topolo- 
gizations appears to be the most convenient. For example, let S = S(K, 12) bo a 
topological .space, and let 7^ he a subset of S. Let fl* bo the class of subsets of 
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K* defined as follows; a subset E'^' of K* belongs to if and onb’' if there exists 
a subset G oi S such that G and E* — GK"^. The class is readily seen to 
sali.sfy the conditions (i) - (iv) of L 2, 2 (relative to K*) . There arises the topological 
suhspacG S* ~ 12*^) of >S'. In this particular manner, each subset of S gives 

rise to a topological space which is termed a suhspace of S, it being understood 
that the topologization of the subset is selected in the manner just described. 

1.2.10. Continuation. As a second important example, we consider metna 

spaces. ,A metric space S)? = 3)? (A”, p) consists of an aggregate K of elements 
termed points, and of a function p(p, q) defined for all pairs of points p, q of K, 
such that the following conditions hold, (i) p(p, q) — p{g, p). (ii) 0 ^ 
piVt ^) < “• (hi). p(v, q) = 0 if and only if p = g. (iv) p(pi , pa) ^ p(pi , 

Vi) + piVi > Vi) {triangle inequaliiij). 

The spherical neighborhood U{p, r) of radius r of a point p (where 0 < r < «) 
is defined as the set of those points x that satisfy the inequality p(p, a;) < r. A 
point po of a set A C is called an interior point of E if there exists some spher- 
ical neighborhood t/(po , r) such that 17(po, r) C E. Let us define a class of 
subsets of SOJ as follows: (a) The empty set belongs to 12. (b) A non-empty 

.set E C 9)? belongs to f2 if and only if every point of E is an interior point of E, 
The fact that 12 satisfies the conditions (i)-(iv) of 1.2.2 is readily verified, and thus 
we obtain a topological space 8{K, S2). In this manner, every metric space 
9W(A, p) gives rise to a topological .space that we may denote also by 8)1 (7v, p). 
In fact, we shall use the term metric .space to refer to a topological space that 
has been derived from a metric space in the manner just described. 

If E is a subset of a metric space 9)1, then the set E jointly with the distance 
function p of 9)1 clearly constitutes a metric suhspace of 9)1. 

Given two metric spaces 901(7^, pi), 9)1 (7^, pa) which differ only in the choice of 
the distance functions, wo shall eon.sidcr them identical if and only if the topo- 
logical .spaces are identical which are derived from them in the manner described 
above. If l/'(p, r), t/^(p, r) are generic notations for spherical neighborhoods 
in the metric spaces 9)1 (7C, p,), 9)1(77, p^ respectively, then the following condi- 
tion is necessary and sufficient for these metric spaces to be identical: every 
, J’) contains some U'^ipa , r*) and vice versa. 

1.2.11. Given a subset A of a metric space 9)1 = 9)1(77, p), the diameter d{E) 
of E is defined bj’’ the formula d{E) = l.u.b. p(p, (jr), where the least upper bound 
is taken with respect to all jiairs of points p, q in E. For the empty set 0 we 
agree to put d(0) = 0. 

If p is a point and A is a set in 9)1, then their distance p(p, E) is defined by the 
fmmula p(p, E) = gr.l.b. p(p, x), where the grcate.st lower liound is taken with 
respect to all points x G E. If A, , En are two sub.sets of 9)1, then their distance 
p{Ei , E 2 ) is defined by the formula p{Ei , E^) = gr.l.b. p(pi , pg), where the great- 
est lower bound is taken with respect to all pairs of points p, G A, , pg G Ag . 
The quantity d{E) ma,y bo infinite. 

In the sequel, several metric spaces will be considered simultaneously in certain 
situations. Wc shall use then p to denote distance in any one of the spaces 
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concerned, since it will be clear from the context which one of the spaces is 
involved. A similar remark applies to the diameter d, 

1.2.12. Let pi , • • • , « be an infinite sequence of (not necessarily 

distinct) points iu a topological space S. Then Pn is said to converge to a point 

. 1 ’, in symbols p„ x, if and only if for every open set C that cantain.s x the 
relation p„ S G holds for all but a finite number of subscripts n. Tho following 
statements hold. 

(1) If p„ x' and > x", then .r' = ,r". 

(2) If = X for every n, then p„ —> x. 

(3) If — > X, then every infinite subsequence also converges to x. 

(4) If Pn — > X, q,^ — > a’, then the .sequence Pi , ffi ^ Pa > • also converges to x, 

(5) If p„ X and q is any point of S, tlien the .sequence q, Pi , Pz , • • • also 
converges to a*. 

(6) If Pn X, and the sequence is a rearrangement of tho sequence , then. 

Qn — > X. 

1.2.13. In a topological space jS, let , • • • , • be an infinite .sequence 

of (not nece.ssarily distinct) sets. Then liin sup E„ is defined as the set of those 
points X that satisfy the following condition: if G is any open set that contains .a*, 
then tile relation GE„ 0 holds for infinitely many values of ?i. Turthormoro, 
Hm inf i.s defined as tlie .set of those points x that satisfy the following condi- 
tions; if G is any open set that contains .r, then the relation GE„ 9 ^ 0 holds for all 
but a finite number of subscripts n. The sequence E„ is said to converge to ilia 
set E (tuJnch may be empty), if and only if lim sup E„ ~ lim inf E„ = E. We 
shall write then E„ E or E = lim E„ . The sets lim sup E„ , lim inf En may 
be empty. 

In the special case when each E„ reduces to a single point, the preceding defini- 
tion of convergence of sequences of sets presents a slight conflict with the previ- 
ously introduced concept of the convergence of a sequence of points. The 
readei' should analyze this situation, in order to avoid misunderstandings. A 
convenient device consists of using a symbol like (p) to denote the set that con- 
.sists of tho single point p, if there is danger of ambiguity. 

1.2.14. A subset 7? of a topological space S is termed closed if and only if its 
complement >S — .S' is open. The following statements hold. 

(1) The emj5ty sot is closed, and S itself is closed. 

(2) The sum of a finite number of closed sots is closed. 

(3) Every finite set is clo.sed. 

(4) If F is any family of closed sets, then the product 17 E, E E: F, is closed. 

Now let E be a subset of S. The closure e(E) of E is then defined by the for- 
mula c(E) — Ua, E Q A, A closed. The following statements hold. 

(5) c(E) is closed. 

(6) E is closed if and only if E — c(E). 

(7) If p is a point and E is a set in S, then p E c(E) if and only if the follow- 
ing condition holds: if G is any open set that contains p, tlien GE 0. 

(8) Always c[c(E)] = c(E). 
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(9) If jS*! , • • . , is any finite system of sets in S, then c(X) -^j) 

j ^ I, ,11. 

(10) If (p) denotes the set consisting of the single point p, then c[(p)] - (p). 

(11) If ^ is any family of sets in S, then c(fl li^) C IT c(i?), ^ ^ and 
E c{E) C c(E 1^), E^F. 

1.2.15. If E is a set in a topological space ^S, then the frontier h'(E) of E is 
defined by the formula fr(jS^) = c{E)c{S ~ E). The interior of E, to be denoted 
by is then defined by the formula E'^ = E — h'(E). The following state- 
ments hold: 

(1) fr(0) - 0, fr(;S) = 0. 

(2) Always iv{E) ~ hfS — E). 

(3) If E is open, then E h'{E) = 0. 

(4) Always E 4- fr (E) = c{E). 

1.2.16. A topological space S is termed normal if and only if the following 
condition holds: given any two disjoint closed sets E , , E^ in S, there exist two 
open sets G, , G 2 in S sucli that Ei C Gi , E^ C G 2 , G 1 G 2 ~ 0. 

1.2.17. Let be a subset of a topological space S. By an open covering of E 
wc mean a familj’’ F of open sets in S such that for evoiy point x ^ E there 
exists some set G ^ F such that x G G. If the family F is finite, then the open 
covering is termed finite. If F* is a subfamily of F which also yields an open 
covering of E, then this latter covering is termed a sub-covering of the co'^^ering 
given by F. 

A subset E of S is termed compact if and only if every open covering of E 
contains a finite sub-covering, Accordinglj’', S itself is termed compact if and 
only if this condition holds for E = S. 

1.2.18. A topological space S is said to satisfy the first countability axiom if 
and only if for every point .'r £ jS there exists a sequence , • • ■ , (j„ , • • ■ of 
open sets containing x, such that if G is any open set that contains x, then 
Gn Q G for some n. 

1.2.19. Given a topological space S, a family F of open sets in S is called an 
open base for S if and only if every open set ff C <51 is a sum of sets E ^ F, If the 
family F is countable, then we speak of a countable open base. 

A topological space S is said to satisfy the second countability axiom if and 
only if S possesses a countable open base. Clearly, if E satisfies the second 
countability axiom, then it also satisfies the first countability axiom. 

Suppose that S satisfies the second countability axiom, and let $ be any 
family of disjoint (nonempty) open sets in S. Then is countable. 

1.2.20. A topological space B is termed separable if and only if it contains 
some countable set E such that ciE) ~ S. US satisfies the second count- 
ability axiom, then S is separable. 

1.2.21. Let .E be a subset of a topological space S. Suppose that there exist 
two sets A, B in jS such that £? — A -{- J5, A 7^ 0, B 0, Ac{B) -f- Bc{A) = 0. 
We sas'^ then that the sets A, B constitute a separation of E, and we shall write 
E = A \ B to express this fact. 
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A sublet J? of )S is termed disconnected if and only if there exists some separa- 
tion E ~ A \ B, Otherwise E is termed connected. If E is open and connected, 
then E is termed a domain. The following statements hold. 

(1) The empty set is connected, A set consisting of a single point is connected. 

(2) S itself is connected if and only if it cannot be represented as the sum 
of two nonempty, disjoint open sets. 

1.2.22, A subset E of a topological space S is termed a coniinmm if and only 
if E is nonempty, compact, and connected. Thus a set consisting of a single 
'point is a conlinuunu In several texts on Topology, a continuum is required to 
contain more than one point, but for our purposes it is convenient to permit a 
continuum to reduce to a single point, 

1.2.23, Let E ho a sub.sei of a topological space S. A (nonempty) subset 
6* of is termed a component of E if and only if the following conditions hold: 
(i) G is connected, (ii) G is not a propel' subset of any connected subset of E. 

If , Gi are component.s of E, then either G, = G^ or else GiG^ = 0, Tlio 
sot E is the sum of its components, 

A sot E is termed totally disconnected if and only if every component of E 
reduces to a single point. A set consisting of a single point is thus both con- 
nected and totally disconnected. 

1.2.24, A continuum G in a topological space S is termed imdticohercnt if 
and only if there exist two continua O, , Gz such that Gi G.^ = G and G 1 O 2 is 
disconnected. Otherwise G is termed iimcoherent. 

1.2.25, A topological space S is termed locally connected if and only if for 
every open set G C. S it is true that the components of G are open. 

1.2.26, Lot bo a toi)ological space and let <S* be a .subspace of S, in the 
sense of 1.2.9, If is a subset of S*, then a statement like "E is closed” is 
ambiguous, .since it may mean either that E is closed relative to the topology of 
S or else relative to the topologj'’ of S*. A similar ambiguity arises in connection 
with a number of other statements. To clarify tln.s issue, let us adopt temporarily 
tei’nis like *S-cIosecl, 5*-closed, ;S'-connccted, (S*-conncetecl, and so forth, to mean 
closed (or connected) relative to S and to S* re.spectivcty. Also, if 151 is a subset 
of S*, let us use temporarily the symbols c(E), c*iE) to denote the closure of E 
relative to S and 5“^ respectively. We have then the following statements. 

(1) If i? C S\ then c*(.E) = S*ciE). 

(2) A set E C. S* is »S'*-opon if and only if there exists an iS-open set G such 
that E — S*Q, Similarly, a set 5' C S* is ^S*-closed if and only if there exists 
an >S-closcd set F such that E ~ S*F. 

(3) If Ef A, B are subsets of such that A, B constitute an )S*“Separation 
of E, then the}? also constitute an 5-separation of E, and the converse is also 
true (cf. 1.2.21). 

(4) A set C 5* is 5*-connected if and onty if it is 5-connected. 

(5) If C C 5^ then (? is an 5*-component of E if and only if it is an 
5-component of E. 
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(6) A set i? C iS* is ;S‘*'-compact if and only if S is iS-compact. 

1.2.27. Continuation. If ^ — A | is a separation of E relative to S, 
tlicn it is also a separation of E relative to any subspace that contains E, by 
1.2.20, (3). Hence it is unnecessary to specify the space relative to winch the 
statement ‘^E — A j J3 is a separation of E” is made. In view of 1, 2. 26, (4), (5), 
(6), a similar remark applies to the following statements: ^‘E is connected”, ”0 
is a component of E”, “E is compact”. As regards the symbol c{E) and the 
statements “E is clo.sed”, is open”, it will be understood in the sequel that the 
.space S is identified liy the context, or else qualifications like “closed relative to 
the sub.spacc fS**” will be made. 

1.2.28. Let be a subset of a topological .space S, Then G is termed locally 
conmeied if and only if it is locally connected if considered as a space by itself 
(see 1.2.9, 1.2.26). We have then the following .statements: 

(1) G is locally connected if and only if for every set H C.G that is open rela- 
tive to G it is true that the comiionents of H are open relative to G. 

(2) is locally connected if and only if the following condition holds for 
every point G G: if 77 i.s any open set containing p and C is the component of 
GIl that contains p, then there exists an open set 7 such that p G GV C C> 

(3) If (? C C then G considered as a subset of the space 5* is locally 
connected if and only if (7 is locally connected considered as a subset of the space 
S. In other words, in a statement “G is locally connected”, it is unnece.ssary to 
specify the containing space. 

1.2.29. Given two topological spaces S, and a single-valued transformation 
T{S) C •*, we shall say that T is coniinuous at a point po G >5 if and only if for 
every open set (?* C that contains the point T(po), there exists an open set 
G C. E such that po G G and T{Q) C GL If T is continuous at every point of 
S, then T is termed continuous on S. 

A transformation T{S) — S* is termed topological if and only if the following 
conditions hold, (i) T is biunique and hence T~\S*) = S is also a biuniqiio 
and single-valued transformation, (ii) T is continuous on S and 7’“‘ is con- 
tinuous on S*. A topological transformation is also referred to as a homeomor- 
phism. Two topological spaces S, S* are termed homeomorphic if and only if 
there exists some homeomorphism T{S) = S*. Homeomorphism is an equiva- 
lence relation, that is, a binary relation (between topological spaces) which is 
reflexive, symmetric, and transitive, 

1.2.30. Given a metric space SOI, we indicated in 1.2.10 a standard process to 
derive from SD^ a topological space. There arises the melnzaiion problem: 
given a topological space S ~ S{K, fi) (see 1.2.2), under what conditions is it 
possible to define a distance function p(p, q) in S such that p(p, q) satisfies the 
conditions (i)-(iv) of 1.2.10 and the corresponding metric space 9)7(7C, p) yields 
precisely the given topological .space S, in the sense of 1.2.10. If this is possible, 
then S is termed nietrizaUe. The following fundamental theorems hold (for a 
A'^ery concise treatment, see Lefschetz [1]). 
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(1) Let >S be a topological space that satisfies the second countability axiom. 
Then S is metrizable if and only if it is normal. 

(2) Let >5 be a compact topological space. Then S is metrizable if and only 
if it satisfies the second countability axiom. 

1.2.31. Topological spaces of a special character include the followng. 

(1) The linear interval I : a ^ x ^ h, with the distance function p{xi , .Tg) — 

I x’l ‘^2 |‘ A topological space horaeomorphic with the linear interval is 
termed a smiple arc or a topological l-cell, or simply a l-cell. Let 7 be a simple 
arc and let T(I) = 7 be a homeomorphism. The points T{a), T(b) can be 
shown to be independent of the particular choice of the homeomorphism T. 
These points are termed the end points of the simple arc 7, If the end points of 7 
arc p and <7, then each of the two arrangements p, q and q, p deteimines an 
orientation of 7. An oriented simple arc arises if one of the two orientations is 
assigned, 

(2) The tivo-dhnensional inierval R > a ^ x ^ bf c S y ^ d, with the ordinary 
Euclidean distance. A topological space honieomorphic with R is termed a 
topological 2-ceU or simply a 2-cell. Let jS be a 2~cell in this sense, and lot 
T{R) = jS be a homeomorphism. Then the image, under T, of the perimeter of 
72 is a subset of S which may be shown to be independent of the choice of the 
homeomorphism T. Tliis subset of S is termed tho boundary of S. The com- 
plement of tlic boundary is the interior of S. 

(3) The circle -h 2/^ = L with tho ordinary Euclidean distance, A topo- 
logical space liomeomoi'phic with this circle is tenned a topological l-sphere or 
simply a l-sphere, or simple closed curve. The term oriented I-sphere is self- 
cxi)laiiatoiy. 

(4) The sphere + 1/^ + ~ with the ordinary Euclidean distance. A 
topological space S homeomorphic with this sphere i.s termed a topological 
2-sphere or simply a 2-sp/iere, 

(5) Euclidean space of n dimensions. The points of this space are the 
ordered sets of n real numbers (Xi , • ■ ^ , xf), distance being defined as in Euclidean 
analytic geometiy. 

1.2.32. CoNTiNTTATiON. Thc followng statements hold. 

(1) Let .S be a nondegenerate subset of a simple arc S. Then E is a con- 
tinuum if and only if it is a simple arc. 

(2) Let E he a nonclegenerate proper subset of a simple closed curve Then 
E inti continuum if and only if it is a simple arc. 

(3) Let Cl j C'a be disjoint continua on a simple closed curve E. Then the 
set jS (Cl + C2) is disconnected. 

(4) Let S be either a 2-cell or a 2-sphere, and let jG be a totally disconnected 
closed subset of S. Then iS — E is connected. 

1.2.33. A topological space iS is termed a Ream space if and only if it is com- 
pact, connected, locally connected, and satisfies the second countability axiom. 
If vS is a Pcano space, then S is metrizable by 1.2.30. Hence ^ve shall assume in 
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the sequel, in dealing with a Peano space S, that a distance function p(p, q) is 
assigned (cf. 12.30). The following statements hold. 

(1) A metric space is a Peano space if and only if it is compact, connected, 
and locallj’' connected. 

(2) A topological space is a Peano space if and only if it is a continuous 
image of the \init interval 7 : 0 g a; ^ 1. More explicitly, is a Peano space 
if and onlj'' if there exists a continuous mapping T(l) = S, A similar statement 
holds if I is replaced bj'’ the unit square 0^a;gl,0gy^lof the Euclidean 
plane. 

(3) Let be a Peano space. Then a distance function p(p, q) can be so 
chosen that every spherical neighborhood is connected (see 1.2.10). 

(4) Let ^ be a Peano space, with a distance function p(p, q). For every 
€ > 0 there exists afi = 5(6)>0 such that the following holds. If , p 2 are 
any two points of S such that p(pi , P 2 ) < 5, then there exists a continuum 
C C >S such that pi 6 P 2 6 d{C) < e. 

1.2.34. Let X be a point of a topological space S. If — a: is disconnected, 
then X is termed a cw/ point of #Sf, other wise x is termed a non-cut point, A topo- 
logical space is termed cyclic if it has no cut points. 

1.2.35. It will be a matter of great importance in the sequel to recognize 
whether or not a given topological space aS is a simple arc, a simple closed curve, 
or a 2-sphcre. The following characterization theorems will be used: 

(1) If aS is a nondegeneratc Peano space, then aS is a simple arc if and only if 
it has not more than two non-cut points. 

(2) If aS is a nondegeneratc Peano space, then S is a simple closed cuiwe if 
and only if for every choice of two distinct points x, y in S, the set aS — (a: + y) is 
disconnected. 

(3) If aS is a nondegenerate Peano space, then S is a (topological) 2-sphere if 
and only if the following conditions hold simultaneously: (i) S is cyclic (see 
1.2.34). (ii) if C is any continuum in S such that aS -• (7 is connected, then C 
is iinicohcrent (see 1.2.24). 

Let us note that there are several topological characterizations of the 2-sphere. 
The one given above is especially convenient for our purposes. This particular 
characterization theorem is due to Kiiratowski [1]. 

1.2.36. Let aS be a metric space, Concerning convergent sequences of points 
in aS we have the following statements (cf. 1.2.12), 

(1) The relation a; is equivalent to the relation p{p „ , .-r) 0. 

(2) Let E bo a closed subset of S, and let be a convergent sequence of 
points in E. Then the point lim is also in E, 

(3) Let i? be a subset of S sucli that the following condition holds: whenever 
X and p„ E E, n = 1, 2, ’ > • , then .t; g E, Then E is closed. 

(4) If S is compact, then every (infinite) sequence of points contains a 
convergent subsequence. 

1.2.37. Let aS be a topological space. The following statements hold con- 
cerning (infinite) sequences of subsets of S (cf. 1.2.13). 
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(1) The sets lim inf i?„ , liin sup E„ are both closed (possiblj^ emptjO- Hence, 
if lim exists, then it is also closed (possibl.y empty). 

(2) Suppose that S ls compact, and let E„ be a sequence of nonempty subsets 
of S. Then tlie set E — lim sup is nonempty, and if G is any open set con- 
taining E, then J?„ C G for n siifficientb^ large. 

(3) Suppose that S is compact, and let be a sequence of connected subsets 
of S sueli that lim inf E„ 7 ^ 0. Then lim sup E,^ is connected. 

(‘1) Suppose that S sati.sfles the second countability axiom. Then every 
(infinite) sequence of .subsets E„ of S contain.^ a convergent subsequence (whore 
the limit set ina.y be oinjDby). Iio\vovei‘, if S is also compact and 'E„ 9 ^ 0 for 
eveiy 7i, then tficre exists a com^rgent subscqiu'iice witli a nonempty limit sot. 
If, in addition, caeli E„ is connected, then this limit sot is a continuum. 

1.2.38. Let iS be a topological .space, Tlicn the concepts compact and dosed 
are related tlio following statements. 

(1) If^^isa compact su))sct of S, then E i.s clo.sed. 

(2) If S is compact, and E i.s a closed subsot of <5, tlien E is compact. 

(3) If S is compact, then it i.s also normal. 

1.2.39. 'J'hc following statements, where S denotes a topological space, are 
concGrnc<l with the concopi of conned ednc.ss. 

(1) Lot E s= H I if be a separat ion of the set E Q S. li E is closed, then 
A, B arc botli closed. 

(2) If Gi , fra arc nonempty, disjoint open sets in S, then (?i -|- ffa = (?t ( Oa . 

(3) If ii? 5*^ 0 is a subset and x is a point of S, such that E x is connected, 
then x G 0(7^), 

(4) If .5? is a connected subset of S, and G is any set such that E CG C c(E), 
then G is connected. 

(5) Lot E be a family of nonempty, disjoint open sets in E, and put G = 
E, E S E. If H is a connected subset of G, then H is a subset of some set 

i? G E. If, in addition, each set E ^ E is connected, then iJie components of G 
arc prcci.soly the sct.s E ^ E, 

(fi) ItE is a closed subset of aS’, then each component of E is clo.sed. 

(7) Let -S' — H I I? be a sejjaration 0/ a .subset E of S. If G is a connected 
sub.set of E, tlien G is citlier a subset of A or a subset of B, 

(8) Lot Gc bo a connected sulxsct of aS, and Jet i’ be a family of connected 
.subsets of #8311011 that EGq 0 for each E ^ F, Then the set Gii’\-'^E,E ^ F, 
is connected. 

(0) Lot P bo a family of connected .subsets of 8 ^ and put G — ^ E, E E: E. 
If C i.s a oomponoiit of G, then C is a sum of sets of the family F. 

(10) Suppose that 8 i.s compact, Let , (?2 , - • ’ , Gn , • • • be a sequence 
of contimia in 8 , .such that Gi "D G 2 Z) • * • D D • ■ • • Then the product 
— n C,, is a continuum (in particular, E 9 ^ 0). 

1.2.40. Jj(3t 8 be a topological .space, Tlie following .statements are con- 
cerned with the fmiiier of a set (.see 1. 2. 1.5). 
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(1) Let G be a connected subset of and let be a subset of S such that 
EG 0, (^ - M)0 9 ^ 0, Then G HE) 9 ^ 0. 

(2) Let be a nonempty proper subset of a connected set G C. S. Then 
Gh{E) 9 ^Q, 

(3) If S is connected, and is a nonempty proper subset of then fr(.ff) 9 ^ 0, 

(4) Lot be a connected open set in 8 such that fr(G9 consists of a single 
point p. Then G is a component of B — p. 

I.2.4L The following statements are concerned with tiic concept of local 
connecieilness, 

(1) Let S be a locally connected topological space that satisfies the seqond 
countability axiom. If G is any open set in then the components of G eon-' 
stitute a countable aggregate, 

(2) Lot ;S be a metric space. Suppose that for every e > 0 there exists a 

finite system of connected sots Gi , such that Gi + • ■ ■ + (r„ = #3 and 

d{GB I, n. Tlicn B is locally connected. 

(3) Let- hi bo a sub.set of a metric space B, Suppose that for every e > 0 
there exists a finite system of connected sets , • • • , <7^ » such that 5= (7, + 

• • • G„f and d{GG < ~ 1, • ■ • , n. Then E is locally connected. 

(4) If E is a compact, locally connected subset of a metric space B^ then for 
every e > 0 there exists a finite system of connected sets Gi , • • • , G„ with the 
properties described under (3). 

(6) Let ‘ be a finite system of compact, locally connected sets in a 
metric space B, 'Then hi, + • • • + is compact and locally connected. 

(6) Let B be a local^'^ connected metric space, and let x be any point of B. ' 
Then there exists a sequence of connected open sets f? , 3 Cr2 D ' ■ O D • • • , 
such tlint d{Gn) — > 0 and x £ G„ for every n. 

(7) Let /S be a locally connected topological space that satisfies the second 
countability axiom. Then B possesses a countable open base comprised of con- 
nected open sets. 

(8) Let jS be a Peano space, x a point of jSI, and G a component of 18 — x. 
Then fr(G*) = .r. 

(9) Let B be a Peano space. If 5* is a nonempty, closed proper subset of B, 
and G is a component oi S ~ E, then fr {G) C E, 

(10) Let , • • • > iS„ be a finite system of Peano subspaces of a Peano space By 
such that = hi, + • • • + jSn is connected. Then B* is a Peano subspace of B. 

(11) Let T{B) C B'^ be a mapping where ;S1 is a Peano space and B^ is a 
metric space (note that B is also a metric space). Suppose that for every e > 0 
there exists an 17 = r^G) > 0, such that d[T(^)] < e whenever iil is a connected 
subset of 8 and d{E) < r}. Then T Is continuous on S. 

(12) Let G be a connected open subset of a Peano space S, and let x, y be 
any two distinct points of G, Then there exists in G a simple arc y with end points 

XyV. 

1.2.42. The folloAving statements arc concerned with metric spaces. 
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(1) In a metric space S, let Fo , Fi , - • • t ’ he closed sets such tliat 

FoFn ^ 0 for every n, and d{F^ 0. Then Fo + + • • • + Fn • • • is 

closed. 

(2) Let /S be a metric space. Then S satigfie.s the first countability axiom. 
If, in addition, is compact, then it satisfies the .'Second countability axiom. 

(3) Let ;S be a metric space. Then the distance function p(p, q) is continuous 
in the following sense: if Po ,(?«—> (i'o , then p{p „ , p(pn , Qo). 

(4) If is a nondogcnei ate connccled subset of a metric space S, then E is 
uiieoiintablc, 

(5) If ^ is a compact metric space, tlion the distance function p(p, q) is 
bounded. 

(6) If E is a subset of a metric space Sf then (}[c(E)] == d(E). 

(7) li El , Ei are subsets of a metric space S, and EJC^ 0, then d(Ei -{- 
E,) ^ d(Ei) + d(E,), 

(8) In a compact metric space S, lot E„ he a sequenco of nonempty sots. 
Then 

d(lim inf En) ^ Hm inf d{E„), d(lim sup E„) ^ lim sup d{E„). 

If the sequence E„ is convergent, then d(lim E„) = lim d{E„). 

(9) Let T(S) <Z jS* be a mapping, where S, iS* are metric spaces and S is com- 
pact. l^hen 3’ is continuous on if and only if for every e > 0 there exists an 
5? = ’?(«)> 0 such that d(E) < if implies d[T(E)] < e, whore E is a generic 
notation for a subset of E. 

1.2.43. The following statements arc concerned with single-valued transfor- 
mations. Let us recall that transforinalion and mapping are equivalent terms, 
and that single-valuednoss is always assumed unless the contrary is explicitly 
stated. 

(1) Let T{S) C >S* be a mapping, where S, are topological spaces. Then 
T is continuous on S if and only if for every open set G* C the inverse set 
T ^(G*) is an open .sot of S. In this stalomnnt, open sots may be replaced 
throughout by closed sets. 

(2) Let T{S) C -S* be a continuous mapping from a topological space S into 
a topological space S*. If is a se(^ionce of points in S that converges to a 
point then y(p„) — » T(x), If E„ is a .sequence of subsets of S, then we have 
3’(lim inf E„) Q lira inf T{En), T {lira sup E,) C lim sup T(E„). 

(3) Let T(S) = S* be a topological mapping from a topological space S 
onto a topological space S^, Then a set C is open if and only if T{E) is 
open. 

(4) Let T(»8) C be a continuous mapping frohi a topological space S into 
a topological .space »5i*, Let .S be a subset of 8, and let E* — T(E) bo the 
image of E, If E, E* arc topologized as sub.s paces of S, 8"'' respectively, thou 
the mapping T(E) = E* is continuous on E, 

(5) Let T{S) C 8'*' be a continuous mapping, whore S, S* arc topological 
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If «f '5, then r(B) i« a compact subset of ,S'* 

ilenee, if T{S) == S and t> is compact, then is also compact. 

(0) Let T{S) = s> be a continuous mapping, whci'c S, S* arc topological 
spaces. Suppo,so that S is compact, If E fe a closed set in S, then r(B) i., also 
closed. If £ IS a subset of .S'*, then E* is clo.sod if and only if T''(B*) is closed 
Similarly, a subset G* of 5* is open if and only if 'r~'(0*) is open. 

(7) Let T(S) C S" bo a continuous mapping, whore S, 3* are topological 
spaces. If £f IS a connected .subset of .S, then T(G) is connected. If G is a 
continuum, then T{G) is also a continuum. 

(8) Let T(S) = S* he a continuous mapping, where S, S* are topological 

spaces Suppo.se that ^ is compact. If E„ is a convergent .ser,uence of .subsets 
^ convergent, and lim T{E„) - 7’(lim E,). 

~ ^ continuous mapping, whore S, are topological 

samTholds for satisfies the second countability axiom, then the 

^ continuous mapping, where S, are topological 

.space.^ If S IS .separable, then >S" is also separable. If S is locally connected, 
then S IS also locally connected, if .S is a Peano space, then is also a Peano 
space (and hence, m particular, is metrizablc by 1. 2,. 33), 

1.2.44. Ihe lollowmg .statements are concerned with .sequences of continuous 
mappmga. As a gonoral reference, Hahn [2] may be used. Even though the 
o lowmg statements hold under more gonoral conditions, wo assume that all 
.spaces involved are Peano spaces, since this will be the ea,se in the situations 
relevant for our purposes. Wo shall use fl> as a generic notation for a Peano 
.space. As noted in 1.2.33, wo can assume that a ciistaiicc function p is given 
on «> (.see 1,2 fl concerning the use of the .symbols p, d). In tlio following 
statomonts, S denotes a fixed metric .space. 

^ ^ ^ ^ continuous map])ing, then T is uniformly continuous 

on flim the following sense. Given e > 0, there exists a 5 = 5(e) > 0 such that 
d[T{E)] < e whenever the set E C e satisfies the condition d{E) < 5, In 
parhciilaiyf Urn points p, , oi (? satisfy the condition p{p, , ?,,) < 5, then 

(2) Let T„((P) C be a sequence of continuous mappings. Then the 
sequence is termed cquiconiinuous on (P if for every e > 0 there exists a 5 = 

< e whenever the set i? C (P satisfies the condition 

(i{E) < 5. 

(3) ^ Lot r(cP) C S*, r\^) C S* be two (not necessarily continuous) 
mappings. We put p{r, T") = l.u.b. p[r(.r), T"ix)l where the least upper 
bound IS taken with respect to all points x 6 (P. Thus p(r, T") may be infinite. 

If T^((P) C n = 0, 1, 2, • ■ • , is a sequence of mappings such that p(T„ , Ta) 

0, then we shall .say that 7’„ converges to Tq uniformly on (P. 

(4) Let /„((P) C n = 0, 1, 2, ■ • ■ , be a sequence of mappings such that 

,1 — > uniformly on (P. If each , n = 1, 2, • - • , is continuous, then Tn 

also continuous, and the sequence is equicontinuous on (P. 
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(5) Let 2’„((P) C aS'* bo an equicontinuous sequence of mappings. Then the 
sequence contains ti uniformly convergent subsequence. 

1.2.45. Let S be a topological space, and let us cloiiotc by the number line 
— oo < :i’ < <» (one-dimensional Euclidean space, with the distance function 
p(a;i , a:a) = f .r, - X 2 )). Let p be a generic notation for a point of S, and lot 
f(p) denote a single-valued, real-valued function on S. Then the formula 
f(p)^ p e /S', defines a mapping T(S) C E'. Tlio function /(p) is termed con- 
tinuou.s on S if and only if the as.sociatecl mapi)ing T(S) C R' is coutiniious on S. 
The foil owing statements hold. 

(1) If /(?;) is continuous on S, then for every real numbcj* c the .s('(s whore 
fiv) > Cf f(v) < c re.spcctivcly are open. 

(2) If S is compact and f (p) is continuoius on S, then f(p) takes on a finite 
maximum and a finite minimum on S. In particular, i f(p) \ is bounded on S. 

(3) If i.s connected and f(p) is continuous on S, and if f(p) takes on tlio 
values a and h 7 ^ a on S, then it takes on every value between a and b. Hence, 
if it is known that the values taken on hyf{p} on S form a countal)le aggregate, 
then it follows tlmt/(p) ts constant on S, 

(4) If i? is a subset of a topological .space S, then R itself is a topological 
space, in the sense of 1.2,9. Hence t!io preceding statements can be oxtenclod to 
functions /(p) defined only on E (of. 1.2.20, 1.2.27). 

(5) By moans of the associated mapping T : x = /(p), the concepts and 
theorems of 1.2.44 can he extended, in an obviou.s manner, to real-valued func- 
tions fip). 

L2.46. We shall consider presently Borel seis in a metric space S, The 
following terminology will be used, A sot R C ^ is termed an F, if it is the sum 
of a countable aggregate of closed sets, and it is termed a (^a if it is the product 
of a countable aggregate of open sots. A sequence of points 2 K iii. ^ is termed a 
Cauchy sequence if and only if for .every e > 0 there exists an integer ^ — y(e) 
such that p(p„ , p„,} < if w and n both exceed jU). Tlio metric space S is 
termed complele if and only if every Cauchy sequence in B is convergent. In 
particular, Euclidean n-spaco is a complete metric space. 

Lot K be a generic notation for an aggregate of subsois of S, with the following 
proper tic.s. (i) Every closed set belongs to K. (ii) If a set .£1 belongs to K, 
then its complement S — R also belongs to K. (iii) If 15? = 23 L 2, • • • , 

and if each E„ belongs to K, then. R also belongs to K. (iv) As a consequence 
of (ii) and (iii), if = 11 ” I> 2, • ■ ■ , and every E„ belong, s to ZC, then 

G belongs to K. (v) As a con-sequcnco of (i) and (ii), every open sot belongs to 
K. 

Clearly, if Ki, donofce.s the product of all tho aggregates K, then Ko itself is an' 
aggregate K, and in fact Ko is the smallest aggregate K. The sets E C Kq are 
termed the Bord sets of S, and Ko itself is termed the Borel class in S. As a 
general reference for the theory of Borel sets, one may use Hahn [2J, Sierpinski 
[1], or Kuralowski [3], Tho following facts will be needed. 

(1) Every and o’S'cry (?« is a Borel set. 
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(2) Given 8 as a complete, separable metric space, let K be an aggregate of 
subsets of S with the following properties, (i) S( contains all closed sets, (ii) 
If a set E belongs to 91, then its complement S — E also belongs to 9f, and hence all 
open sets belong to 21. (iii) If is a sequence of sots, such that = 0 
for f 9^ j and each E^ beloiig.s to 91, thenX^ , a = 1, 2, ■ ■ • , also belongs to 91. 
Under these conditions, it is true that every Borel set belong.s to 91. 

(3) Let 8 * bo a subspacc of 8 , and let IQ be the Borel cla.ss I'el alive to 8 *. 
Tlren a set E'^ C jS* belongs to IQ if and only if there exists a set E £ /Co such 
that E* = S*E, 

(4) Let T{ 8 ) = be a topological mapping, whore 8 , 3* are metric spaces. 
UJe is a Borel set in 8 , then T(E) is a Borel set in 8 *. 

(5) Lot T( 8 ) C bo a continuous mapping, where *S is a complete and 
separable metric space and R" is the Euclidean n-space. If E is a Borel sot 
in 8 , such that its image T(E) is a bounded subset of R’', then T(E) i.s measurable 
in the Lebesgue .sense (however, T(E) need not be a Borel set). In particular, 
the theorem holds if 8 itself is a Euclidean space. 

1.2.47. The closing sections of this chapter are devoted to statements con- 
cerned wiili the topology of the Euclidean plane and of the 2-sphere. Newman 
[1] may be used as general reference. The term plane will mean the Euclidean 
piano, and an individual point will bo given in the form {u, v), where ii, v are 
thought of as Cartesian coordinates. Alternatively, we shall speak also of the 
w-plane, meaning Euclidean piano. A subset E of the plane may be thought 
of as a subspacc of the plane (see 1.2.9). ^Vo .shall also be concerned with 
mappings T given by formulas T : x = x(u, v), y = y{Uf v), {u, v) 6 E, where 
the image point {x, y) lies in a Euclidean .ry-plane (which may or may not coincide 
will the ?/y-plane). 

A domain in the w~plano is a connected open set (note this agreement care- 
fully, since the term domain is used in various senses in different fcext.s), If the 
frontier of a bounded domain 33 consists of a finite number of simple closed 
curves Ci , • • • , , such that C,(7, = 0 for i 9 ^ j, then the set SD -f- U, -f- • • • 

Cn is termed a bounded, finitely connected Jordan region. The letter 9? will be 
used as a standard notation for such a region. The set Ui 4- • • • 4- is termed 
the boundary B of and B is termed the interior of and will be denoted 
by If ?4 = 1, then 81 is said to be simply connected. A simply connected 
Jordan region is a 2-ceU (see 1.2.31). • If each boundary curve of a Jordan region 
9t in a simple closed polygon, then 81 is termed a polygonal region, 

1.2.48. Continuation. Let 3) be a domain in the i/y-plane. Then there 

exists a sequence of finitely connected polygonal regions that fill up 33 in the 
folloiving sense, (i) 8 ln C 9^^+l , w = 1, 2, • • • . (ii) ^ - 33. 

1.2.49. Let 33 bo a domain in the wy-plane, and let T :x x{u, v),y — y{u, v), 
{u, v) ^ 33, be a single- valued continuous mapping from 33 into the .^y-plane 
(that is, T(33) lies in the .Ty-plane, cf. 12.5). The following statements hold. 

(1) If T is biunique in SD, then T is a homeomorphism. 

(2) If T is a homeomorphism, then T(33) is again a domain. 
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(3) Simiiai' stutomcnts Jiold if the term domain is I'cplaecd by bounded, 
finitely eonncctcd Jordan region. 

(4) Let T( 3^) = be a homcomorphism, where 3)^ 5)* are domains in the 
uv- and .^’^-plaues respectively. Lei C C 3) be a simple closed curve oriented in 
the counterclockwise .scn.se. Then T(C) is a simple closed curve in and the 
orientation assigned on C im luces on T(0), by means of T, an orientation in an 
obvious manner. Tins induced orientation is cither clockwise for every choice 
of C C tOj or else it is counterclockwise for every choice of (7 C 3^. In the first 
ease, T is termed sense-reversing, in the .second ease it h termed sense-preserving. 

1. 2. 50. Lot be n bounded, finitelj'' connected Jordan region in the rir-plane, 
and let n he the number of its houirdary curve.s. Then there exists a homeo- 
moj'pliism T : ,v = .i’(u, v), y = y(u, v), (u, v) G auch that T(90 coincides 
rvitli an aibitrarily assigned bounded, finitely connected Jordan region with 
n boundary curves in ihe .ry-plano. 

1.2.51. Lot to be a domain in the ?iy-pIano. Then ‘X> is termed simply con- 
nected if and only if the following eonditiou holds: if C is any simple closed curve 
ill tD, then the interior of C is a subset of tD. The following statements hold. 

(1) 2D is simply connected if and only if it is liomeomorphie with the operr 

unit disc < 1. 

(2) If fD is simply connected, then the regions occMirring in 1.2.48 can bo 
cho.sen as simply connected Jordan regions. 

1.2.52. Let r(C) = C* be a homeomovphism, where C, C*" are simple closed 
curves in the ur- and .'cy-planes respectively. ' Let 81, 81* be the (bounded) 
Jordan regions bounded by C, C* respectively. Then there exists a homeo- 
morphism (81) =81* such that T agrees with r on (7 (that is, t(p) = T{p) for 
every point p on C). The following facts follow imcMly from the preceding 
statement 

(1) Let 81 be a bounded, siraply-coimected Jordan region in the ?/ii-plane, 
bounded by a simple clo.sed curve C, Lot p, q he two distinct points on C, and 
let 7 be a .simple arc with end points p, q that lie-s in 91° except foi' its end points. 
Let 81*, (7* p*, (?*, 7* he similarly related in the .r^-plano. Given then a liomeo- 
morphism t(C) = <?* such that r(p) = p*, T{q) = <?*, there exists a homcomor- 
phism 7Y9f) = 81* that agrees on C with t and maps y onto 7*. 

(2) Let he a topological 2-.spherc, and let C be a simple closed curve on S. 
Then C is the common boundary of Mvo 2-cell8 A, B on S. Let iS'* be a second 
2-.sp!iere, and let C*, A*, B* have analogous meanings relative to S*. Finally, 
let r(^) = A* be a homeomorphism. Then there exists a homeomorphism 
T(S) ~ S* that agrees with r on A. 

1.2.53. Let 91 be a simpb^-coniiected, bounded Jordan region in the ^iy-plane. 

A curvilinear Iriongulatinn 3 of 81 consists of a finite system of curvilinear tri- 
angles ii , ' • ‘ , t,> , subject to the following conditions, (i) 91 = h + • • • + /n • 

(ii) If f 5^ j, then t,i, is either empty, or is a common vertex off, and t, , or else 
it i.H a common side of /, and i / . Then there exists a homeomorphism ?’(91) = 9f* 
such that the following conditions hold, (a) 81* is a bounded, convex polyg- 
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onal region in the .i:.v-plane. (b) T{i,) is a rectilinear triangle, i — I, • • * , a 

(see Huskey [3]). 

1.2.54. Let R i III ^ u ^ U 2 , Vi ^ v ^ V 2 , R* \ .ti ^ .r ^ X 2 , i/i ^ y ^ , 

be rectangles in the uv- and .i;y-plaiies respectively, and let r(72) = be a 
homeomorphism. Given g > 0, there exists then a homeomorphism Ti(R) = R* 
with the following properties, (i) p(r, T,) < e (cf. 1.2.44). (ii) T’, is quasi- 
linear in the following sense: there exists a rectilinear triangulation 3 of such 
that Tt is an affine tran.sformation on each one of the triangles of 3 (sec Franklin- 
Wiener [1]; the discussion given there reveals that R and R* may be replaced by 
convex polygonal regions). 


CHAPTER 13. BACKGROUND IN ANALYSIS 


1.3.1. In this chapter, certain concepts and theorems in Analysis will be 
briefly reviewed. Proofs ivill be omitted. Saks [6] may be used as general 
reference. 'V\''e shall first review certain aspects of so-called Lebesgue theory 
in Euclidean w-space, For definiteness, we take n — 2. General familiarity 
with Lebesgue theory is presupposed on the part of the reader (IMcShane [7] 
gives an excellent introduction to this theory). 

1.3.2. In the Euclidean aj^^-plane, let SD be a domain. Let E be a generic 
notation for an onenied rectangle, that is, a rectangle given in the form R ; 
a^x^h, c^y^d. The interior of R will be denoted by 72°; thus : 
a<x<hiC<y<d, Wo have then the statement; there exists a sequence of 
I’ectangles , such that 3:> = ^ Ra , n 1 , 2, - " , and R°Rl = 0 for j ^ k. 

1.3.3. In the Euclidean .'cy-plaue, let i? be a bounded measurable set, and letE 

be any family of oriented squares s (that is, squares with sides parallel to the 
coordinate axes) that cover E in the following sense: given any point (.ro , j/q) G 
and any 5 > 0, there exists a square s G F such that (a^o , 2 / 0 ) G s and | s | < 5 
(generally, if (? is a measurable sot, then ( G \ denotes its measure). Then the 
family F contains a (finite or infinite) sequence of squares Si , • • • , s„ , • • • , such 
that == 0 fory ^ k and [ 15? — 2 ®n I ~ is a very special form of the 

Vilali coming theorem. Under the conditions just stated, the squares of the 
family F are said to cover E in tlie Vitali sense. 

1.3.4. Given a bounded set E in the a;y-plane, let Q be an oriented square 
(sides parallel to the coordinate axes) that contains E. For each positive integer 
n, let us subdivide Q into 4" congruent oriented squares. Let N denote the 
family of all those oriented squares that occur in these subdivisions. Then N is 
termed a network of onented squares. Clearly, the squares of N cover E in the 
Vitali sense. Due to the special character of N, we have the following statement: 
let F be any subfamily of N, such that the squares of F cover E. Then F cori- 
tains a (finite or infinite) sequence of squares Si , ■ * - > j * • ■ such that s°sl = 0 
for j 9^ k and 7? C 22 (compare this statement carefully with that in 1.3.3), 

1.3 .3. Given a set E in the xy-plaiie, the characteristic function c(x, y) of E is 
defined as follows: c{x, y) = 0 if (a:, y) ^ E, and c(x, y) == 1 if (x, y) G E< Then 
E is measurable if and only if y) is measurable. If E is measurable and 
f{x, y) is a (real-valued) measurable function, in an oriented square Q containing 
E, then 

// Six, y) dx dy = jf y) 

}( Q 

provided that/(.r, y)c(Xf y) is summable on Q. If tliis is the case, then/Cr, y) is 
suminable on E. In particular, we have 
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J ^ I = jj c(x, y) dx dy. 

0 

In the applications, the following situation arises frequently. A function 
g{x, y) is defined and measurable on a measurable subset E of an oriented square 
Q. We extend then the definition of (j{x, y) by setting Q{Xi y) ~ 0 on Q — E. 
Then the extended function g{Xy y) is measurable on Q, and the integi’al of g{x, y) 
on E, if it exists, satisfies the formula (1). In the special case when \ Q — E \ = 
0, it follows that 

ff y) dy - JJ g(x, y) dx dy. 

E Q 

Thus we can speak of the integral of g{x, y) on Q, oven though g{x, y) is defined 
only on E, Similar remarks apply if Q is replaced by a bounded measurable set. 

1.3.6. Let E be a bounded set in the .rj/-plane. In many eases a statement 
involving the points of E 'will be found to hold for all points of B with the excep- 
tion of a subset of measure zero. The statement will then be said to hold a.e. 
{almost Gvenjwhere) on E, Caution must be exercised in deciding whether or 
not a sot is of measure zero, the following two remarks being especially relevant 
for our purposes. 

(1) Let (7 bo a simple arc in the a!i/-plane (see 12.31). According to an 
example found by Osgood [1], the (two-dimensional) measure of C may be posi- 
tive. The same remark applies to simple closed curves. 

(2) Let ^ be a subset of a rectangle R : a ^ x ^ h, c % y d, 'with the 
following property: for a.e. y^ in the interval c ^ y S the intersection of E 
with the segment a ^ .-v ^ 5, ^ = Z/o is of linear measure zero. If E is known to 
be measurable, then this property is sufficient (and also necessary) for E to be 
of measure zero. However, as noted by Sierpinski, there exist nonmeasurable 
sets E that possess the above property and have positive exterior measure. 

1.3.7. Let £? be a bounded measurable set in the a:z/-plane. Then there exists 
a Borel set E* such that iS? C .E* and ( ^: | = \E*\. More precisely, E^ may be 
chosen as a . Similarly, E contains a set which is an Fg and for which 
j ^ I = 0 (see 1.2.46). Furthermore, for every e > 0 there exists an open 
set Q such that E CG and | (? | < | i? | + e. Furthermore, if ! .E | >0, then 
E contains some nonmeasurable set. 

If E is an unbounded set in the a:y-plane, then E is said to be of measure zero 
if and only if j KE | = 0 for every choice of a circular disc K in the a;?/-plaue. 

1.3.8. Let f{Xf y) be a measurable function on a Borel measurable set E. 

Then there exist two Borel measurable functions /i(:r, j/)) Z/)j such that 
Si{^, y) ^ fC'^> y) ^ y) ^ of equality holds a.e. on E (a 

function g{x, y) is Borel measurable on E if for every real number X the subset 
of E whore g{x, z/) ^ ^ is a Borel set). 
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1.3.9. Borel measurable functions gix, y) (see 13,8) will play an important 

role in the sequel A sample theorem (aiatod for functions of a single variable) 
is as follows, Let x{i) be a (rcal-valuocl) eontinuoufl function on an interval 
I‘.a and let N{x} denote, for given a:, the number of distinct .solutions 

of' the equation .-c = xit) in L Then N{x) is a Borel measurable function of a;. 
For many similar theorem, s, see Ilahn [2]. 

1.3.10. The following statements are useful in testing a function for summa- 

bility. 

(1) Let a) be a bounded domain in the .i;y-plane, and let , • " , . 

be a sequence of oriented rectangle.s such tliat^l) ^ = 0 for i 

If a measurable function /(.r, y), defined in 3), is summablc on each R„ and if the 
series 

JJ ! / I t/l/ -b ’ ‘ ’ + Jj 1 / I da; rfi/ -f- • • • 

is convergent, then / is summnble on D and 

II fdxd!J = E If /dx (It/. 

JO " «« 


(2) On a bounded measurable set R in Ibe :ry-j)lane, lei/„(a;, y), n = 0, 1, 2, • • • , 
be a. sequence of non-negative measurable functions with the following properties: 
/o S liminf /n a.e. on R, each/,, is suinmal)le on R for n > 0, and 


lim inf 



(lx dy < '{- . 


Then/o is summiiblo on R and 

jj fadxdy ^ lim inf jj f^dxdy. 

« K 


This is the theorem (or lemma) of Fatou. 

(3) A very special Init very useful form of the Icmmii of Fatou is as follows. 
Let/„(a;, y), n = 0, 1, 2, ■ ■ > , lie a sequence of noii-iu'gative, mensuruldc functions 
on the bounded measuralde set R, witli the following properLic.s;/,, — >/o a.e. on R, 
each/,, is summaldo on R for n > 0, and tliere exists a constant J\f sueli that 


jj f„ (lx dy S A/ for ?i > 0. 

K 

Then/o is summablo on R, and 

jj fa dx dy S 
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(4) Lei fix, y) be a non-negative summable function on an oriented rectangle 
R, and let DiR) be a subdivision of R. Suppose that there exists a number X, 
0 < X < ooj such that 

II fdxdy 

X s s: J7| — . >■ e 

for every subdivision DiR). Then/® is summable on R, and 

JJ f dxdy S X. 

B 

(6) Lei fix, y) be a summable function on an oriented rectangle R:a S ^ ^ b, 
c ^ y S d. Then for a.e. y in the interval c S y ^ d, fix, y) is a summable 
function, as a function of x, on the interval a ^ x S b, and the integral 

b 

J fix, y) dx 


is a summable function of y in the interval c < y S d, A similar statement 
holds with X and y exchanged, and we have the formulas 


d b b d 

(1) j f fix, y) dy = j J fix, y) dx ^ JJ fix, y) dx 


dy. 


However, if one only knows that the iterated integrals in (1) exist, then it does 
not generally follow that fix, y) is summable on R. On the other hand, if 
fix, y) is non-nogative and if one of the iterated integrals in (1) exists, then 
fix, y) is summable and (1) holds. Similar theorems hold for multiple integrals 
in n-space (theorem of Fubini-Tonelli). In all these statements, it is assumed 
that the functions involved arc measurable. 

(6) Let/(.r, y) be a measurable function on a bounded measurable set in the 
xy-plme, and let p be a positive number. Then fix, y) is said to belong to the 
Lebesgue class U' on E if and only if 1 / [** is summable on E. The Lebesgue 
classes L*’, L® are termed associated Lebesgue classes if (1/p) -f- (1/?) == 1, 
p > 0, (7 > 0. We have then the following statements. If / and g belong to 
associated Lebesgue classes U on E, then fg is summable on E, and (Hdlder 
inequality) 


JJ fgdxdy 

E 




// 1 / 1 ’ 




Let now/i(a;, y), • • • , fnix, y) be non-negative functions of the Lebesgue class U 
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on M, wliere p > 1. Thcn/i(.T:, y) + 

U'f and (Minkowski inequality) 

[// + ■ ■ ■ + ^ // Zi 


+ Zn(ii’j 2^) is also of the Lebesguo class 


i/p 


^ ... + 


jj r.dxdy , 


For 0 < p < 1, the same relation holds except that the sign of inequality is 
reversed. For p = 1/2 there follows the useful inequality 


{[// dx dy^ ^ ^ [ffg^dxdv]] sff ((/?+••*+ gT'dxdy, 


where gt (a:, y)t ' • ' , y) are summable functions (of arbitrary sign) on HJ. 
Many similar inequalities are discussed in liardy-Little-wood-Pdlya [1]. Analo- 
gous inequalities hold if -the integrals are replaced by linite sums. Furthermore, 
the Lebesgue integral may be replaced bj^ integrals relative to a general non- 
negative measure. 

(7) If /(.r, y) is non-negative and summable on E, then / < -}- <» a.e. on B. 

1.3,11, Let F be a bounded measurable set in tho .ry-plane, and lot f„ix, y), 
w ~ 0, 1, 2, • - • , be a sequence of measurable functions on E such that /« /q 
a.e, on B. The following statements are coucernccl with conditions for the 
term-wise integrability of such a sequence. 

(1) A fundamental concept in this connection is due to Vitali. Let G bo any 
family (not necessarily countable) of summable functions g(Xf y) on E. Then 
the family <? is said td possess, the property (V) (the Vitali property) on the set 
B if and only if for every e > 0 there exists a§ = 6(e) > 0 such that 


jj \ g I dx dtj < e if ( e I < 5, 


for every function g(Xf y) of tire family G (where e is a generic notation for a 
mensurable subset of B), 

(2) LGt/„(,'i;, y), w = 0, I, 2, • , be a sequence of summable functions on E 

such tliat (i) /r, — >/o a.e. on j?, and (ii) the sequence possesses the property (V) 
(that is, the family consisting of the fu action 8/n(a;, y) possesses the property (V)). 
Then, for every mensurable set /Si C B, 

j'j /« dx dy fo dx dy. 

S 8 

(3) Let y), n - 0, 1, 2, • • • , be a sequence of summable functions on B 
such that/„ — >/o a.e. on K Then the relation 

ff Ifnldxdy-^ JJ ifoldxdy 

B s 

holds if and only if the sequence possesses the property (V). 
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(4) Let/^(.'c, y), “ 0, 1, 2, • « • , be a sequence of summabic functions on E 

such that/,, — >/o a.e. on B. Then the relations 

// I /n - /o I dx jj I /„ \dxdy~^ II j fo I dx dy 

s B s 

are equivalent (that is, either both hold or else both fail to hold), 

(5) Let fJ^Xy y)i n = 1, 2, • • • , be a sequence of non-negative summable 
functions on E, such that the series // f„ dx dy, where the integrals are taken 
over B, is convergent. Then the series 2 ^n{x, y) converges a.e. on E, its sum 
is summable on B, and 

//(i: /„) dx dy JJ f„ dx dy, 

11 s 

(0) Let/,, (a*, 2 A), = 0, 1, 2, • • • , be a sequence of non-negative summable 

functions on B such that/o(.^', y) is summable on B and/o =^fn,n> Q, a.e. 
on B. Then each /„ is summable on B, and 

Jf fo dx dy = i jf fndx dy. 

s B 

(7) Let/„(.'r, y), n ^ 1, 2, • • • , be a sequence of summable functions on B, 
and let F{x, y) be a summable function on E, such that fi S U S * • • and 
fn~> B a.e. on E. Then ///„ d-r d?/ -> // F dx dy, where the integrals are ex- 
tended over E. 

(8) The preceding statement is a very special case of the following classical 

theorem of Lebesgue. Let /„(.'», y), u 0, 2, • •• , be summable functions 

on E such that/,, -~»/o a.e. on B. Suppose there exist two summable functions 

y)y y) on E such that ^ ^ a.e. on E, n = 1, 2, • • • . Then 

JJ f„dxdy~^ jj fodxdy. 

B B 

1.3.12. Let f(x, y) be a non-negative, summable function on a bounded 
measurable set E, If // f{x, y) dx dy = 0, where the integration is extended 
over E, then clearly / = 0 a.e. on E. Now let /„(a:, y), a 1, 2, • ■ • , be a 
sequence of non-negative summable functions on E such that Jj* /„ dx dy 0, 
where the integrals are taken over E. Then it does not follow that/„ 0 a.e, on 
B. However, it follows that there exists an infinite sequence of positive integers 
ai < na < • • • < Ui, < ‘ , such that/,,* — > 0 a.e. on E for k A second 

useful inference may be stated in terms of the concept of convergence in measure. 
A sequence/, of measurable functions on B is said to converge in measure to zero 
on E if and only if on denoting by E^ie) the subset of E where I /„ | is greater 
than or equal to a given e > 0, it is true that [ B„{e) | — > 0 for for every 

choice of e > 0. Then, if a sequence /„ satisfies on E the conditions 
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^ 0 a.e, on /i", Jj f„ dx dy -> 0, 

H 

it follows that/„ converges in measure to zero on E, 

1.3.13. Let /(a-, y) be summable in a bounded domain 3D, and let E he & 
generic notation for a measurable subset of ID. Then f is also summable on 
every E C 3D, and for every « > 0 there exists a 5 = 5(e) >0 .such that 

jj \ f \ dx dy < € if I £? I < 5. 

That is, the indefiniic Lebesgue integral of / is an aUsolutcly continuous set 
function. Let now (a'o , y^) be an interior point of OD, and let s„ be any sequence of 
squares in 3D such that (jo , yo) E and | s„ | -> 0. Then there exists a subset e, 
of measure zero, of 3D such that 


s« 


jj / dx dy — > fixo fijo) if (.Vo , t/n) ^ r. 


For function.s of a single variable .r, the coiTcspondiug theorem implies the fol- 
lowing result. Let g(x) be a suinmai)le funetion in an interval I : a ^ x ^ b. 
Then 


j ff(£) f/(x) a.e. in /. 


1.3,14. Lot/(.r, y) bo continuous iu a domain 3D, and let (.^o , yo) bo a point of 
3). Then f(x, y) is termed Mallp differcnitahic at the point (.ro , 2/o) if and only if 
there exist two numbens a and b such that on sotting 


( 1 ) 


^(^1 y) f Uo ) 


I fix, v) ~ f(xQ , yo) - a(x ~ Xq) - b(y - yp) [ 
[{X - .a-o)* -h (y ~ VoyV'^ 


{x, y) 7^ (x'o , j/o), 


the relation (j>{x, y, :l-o , yo) — > 0 hohls for (.r, y) — » (.Tq , yo). Clearly, if this 
condition holds, then the partial derivatives /» , /„ exist at (.-To , Vo), and a ~ 
/r(.ro , yo), b ^ f,{xo , Vo). However, if f^(xo , j/o), f„(xo , Vo) exist, it docs not 
follow generally that /(it, y) is totally difForen liable at (aio , yo). The following 
facts arc relevant for our purposes. 

(1) K fix, y) is continuous in 3D and if the partial derivatives/, , exist a.e. 
in 3D, then /, , are measurable in 3D. 

(2) Suppose that fix, y) is Lipschitzian in 3D. That is, suppose that there 
exists a finite constant M such that the following condition holds: if (xi , yi), 
ixs , iji) are any two points in 3D such that the straiglit segment that joins them 
is contained in 3), then 
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I f(x2 , Vi) ~ fixi , Vi) I ^ M[(x2 - + ( 1/2 - 

If this condition holds, then exist a.e. in SD and f(x, y) is totally differen- 
tiable almost everywhere in © (see Rademacher [2]). 

(3) The preceding fundamental result of Rademacher was the starting point 
of far-reaching studies, We mention only two special theorems. Let /(a;, y) 
be continuous in ©. Let us define, for (.r, y) in ©, 


L{x, y) - lim sup 


I Six + h, y fe) - fix, y) \ 
(h^ 4 - 


0 < (/i* + hy'" 0. 


As a special case of a theorem of Stepanoif (see, also for further related results, 
Burkill and JIaslam-Jones [3, 4]), the following statement holds: f(x, y) is 
totally differentiable a.e. in © if and only if L{x, y) < » a.e. in © The methods 
used in proving results of this type yield readily a number of miscellaneous 
statements. One .such statement, useful in the sequel, is the following. 

(4) Let L(a:, 1 /), j = 1, • ' • , JV, be continuous in ©, and let (xq , yo) be a 
point of © where/,, , /,„ both exist, ; = 1, • •; , A". Let us say that the system 
of functions //(.r, y) satisfies the condition (C) at (a;o , yo) if there cxi.sts a sequence 
of squares s„ , with sides parallel to the coordinate axes, with the following 
properties, (i) s„ C ©, n = 1, 2, • • • . (ii) (a-o , yo) 6 s" , a = 1, 2, • • • . 
(iii) I s„ I — > 0. (iv) On denoting by m,n the maximum, on the perimeter of 
6*„ , of the function 


I fi(x, y) - /,C-ro , yo) - fUxa , yo)(.r - .x’p) - f„{Xf> , yo){y - y^) [ 

[(.r - .^o)^ + (y - yo)^]‘^^ 


the relation in,n — > 0 holds forn — > » , / = 1, - - « , N. We have then the theorem: 
if ftj j /»v ) / “ ‘ • j A^» exist a.e. in ©, then the system /,(a:, y) satisfies the 

condition (C) a.e. in © (for an explicit proof, see T. Rad6 [12]). 

1.3. IS. The following statements are concerned with the Riemann-Stieltjes 
' integral of functions of a single real variable. Hobson [1] may be used as a 
general reference. 

(.1) Let fix), (jix) be continuous in the interval I i a ^ x ^ b. If one at 
least of these two functions is of bounded variation in I, then both of the integrals 

f f do, j gdf 

<1 a 

exist and are related by the formula 

b b 

f f dg + j 0 (If = fib)o{h) - /(a)y(a). 


(2) If fix) is continuous and gix) is absolutely continuous \n a x S b, 
then we have the formula 
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t> b 

f fd(l= j /(*)»'(»)*. 

a a 

where the integral on the right is taken in the Lebesgue sense. 

1.3.16, The concepts of Lebesgiie measure and of Lebesgue integral, originally 
developed for Euclidean spaces, may be extended to abstract spaces. An 
excellent presentation may be found in Saks [6J; wo restrict ourselves to a few 
especially relevant topics, beginning with completely additive functions of 
Borel sets. 

Let be a metric space (see 1,2.10), and let 4>(5) denote a real-valued, finite- 
valued function that is defined for every Borel set B C. S. For the empty set 0, 
wo agree that 4>(0) = 0. Tlien is termed a com/pleiely additive function of 
Borel sets in S (cf. 1.2.46) if and only if the following condition holds: if B, , • • - , 
B„, • • • is any sequence of disjoint Borel sets in S, then <&(£ B„) — 2 

Let 4(B), iib(B) be two completely additive functions of Borel sets in S, and 
suppose that /u(B) ^ 0 for every Borel sot B C. B (briefly, fx is non-negative). 
Then 4(B) is termed AC relative to u (absoluiely continuoiis relative to pi) if and 
onb'^ if 4(B) — 0 for eveiy Borel set B C such that px(B) — 0, and 4(B) is 
termed singular mth respect to fi if and only if there exists a Borel set Bq Q S 
such tliat /*(Bo) = 0 and 4(B) = 4(BB(,) for oveiy Borel sot B C. S, In the 
special case when B is a bounded Borel sot in a Euclidean space, it will be under- 
stood tliat ju is chosen as the Lebesgue measure, unless a dififerent m is explicitly 
specified. Wc have then the following statements. 

(1) If 4(B) is a completely additive function of Borel sets in B, then there 
exists a pair of completely additive non-negative functions 4i(B), 42 (B) of Borel 
sots in B, such that 4(B) « 4,(B) — 42 (B) for every Borel setB C B {Jordan 
dccoinposilim), 

(2) A completely additive function 4(B) of Borel sets in B is AC relative to fi 
if and only if for every e > 0 there exists a 5 — 5(e) > 0 such that [ 4(B) \ < c - 
whenever the Borel set B satisfies the inequality fi{B) < 5, 

(3) Let /t(B) bo given as above (that is, pi, is completely additive and n,on- 
negative). Given then a Borel sot B C *3 and an e > 0, there exists a closed set 
B C B and an open set (? 3 B such that ju(B) < pi{F) e and pi{G) < tx{B) -h e. 

(4) Given ix{B) ns under (3), let 4(B) be a completely additive, non-negative 
function of Borel sots in B. Tlien there exists a Borel set Bq such that ja(Bo) — 0 
and 4(Bo) ^ 'h{B) whenever the Borol set B satisfies tho condition m(B) ~ 0. 

(6) Given fx{B) as under (3), let 4(B) be a completely additive function of 
Borel sots in B. Then 4(B) possesse,s a representation of the form 4(B) = 
4fl(B) -t- 4,(B), where 4a(B), 4,(B) are completely additive functions of Borel 
eels in B, and 4„ is AC and 4, is singular with respect to p {Lebesgue decomposi- 
Hon), Furthermore, this representation is imiquo, and 4 is AO if and only if 
4,(B) = 0 for every Borel set B C B. 

I.3.I7. Let fx{B) be a completely additive, non-negative function of Borel 
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sets in a metric space S. A real-valued, finite-valued function f(p) of the 
variable point p G is termed Borel measurable if and only if for every real num- 
ber a the set where / ^ a is a Borel set. Using p as a measure, a p-integral may 
be defined, in complete analogy with the Lebesgue integral in Euclidean space, 
for Borel measurable functions /(p). This integral \vill be denoted by /j? / dp, 
where 5 is a Borel set in S. A Borel measurable function /(p) will be termed 
p-summable over the^ Borel set B C 'S if its p-integral over B exists and is finite, 
in contradistinction mth Saks [6], where infinite /(-integrals are also admitted 
under certain conditions. The restriction to Borel measurable functions is 
merely a matter of convenience, and is adequate for our purposes. The p- 
integral gives rise to a theory entirely analogous to the theory of the Lebesgue 
integral in Euclidean space. We note only a few additional facts. 

(1) Suppose that /(p) is Borel measurable and p-summable on S, Given 
€ > 0, there exists then a finite system of disjoint Borel sets Bi , ■ ■ • , and 
constants c, , such that B, + ' * ■ + == B and 


j f dp — [cip(Bi) -f- • . . -f c„/i(B„)] 


< e. 


(2) Given /(p) as under (1), /(p) is also p-siimmable on every Borel set B C B, 
.and on setting 

m = I fd^, 

s 

^(B) is completely additive on Borel sets and AC relative to p. 

(3) Let 3>(B) be a completely additive function of Borel sets in S, such that 
•<I>(B) is AC relative to p, Then there exists a function g(p) which is Borel 
measurable and p-summablc on S, such that, for every Borel set B C B, 


$(B) = J g dp. 

. B 

If <1^ is non-negative, then g may be chosen as non-negative. 

(4) Given two completely additive, non-negative functions p(B), p*(B) of 
Borel sets in B, suppose that p* is AC relative to p. As noted under (3), there 
■exists then a Borel measurable, p-siimmable function g(p) such that 

p*(B) = j g dp 

B 

for every Borel set B C B. We have the theorem: if /(p) is Borel measurable 
•on B, then 

J f dp* = J fgdp, 

B B 

for every Borel set B C B, as soon as one of the two integrals involved exists. 
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(5) Given a completely additive^ non-negative function of Borol sets 
in S, let f„(p), n = Oj 1, 2, • • • ^ be a sequence of Borel measurable, finite-valued 
functions on a Borel set Bo , such that/,, ~>fa on Bq . Then for every e > 0 there 
exists a Borel set Q C such that ^{Bq — Q) < e and the convergence of /„ 
to /o is uniform on Q theorem). 

1.3.18. Let be a metric space, and let r(B) be a finite-valued, non-negative 
function defined for every subset B of iS (not only for Borel sets). Then r(B) 
will be called a Caralhdodory outer mcaexo'e if and only if the following conditions 
hold. (Cl) r(0) == 0, and T' FO S ^(Ss) whenever Ei C.E 2 . (Ca) r(2 

^ Z) B(^„) for every sequence i&a , of subsets of »S. (C3) r(^i -h 

E 2 ) - r(j5i) + TiJjJi) whenever the di.stance p{Ei , of the sets , E^ is 
positive (see 1.2.11). As far as our needs are concerned, the principal theorem 
is as follows: if V{E) is a Carath^odory outer measure in S, then r is completely 
additive on Borel sets in aS. In other words, if wc consider V only on Borel sets 
and if wc write V(B} to express this point of view, then r(B) is a completely 
additive, non-negative function of Borel sets in S. 

1.3.19. While we shall bo concerned all the time with problems .stated for the 

real domain, we shall use complex numbers in an auxiliary role on many occasions. 
In dealing witli situations in a Euclidean liv-piane, it will be a device of great 
convenience to introduce the complex variable uj ~ + iv, and in a similar 

manner the complex variable 2 = .r + fy if the Cartc.sian coordinates are denoted 
by X, y. Furthermore, we shall have occasion to use, in studying transforma- 
tions in the plane, certain simple facts from the theory of functions of a complex 
variable (cf. 11.4. 21). To avoid unwelcome complications, wc shall also use the 
following fundamental tiieorom on conformal mapping. Let 9i be a (bounded) 
Bimply-connected Jordan region (cf. 1.2.47) in the w = u iv plane, and lot 

bo a region of the .same type in the z = x iy plane. Then there exists a func- 
tion 10 == f{z), z £ with the following properties, (i) f(z) is continuous in 
9?,^ and analytic in (ii) The formula w = 'f(z), 2 £ defines a homco- 
morphism from onto A beautiful presentation of this subject. may be 
found in Carathdodory [1], A more involved theorem, concerned with the 
conformal mapping of polyhedra, will be used in V.2.33. For polyhedra free 
of self-intersections this theorem is one of the classical results of Schwarz, and a 
proof may be found in Car ath<So dory [1], For polyhedra with self-intersections, 
the ease needed in V.2.33, the result follows either by appropriate modifications 
of the method used in the classical case, or else by an appeal to the general concept 
of an abstract Ricmann surface {see Weyl [1]). A further proof, perhaps more 
direct, may be obtained by induction upon the number n of the faces of the 
polyhedron. Indeed, for a — 1 the theorem needed reduces to the theorem on 
the conformal mapping of simply-connected Jordan regions, stated above. The 
two weldinff processes, discussed in T. Kadd [1], lend themselves readily to carry 
out the pas.sage from n to a + 1. 



PART 11. CURVES AND SURFACES 


CHAPTER ILL CONTINUOUS TRANSFORMATIONS OF PEANO 

SPACES. 

II.l.l. We shall be concerned with single-valued continuous transformations 
of the form T{<9) = (?*, where (P and (P* arc Peano spaces (see L2.33). T is 7ioi 
assumed to be biunique; but if it happens to be biunique, then it is topological, 
on account of the compactness of the spaces involved (see 1.2.29). Many of the 
theorems discussed below remain valid for more general spaces, but for our 
purposes only Peano .spaces are relevant. 

If X* is any point of (P*, then is clearly a closed and hence compact set. 

We .shall use the symbol I{T) to denote the class of the sets of the form T~^{x*), 
where x* G (P*. Thus E E: HT) means that (1) J? C (P, and (2) there exists a 
point a;* G O’* such that E = Since T maps (P onto (P* (cf. 1.2.5), 

IT" ‘(a;*) 7^ 0 for every point x* G d’*. If every set E G I(D is connected (and 
hence a continuum), then T will be termed monotone. If every set E E is 
totally disconnected, then T will be termed light Clearly, if T is both monotone 
and light, then T is topological, the converse being even more obvious. ' 

ILl.2. Suppose that T{(P) = (P* is monotone (see 11. LI). If E* is a connected 
set in (P*, then T''^{E*) is connected. 

Proof. In contradiction with the assertion, assume that there exists a sepa- 
ration (cf. 1.2.21) 

(1) T-\E*) = A\B. 

We assert that (cf. 1.2.14) 

(2) nA)c[n5)] = 0, TiB)c[T(A)] = 0. 

Let us deny the first one of these relations. Then we should have a point oj G 
T(A) and a sequence of points b* G T(R) such that — > a* . We have then 
points Oo , such that 

(3) aoE A, h„e B, T(ao) = a*o , ?’(&«) = K • 

Since (P is compact, we can assume without loss of generality that the sequence 
is convergent, say h„ — > rto (cf. 1.2.36). " We have then, since T is continuous, 
the relations 

(4) .ro G c(B), T(x,) = a*o G T(A) C E*. 

(1), (3), (4) imply that a-'o -p Oq G T~\at) C ^ + -B. Since T is monotone and 
hence y’(a?) is connected, it follows that T~\at) C A, and consequently Xo G 
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A, Hence, in view of (4), n’o G i4c(i?)j in contradiction with (1)* Thus the first 
part of (2) holds, and the second part of (2) is verified in a similar manner. 
Clearly 

(5) T(A) 9^ 0, m ^ 0, T(A) + 'm = E*. 

From (2), (6) there follows the separation E* = T(A) \ TiB), in contradiction 
with the assumption that E* is connected. 

11.1.3. Suppose that T{(?) = (P* is monotone (seo II. 1.1). Then a sot 
E* C is connected if and only if T~\E*) is connected. 

Proof. The necessity follows from IL1.2; the sufficiency follows from 1.2.43 
since E* = 

11.1.4. Let Ti((Pi) “ <P8 , T 2 {<Pi) *= (Pa be monotone transformations, where 
(Pi , (Pa j (Pa are Peano spaces. Then T - T^Ti is monotone (cf. 1.2.8). 

Proof. If Xa is any point of (Pa , then we have T '(.ra) — Ti^T^^ixs)- 
Since is monotone, Ti^Xa) is a connected subset of (Pa by definition, and henco 
TVTz^ixa) is connected by 11.1.2. 

ILLS. Let T((P) - (P* be monotone (see 11. 1.1), and let F* be a subset of (P*. 
Then the components of coincide with the inverse sets of the components 

ofF* (cf. L2.23). 

Proof, (i) Let C* be a component of F*, Then T~^{C*) is a connected 
subset of T~\F*) (see II. 1.2), and hence T^'^{C*) is a subset of a component 
r of Then C* C TiV) C F*. But jr(r) is connected by 1.2.43 and 

C* is a component of F"* Hence C* ~ T{T), and thus V C ^“‘(C'*). Since 
T"'(C*) C r, it follows that r'(C^) = V, 

(ii) Let r be a component of Put T* = ir(r). By 1.2.43, V* is 

then a connected subset of F*, and hence P* is a subset of a component C* of F*, 
Then V C T~\C*) C T~^{F*). But is a component of T"\F*) by (i) 

above, and hence T = r"‘(C'*). 

f 11,1,6. Let T(cP) (P* be monotone (see II. 1.1), and let G* be a continuum 
in (P*. If T~^(G*) is imicoherent, then G* is also unicoherent (cf. 1.2.24). 

Proof, Let Gf , Gt be any two continua such that (?* = Gf . Then 
= !r”*((?f) 4- Since T~\G*) is unicoherent by assumption, 

and T~\Gf), T~*(Gf) are continua by ILL 2, it follows that T~\Gf)T~^(Of) ~ 
T~\GtGf) is connected. Hence GfGf is connected by 1.2,43. 

11.1.7. Let T{(?) = (9* be monotone (see II. 1.1), and suppose that (P is urn- 
coherent. Then (P* is also unicoherent Indeed, T~'((P*) = (P, and hence the 
assertion follows directly from 11,1.6. 

11.1.8. Given T(<P) = (P* as in Il.i.l, T is light if and only if for every e > 0 
there exists a 5(g) > 0, such that the following statement holds: if C is a con- 
tinuum in CP and d[T((7)] < 5(g), then d{C) < g (cf. 1.2.11). 

Proof. * Sufficiency. Suppose for every € > 0 there exists a ^(e) > 0 with the 
property described above. Let .r* be any point of (P*, and let be a component 
of Then T(C) - z*, and hence d[T{Q)] - 0 < 5(l/n) for every 
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positive intcgern. Consequently rf(C) < 1/n for every positive integer n. Thus 
C reduces to a single point. In other words, is totally disconnected. 

Necesdty. Suppose that T is light. Assume that for a certain e > 0 there 
exists no 5(e) > 0 with the desired property. Then for every positive integer n 
there exists a continuum C„ C (P such that d[T{C„)] < 1/n and d((7„) ^ e. By 
1.2.37, there exists an infinite sequence of positive integers hi <h 2 < • • •< kn < 

• • • , such that the sequence Cf.„ is convergent, say C*, Co . By 1.2.37, Co is a 
(nonempty) continuum, and d(Ci„) d(Co)> Thus d(Co) ^ e. By 1.2.43, 
1.2.42, it follows that d[T(C,J] d[T(Co)]. Hence d[T{Co)] = 0. In other 
words, T{Co) reduces to a single point x* of CP'*'. We have then Co C 
d(Co) > 0, in contradiction with the assumption that T is light. 

11.1,9, Let P, ip, (P be Peano spaces. Let T'’(P) = i)3 be a sequence of con- 
tinuous transformations, and let L(i|3) (P be a light transformation. If the 
sequence LT* is equicontinuous on P, then the sequence T” is also equicontinuous 
on P (cf. 1.2.44). 

Proof. Give € > 0. Since L is light, there exists a <r > 0 such that 

(1) dm < € if dL^((S)] < (T, 

where S is a generic notation for a continuum in ip (see 11.1.8). Since the se- 
quence LT" is equicontinuous on P, there exists ?; > 0 such that 

(2) p[LT\qi), LT{q^)] < cr if E P, p(gi , (Zs) < 

As a consequence, we have 

(3) ' d[Lr{C)]<<T ifd(C)<i 7 , 

where C is a generic notation for a continuum in P. Since P is a Peano space, 
we have 5 > 0 such that the conditions , P 2 G P) p{V\ > P 2 ) < 5 imply the 
existence of a continuum C such that Pi + j ?2 C. C C. P, d{C) < r\ (see 1.2.33). 
Now take any two points 

(4) a;, , a‘2 6 P, p{^\ , ^ 1 ) < 5- 

By the choice of 5, we have a continuum G such that 

(5) X, + X, CC CP, d(C) < n- 
In view of (3), we obtain from (6) 

( 6 ) P^n^^), nx,)] ^ d[nc)], 

(7) d[Lr{C)] < a. 

Now 2’"(C') is a continuum in ip, and hence (1) and (7) yield 

( 8 ) d[r{C)] < €. 

(4), (6), and (8) yield 

p[nxi), r{x,)] < . 


if Xi , Xs E p, /3(a:i , X2) < 5. 
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Since 5 is independent of Xi , Xi , n, the equieontinuity of the sequence T" is 
established. 

II.l.lO. Let (P be a Peano space. A class K of subsets of (P will be termed a 
disjoint closed covering of (P if (i) eA'ciy sot 27 ^ A is closed and nonempty, (ii) 
every point a: £ (P is contained in exactly one set E G A. We shall then denote 
by jE{x) the unique set E ^ K that contains the point G (P. 

The disjoint closed covering K will be termed an upper semiconiinmus collection 
of closed sets, to be abbreviated to u.s.c.c. of closed sets, if the relation — > a;© 
implies the relation lim sup E{xj) C 27(.to) (cf, 1.2.13). An u.s.c.c. of continua 
is then an u.s.c.c, of closed sets such that every set of the collection is a continuum 
(which may reduce to a single point). 

Let us note explicitly that an u.s.c.c. of closed sots (or of continua) is also a 
disjoint closed covering of (P, while the converse is generally false. The definition 
given here is more restrictive than the one generally used in the literature, but it 
is quite adequate for our purposes. 

II. 1.11. Let K be an u.s.c.c. of closed sets in the Peano space (P (.see II.l.lO). 
Let Kc denote the class of all components of all the seta E ^ K. That is, a set C 
belongs to Kc if and only if there exists a set jfi? G A such that (7 is a component 
of E. By 1.2.39, Kc is then a disjoint closed covering of (P, and every set C ^ Ka 
is a continuum. Wc assert that Kc is an u.s.c.c. of continua. 

PnooF. Let .r„ be a sequence of points in 6^ converging to a point Xo . Let 
^^(^n)} ^ ~ 0, 1» 2, • • • , denote the (unique) set of Kc that contains the point 
x„ , and let A(ar„), w = 0, 1, 2, • • * , denote the (unique) set of K that contains x^ • 
Then for each n = 0, 1, 2, • - • , is a component of E{x„). We have to show 
that 

(1) lim s\ip C(x„) C C(xo). 

Now since K is an u.s.c.c., and C{x„) C E(x„), we have lim sup Cixj) C lim sup 
E{x„) C E{xo). Sihee x„ G Cl(x„) and x„ .x'o , the sot lim inf C(x„) is nonempty, 
and hence lim sup C{x„) is a continuum (see 1.2.37). Thus wc have Xq G lim sup 
(^(.oJn) C E(xit), In other words, lim sup C(xn) is a connected subset of E(xo) that 
contains .Tq . Since C(xo) is the component of E{xa) that contains Xq , the in- 
clusion (1) follows, 

11,1.12, Let A be a disjoint closed covering of the Peano space (P (see II. 1. 10). 
We propose to prove that the following three properties are equivalent. 

Property (a). A is an u,5.c.c. of closed sets. 

Property (b). If F is any closed sot in (P, then the set^ E, where the summa- 
tion is extended over ail sets E ^ K such that EF 7 ^ 0, is closed. 

Property (c). If G is any open set in (P, then the sei]^ A, where the summa- 
tion is extended over all .sots A G A such that E C. G, is open. 

PnoOF. (i) Property (a) implies property (b). Indeed, let us put 

(1) A' = E A, EeK,EF 7 ^ 0 . 

Let Xo be any point of the clo.surc c(E') of E', Then we have in E' a sequence of 



IU.12 


49 


points xH such that x^ — > Xo . Using the notation Ii/(x) in the sense of 11. 1. 10, we 
imve then ^(x') C and hence £l(xi)F 0 by (I). Thus for each n we have a 
point £ E{x'^F. Then E{x'^ == E{yl) (ef. II.l.lO). Since (P is compact, we 
can assume without loss of generality that the sequence y' is convergent, say 
Vn—^yo' Since E is closed, we have yo G Summing up, we have the follow- 
ing relations 

(2) xl -V .Vo , Vo e F, y'„ G E{x'^, ^(.rO = E{y'n). 

These relations imply that 

(3) .-Co 4- J/o C lim inf E{xn) C lini sup E{x'^ = lim sup E{y'„). 

Since K is u.s.c.c. by assumption, (2) implie.s that 

(4) * limsup£^(a;:)Ci&(l/o). 

(1) and (2) imply that 

(5) E{y,) C E'. 

(3), (4), (6), imply that .Vo ^ F*. Since .To was any point of c{E'), it follows that 
E* is closed. 

(ii) Property (b) implies property (c). Indeed, let us put 

G' J^E, Ee K, EC G. 

The set (P — f? = P being closed, the set 

F' = EE, EeK, m 

is also closed, since we assumed that K possesses the property (b). Clearly 
= (p — and hence G' is open. 

(iii) Property (c) implies property (a). Indeed, let x„ be a convergent se- 
quence of points in (P with limit To . Using the notation E(x) in the sense of 
II. 1.10, we have to show that lim sup E(x„) C E(xo)> If this inclusion is denied, 
then there should exist a point such that 

(6) yo E UmsupE(x„), E(xo) C (P ~ yo • 

Since E(xo) is closed, we have two open sets Gi , Gs such that 

(7) E(xo) C Gi , Vo E Gi , G\G2 = 0. 

Since we assumed property (c), the set 

(8) Uf = E EeK,ECG,, 

is open, and in view of (7) clearly XoCGi . Since x„ Xo , it follows that t„ G 
G'l for n largo, and hence by (8), (6) 

(9) E(x„) C Gi C (P ~ Gi for n large 

(9) implies, by 1.2.13, that Ga lim sup E(x„) = 0, in contradiction with (6), (7). 
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In view of (i), (ii), (iii), it is clear tlmt any two of tlio propertiea (a), (b), (c) 
are equivalent. 

II. 1.13. Given a Pcaha space (P, wc liave the following examples involving an 
u.8.o.e, of closed sets. 

(i) Let 7'(d^) == (P* be a continuous tran.sforination. Then the class I{T) 
(see II.Ll) is an ti.s.c.c. of closed sols. Indeed, /(?’) is dearly a disjoint closed 
covering of <P. Lot Xa be a sequence of points in (P with limit a’o . Using the 
notation M{x) in the sense of II. 1.10, wc have by 1.2.43 

(I) I’flim sup E{x,)] C lim .suji T\E{Xn)]. 

But T[E(x„)] ~ Tix„), T[E{xo)] = T(xa). FurUiormoro, T(x„) !r(a;o) since 

> .To . Iloncc lim sup T[Eix')] — T{xo), and thus (1) implic.s !r(lini sup 
= Consequently lim sup 7^(.r„) C T~^T{xn) — Eixa), 

(ii) Lot !7’((P) " be a continuoua imnsformation, and let Ia{T) denote 
the class of all the components of all the sols E {T). Then is an u.s.c.c. 
of contimia. This is an immediate consequcnco of (i) and 11,1.11. Lot us note 
tliat obviously T is monotone if and onij'’ if X{T) s /© (!?’)» and T is light if and 
only if'cvoiy sot E S Xc(T) reduces to a single point. 

(iii) Let K be any u.s.c.c. of closed sots in 6’, and lot 0 be an open sot such 
that G =‘^Et B ^ K, E QG. In other words tho open act G is a sum of sots 
B G K. Lot Ka denote tho class of those subsets 7? of CP that satisfy one of the 
following two conditions. («) E ^ K and E C. (P O. (0) E is (i single 
point of <?. OI>vioii8ly, Ka is again an u.s.c.c. of clo.sccl sots. 

II.1.14. Lot 2C he a disjoint closed covering in. the Tcano space (P. Wo con- 
sider an (untop ologized) space (?% who.se points arc tho sols E ^ IC Thus evoiy 
set jE E 7^ is a subset of (P and a point of (P)^ . For cl ari ty, wo shall use the symbol 
[JSf]* to signify that the sot 7? G 7Cis iniorpretod as a point of the space (?% . Using 
the notation E(x) in the sense of ILL 10, wo define a transformation 2V(<P) = 
by the formula 

(1) 'I\(x) = \E(x)]*, 

Clearly, for every set E G 2C 

( 2 ) r/am = E, T^iE) = [Er. 

Thus K determines, in the sense just explained, an (untopologized) space (Pit and 
a single-valued transformation 7 k(cP) “ CPjir . Tho following question is relevant 
for our purposes : under what further conditions upon K is it possible to topologize 
(P% (cf. 1.2.9) in such a manner that the transformation !rjc((P) => 6*% becomes 
continuous? The following slaleraonts will bo proved presently. 

(i) A topologization with the rcquiro<l properly exists if and only if IC is an 
u.s.c.c. of closed sets. 

(ii) There exists at most one topologization with tho required property. 

(iii) If such a topologization exists, then the convergent sequences of the 
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(topologized) space may be cliaraetoi'izod as follows: [EnY^ — > if* 

only if lim sup E,, C Eq . 

Statement (ii) is obvious. Indeed, if Tk is continuous, tlion a subset of 
is open if and only if is open (see 1.2.43). Now by (2), 

E G E., [EY G (?*. Since ~ TkTk^{G^), it follows that (7* is open, if anti 
only if it is of the form Tk{G), where G i.s an open subsot of CP that i.s a sum of .sots 
E G K. Thus the class of open sets of (PJe , and henco tho topologization of CI’I , 
is univocally determined by K if Tk is to be continuous. To verify slatoincnt 
(iii), suppose first that Let Xq bo any point of lim sup E „ . Tlion 

by 1.2.43, 1.2,13, E sup E„) C lim sup Tk{E„) == lim .sup [/!?„]’’* = 
Hence .-To G Tk^([EoY) = Eo . Since .x’o was an arbitrary point of 
lim sup E „ , it follows that lim sup E„ C Eo . Suppose conversely that 

(3) lim sup E„ C Eq , 

Let G^ be any open set in (P^ containing the point Since Tx is continuous 

by assumption, the sot G == Tk\G*) is open, and Eo = C Tk\G*) ~ 

G. Hence (3) implies that (cf. 1.2.37) 

En C Tk\G*) for n largo. 

Consequently 

(4) Tx(E„) = G TkTkV*) = G* for a large. 

Since G* was any open subset of (P% containing (4) .show.s that 

[EoY. 

As regards statement (i), let us note that by (2) we have I(Tk) = K (ef, II. 1. 1), 
and hence tho necessity part of statement (i) is a direct consequenco of II.1.13(i). 
To prove the suflSciency part, let us assume that K is an u.s.c.c. of clo.scd sets in 5^ 
(see II. 1.10). Leb fl* be the class of those subsets (7'*' of (P| for which is 

open (in (P). Wo proceed to show that fi* satisfies (relative to (?'^) tho postulates 
for the class of open subsets of a topological ^space (see 1,2.2). 

(a) Clearly, the empty set and (P| itself belong to 0*. 

(b) Let Gf , • * ' , 7,t be a finite system of sets belonging to Then 

T^*(<7f') , " ’ , TJi^iG*) are open sets by assumption, and hence Tx^Of • • « G*) » 
Tx'iGf) • • • Tx\G*) is also open. Thus Gf G AL 

(c) Let bo any family of sets belonging to 12*. Then Tx\G'^) is open if 

G* G tr*, and hence on setting E* - 7* G* G T*, it follows that (/'"*) = 

S Tx^(7*), G* G i?*, is open also. Hence G 

(d) Let [EiY, be any two distinct points of CP^- . Then Ei E^ by (2), 
and hence , E 2 are disjoint closed subsets of (P, both of which belong to K. 
Hence (see 1.2.38) we have two open sets Gi , G 2 , .such that Z?, C <7i , C. G,, 
GxG^ = 0. Let us put 

E G /C, E C Gx , 
E G /C, E C G, . 


(?: = Za. 
<?s = E 0, 
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'Dien we have by ( 2 ) 


TUOi) = E = E ra^ 


fi eK,E CO, , 


and consoqitcntly 


TJc^T.iC/,) = E = E^. 


/<; G K, ECG,. 


Tims Tk^Tk{G[) = ( 7 J, Now (?i is open by II. 1 . 12 , and lienee Tk{Q[) G 
Similarly G SI** Obviously Ey C Of , and hence [Ei\* — ?V(-Ki) G 

((?(). Similarly G Tk(GQ. ' As noted above, = (?' , and simi- 
larly TK^T^iGi) = . Hence T]^HG[G 0 = n'((? 0 !? == GiG', C G,G, = 0 , 

and thus GiGf^ = 0 . Summing ui>; for any two distinct points [E^]* of (P*- 
there exi.st two sets Of , 0 ? in (?% sueli tliat [E^]* G Gf , [-©al'’’ G Gt , GtGf = 0 , 
G n*, G Indeed, the sets Of = T^(G[), satisfy all 

these conditions ns we have just shown. 

Thus if we use the class f 2 * as the class of open .sets, thou ( 3 ’t becomes a topo- 
logical space (see 1 . 2 . 2 ). Since T^^G^) is oiion if G by the definition of 
the class fi*, the trairsformation 3 'k Is obviously continuous with respect to this 
topologizatiuii of fl’j!;- (cf. 1 , 2 . 29 ). bet us note again that I{Tf() ^ /r as a conse- 
qiienc'o of ( 1 ) (ef. II. 1 . 1 ). 


11. 1 . 15 . TiiEonioM. Lei S* he a Pea 7 w .spare, and let K he mi u.sxx. of dosed 
sets in (P (sec II. 1 . 10 ). Then there exists a cordinuons transforination T{(?) - (P* 
such that I{T) ^ K (cf. 11 , 1 , 1 ). Conversely, if T{(S*) ~ (P** ns any coniimious 
transformation, then I(T} is an u.sxx. of dosed sets in 

Indeed, the first assertion foUo^vs from II. 1.14 and the .second assertion is 
merely a repetition of II.l, 13 (i). 

11. 1 . 16 . To avoid unnecessary complications in the .sequel, we derive a simple 
lemma for spaces more general than Peano spaces. Let Ti(Z) = 2 f , ^ 2 ( 2 ) = 

be continuous tran.sformations from a compact topological .space S onto the 
(necessarily compact) topological .spaces 2 ? , (see 1 . 2 . 43 ). Let us use the 
symbols I(Ti)j /(Ta) in the sense explained in II. 1 . 1 , and let us suppose that 
I(Ti) s I{T2). TJien for each point a:f G , the set is a single point 

of 2 ^ . Indeed, 2 V‘(.rf) belongs to I{ 2 \) and hence, by assumption, also to 
! 0 \), and the assertion follow'.s. Thus the formula 


( 1 ) = i-Ux^) = xf 6 21 , 

definc.s n single-v allied transformation. Similarly, the formula 

(2) i/f = JUy%) = TfrV(y%), yt G n , 

defines a single-valued transformation. We assert that Hi is a topological 
transformation from 2 f onto Sf , //a is a topological transformation from Sf onto 
S?* , and 7/2 == (note that those statements show that , Xt are Iiomeo- 
m Orphic). 

Paoor. The relation .vi - Hi(xf) yields T;'(x^) - T;^ 7 Vr;\xf) 3 T:'(xf) 
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and hence lh{xt) - T,TV{xt) D - .tf . Since lh{xt) is a single 

point, it follows that ILjiixt) ~ xf . As xf was an arbitrary point of Sf , and the 
situation is symmetric with respect to tlie sul^scripts 1 and 2, the following state- 
ments arc immediate, (i) = 21* , and similarly 7^2(2?) = 2f . (ii) 

Hi , Ho are both biimique, (iii) Ih ~ — 777*. We proceed to vei'ify • 

the continuity of 77, . Let (7| be an^y open set in 2J . Then the set G ~ 
T-;\Gt) is open, and clearly G = 'Z E S BCG. Since I{Ti) = 

7(7\), we have therefore G 7(7’,), E C G. Since clearly E S 7(7’,) 

implies that T;^Ti{E) = E, it follows that G = T:^Ti(G). As G is open, it 
follows that Ti{G) is also open. But 7’i(G) = 7’,7’7*((?7) = 772 (G-^) = 777* (G?). 
Thus 777 ^(GJ) is open for every open sot G^ C 2^ , and hence 77, is continuous 
(sec 1.2.43). The continuity of 77^ is verified in a similar manner. 

n.1.17. 4 ^hiEOREM, Given 7’(ci^) = (P** as in II. 1.1, there exists a factorization 

T = LiM, M{6^) = iOL L(a)?) - 

where M is monotone and L is light (sec II. 1.1), 

Piioop. Let us consider the classes 7(7’) and 7c'(7’) (see II 1.1, II.L13(ii)), 
Then 7(7’) is an ii.s.c.c. of closed sets and 7^(7’) is an u.s.c.c. of continua by' 
II. 1.13. By II. 1.15 there exists a continuous transformation 7’i({P) = O’, such 
that 7(7’i) = 70(7’). Then 7’, is clearly monotone (see II. 1.1). Let now .r, be 
any point of cP, . Then the set 7’7*(.'ri) is a component of a certain set E ^ 7(7’), 
and hence TTi\E) reduces to a .single point of fP*. Thus the formula 

= 7’7’7‘(a'i), .'T, E (Pi , 

defines a single-valued transformation. On setting T 2 = 7’7’7‘, wo obtain 

(1) T^Tiix) = TTVUx) D 7’(.d), .a: G (P. 

Since 7’, and arc both single-valued, it follows from (1) that 

(2) T(x) - T^Tiix), X e (P. 

Since 7’i((P) ~ (P, and 7’((P) = (P*, (2) implies that 7’2((Pi) = 5^*. We assert that 
T 2 is continuous. Indeed, let G* be any open set in (P*. Then 7’7hG*) = 
7’,7’“‘(G*). Clearly 

(3) T~^(G*) = Z ^ G 7(7’), E C 'r\G*). 

Since each set E G 7(7’) is a sum of sets C G 7o(7’) and 7c (7’) s 7(7’,), (3) 
implies that 

(4) 7’~’(G*) == Z Cl Ce 7(7’,), C C T-^(Q*). 
Since clearly 7’7ty’i(G) = C for every sot C G 7(7’,), (4) yields 

(5) 7’r*7’2"\G*) = tV'I\T~\G^) = T-'(G*). 

But T~^{G*) is open, since T is continuous and G* is open. Thus (5) shows that 
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is open, and hence it follows that fa *(Cr*) is open for every open set 
(?* C tP*. The continuity of follows by 1.2.43. We assert finally that '1\ is 
light. Indeed, let C, C (Pi be a continuum such that TaC^'O = TTi^{C)) is a 
single point of (P*. Then T^^Cx) C T''*(4). Kow Ti is monotone, and 
* hence Ti^(Cx) is a continuum by II. 1.2. Also, T~\x^) G /(T). Hence Ti\Ci) 
is a fiub.set of a component Cq of Thus Ti\Ci) C C'o £ 7c(!?') ^ /(T,), 

and hence !ir'i(C'o) reduces to a single point yi of 6\ . Since Ci ~ Ti77\C'i) C 
Ti(Co) — , it follows that C, also reduces to the same single point yi . In 

other words, if is constant on a continuum O', C dh , then Ci must bo a single 
point. Thus is light. On sotting 91? = (Pi , il/ = Ti , L = , wo obtain 

therefore, in vieAV of (2), a factorization of the desired character. 

II. 1.1 8. Given T((P) ~ (P* as in II. 1.1, a factorization 

T = LM, M((P) = m, Lm) = (P*, 

where M is monotone and L is light, is termed a monotone~Ugki factorization of T. 
The space 991, which is a Peano space by 1.2.43, wll be ternied the middle-space. 
According to II. 1.17, T admits of at least one monotone-light factorization. We 
])ropose to determine all such factorizations of T. 

11.1.19. Given T{(5*) — (P* as in II. 1.1, let T = LMj ilf((P) = 901, 1/(9iK) = (P* 
be any monotone-light factorization of T. Then /(ikf) = 7"c(T) (cf. 11.1.1, 
II,1.13(h)). 

PftOOF. We establish first two auxiliary statements. 

(i) Let Xo be a continuum that belongs to 1(M). Then there exists a con- 

tinuum Xa G Io(T) such that X^ C. Xl, . Indeetl, by assumption we have a 
point i'o G SO? such that Xo = Put //(y#) =* xt • Then !r(Xo) = 

ZyJlf(Xo) = L(x«) ~ , and hence Xo C Since Xo is connected, it is 

contained in a component Xo of Since G 1(7'), we have 

X^ G IciT). Thus Xo C X5 G Ia(T). 

(ii) Let Fo be a continuum that belongs to Then there exists a con- 

tinuum Fo G I(.M) such that Fo C Fo . Indeed, by assumption Fo is a compo- 
licnt of a set of the form T~\y^)f G (P*. Then LM(Y^) = y(Fi) C TT~\y^) 
~ y^ . Ilonce ilf(Fo) C L~^{yt). Since M{Y\^ is connected (cf. 1.2.43) and 
L''^(?/o) is totally disconnected, it follows that M(Fo) == Ijo , a single point of 
fO?. Setting il/"^(i)o) == Fo , it follows that Fo C Fo G 1{M). 

Now let Xo G P(Jlf)* Hy (i) we have a continuum Xo such that Xo C X'o G 
/o(P). By (ii) we have a continuum Xo' such that XJ C Xif G 7(^17). Thus 
X"o C X5 C XU, Xo G 7(^7), Xif G 7(j 17). Since XoX^' = Xo 0, it follows 
that X'o - Xif (cf. IT.1.10). Hence Xo == X5 G Ic{T). Thus 7{il7) C 7c(T). 

Next let Fo G Ia{f). By (ii) we have a continuum Fo such that Fo C Fo G 
I{M). By (i) we have a continuum Ya such that Fo C Y^' G Ic{T). Thus 
Fi; C Fo C Yi/, Yi, G Icin P" e Ic(T). It follo^vs that Yi - Y'/ (cf. 
II.l.lO), and hence Fo = Fo G 7(i)f). Thus we obtain the complementary 
inclu-sion loCO C 7(il7), and the proof is complete, 

11.1.20. Given T((P) = (P’*' as in II. 1,1, let 
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( 1 ) 

( 2 ) 


T = > Mm - , LMd * 

T = , il/2((P) « = CP*, 


be any two monotone-light factorizations of T, Then the middle-spaces Sl?i , 
2K2 arc Iiomcomorphic. Furthermore, there exists a (unique) topological trans- 
formation //(SO?,) == il>?2 that satisfies the relations 


(3) 

(4) 




3i e aWi , 


M,{x) = hum, 


X G 0\ 


PiiooF. By 11. 1.19 we have I{M ,) = ~ I{M 2 ). By II.1.16 (applied to 

the transformations Mi , the formula 


(5) = A(3i) = MX\h), h e , 

defines a topological transformation from SWi onto SWa • Thus the spaces , 
S9?2 are homeomorphic. Now let x be any point of (P. Put Mi(x) = 3, . Then 
h(h) — M 2 M^^Mi(x) D Miix). Since ^(ji) is a single point, it follows that 
Mzix) — hih) — hMi(x), and (4) is proved. To prove (3), note that (6), (2), 
(1), yield 

LJiih) = L^M^MVih) = TM;%) = L,M,il/r‘(3i) - Li(u). 


Thus (3) is verified. As regards the uniqueness of /i, it is clear that h is univocalB'^ 
determined liy tlie condition (4) alone. 

II. 1.21. Given 2’(cP) = CP* as in II. 1.1, and a raonoto*he-light factorization 
T ~ LiMi I Mi((P) = 9)2 1 , Li(9Ki) = (P*, let i0?2 be any (Peano) space homeo- 
morphic with 9)2i . Then there exists a monotone-light factorization of T with 
the middle-space 9022 . Indeed, if /i(9)2x) = 902a is any topological transformation, 
then clearly T = , whore ~ Lih~\ M 2 = hMi is a factorization with the 

desired properties. In view of II. 1.20, we obtain in this manner all possible 
monotone-Iiglit factorizations of P, provided one such factorization is known. 
On the other hand, II. 1. 17 yields an initial monotone-light factorization explicitly. 

11,1.22, Letil/„((P) = 9)2, n = 1, 2, • ■ • , be an infinite sequence of continuous 
monotone transformations from the Peano space (P onto the Peano space 9)2. 
Suppose that the sequence ihTn is iinifoimly convergent on (P, and let j = T(x)i 
3; ^ (p^ be tbo limit transformation. Then P is a continuous transformation 
from (P onto 902 (cf. 1.2.44). We assert that T is monotone, 

Proof. Deny the assertion. Then there should exist a point Jo G- 9)2 such 
that the set Eq = P~^(So) is disconnected. We have then a separation Eq ~ 
Ei 1 Ei' (see 1.2.21). Since E^ is closed, Fo and Eq are also closed (see 1.2.39). 
By 1.2.38, we liave therefore two open sets G', G" such that 

(1) B'o C G', Ei' C G^', G'G^' = 0, 

Since CP is connected, the set CP - (G' + G'O is a nonempty set wliich is clearly 
closed. On CP — (G' + G")> the function pIPCi;), Jo] is continuous and different 
from zero; hence we have (cf. 1.2.46) a positive number S such that 
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(2) p[7’CiO, 3ol ^ 25 > 0 for .u 6 6^ - 

Since il/„ T uniform I}'- on (P, wc shall have < 

exceeding a certain p{8). In view of (2) it follows that 

(3) Sq] > 5 > 0 for .i: G CP - (G' -t- G 

Now let 31(3 0 , 5) denote the set of those points 3 G 5J2 that satisfy t 

p(3; 3o) < S. Then (3) yields 

(4) ^l/;'[St(3o , 5)1 CG' i- G" 

The set 31 (So > is open and contains 3 o , Let Gj bo the oomponon 
that contains jo • Then Sj is a coniiecled open set (sec T.2.2S), ( 
tlicrefore an r? > 0 such that 

(5) p(3, 3o) < V implies 3 G Sj ^ 

Since T uniformly on (P, wo have p[T{x), il/„(^)] < t} for n exo' 

tain v(it]). As T(jli!o + ^o) “ 3o j it follows that (cf. (5)) 

(6) + E'o') C 1 

(4) and (6) yield (note that Ga C 2f(3» , 5)) 

(7) E'o + E'o' C ^■l/,:‘( Sj) CG' -^G>' for a > 
Now il/“^(CS 3 ) is connected (sec 11.1,2). According to (1) and (7), 

( 8 ) C?'ilf,7‘(e,) 0, f?'bK’((S^) 0, AC'(e«j C G' + 

for n sufficiently large. Since G*, arc disjoint open sets and 
connected, (8) is impo.S!3ibIo. 

‘ 11.1,23. Given T(fP) = as in 11.1,1, let 

(1) T = LM, i¥((l^) = 3Ji, im) - (V* 

be a monotone-light factorization of T. Lot Z{Wt) — SQl* bo any 
transformation from S!}1 into SDl (that is, C 9)i!)' Tlien LZM 
continuous transformation from'<P into (P’”. A continuous transfoi 
tained in this manner will be termed a partial transjovmalion associa 
We assert that any partial transformation LZM can be derived, in 
just described, from any fixed monotone-light factorization* 

(2) ' T - LoMo , i>/o((P) = - ^P^ 

Indeed, by II. 1.20 there exists a topological transformation h{W) ' 
that L == Lo7ij Mq = liM, Then hZh~^ ~ Zq is clearly a continuous t 
tion from 9i)?Q into SDlo , and LaZaMo = Lh~^(kZff^)hM = J/ZM, 
II.1.24. We shall be concerned in the sequel with a pair of conliiu 
formations T,((P0 = (p+ ^^((pj) = <p* such that (i) (Pi , (P^ , (P* arc Pei 
and (ii) (Pi and (Ps are homeomorphic. For example, (Pi , (P^ may be b 
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arcs, or both simple closed curves, or both 2-cells, or both 2-sphores, and so forth. 
In fact, the four special cases just mentioned will be of especial interest for our 
purposes, 

II.1.2S. Given , T 2 as in II. 1.24, wo shall say that Tx and Ti are F-eqtdva~ 
lent {equivalent in the FrSchet sense), if and onl 5 '- if for every e > 0 there exists a 
topological transformation Ht((Pi) = (Pa such that TzH^ixi)] < e for 

every point ^ (Pi . If tins condition is satisfied, then we shall ’vvrite Ti 
TiiF). Clearly, the relations 7'i ^ T^iF) and T 2 ^ Ti{F) miituall}'’ impl}*’ each 
other. 

II. 1.26. Given Ti , Tz as in II. 1.24, we shall saj"- that Ti , T 2 are topologically 
similar, in symbols Ti T 2 {is), if and only if there exists a topological trans- 
formation II{<?i) = (Pa such that Tx{xi) = ^’a/ZC^i) for every point .^’l 0 (Pi . 
Clearly the relations Ti T 2 {i 8 ) and T 2 ~ Ti{ta) mutually imply each other. 
It is also obvious that the relation Ti Tafte) implies the relation 
Simple examples show that the converse is generally false. 

II. 1.27. Given T , , Ta as in IL1.24, suppose that 7’i T 2 {F) Let 

(1) T, = hxMx , i/,((Pi) = m , Lximx) - (p*. 

( 2 ) T2 = L2M2 , il/aW = fOk , L2(^W = (P* 

be arbitrary monotone-light factorizations of Ti , respectively. Then there 
exists a sequence of topological transformations Lf„((Pi) — (Pa , such that the fol- 
lowing conditions hold. 

(i) X„ “ max p[Ti (.^O, » 0 for «—><», whore the maximum is taken 

for .^'l varying on (P, . Note that the use of the maximum is justified since (P, 
i.s compact (sec 1.2.45). 

(ii) The sequence il/a//,, is uniformly convergent on (Pi . 

Proof. Let €„ bo a sequence of positive numbers converging to zero. Since 
Tt T 2 {F), wc have for every n a topological transformation ~ (Pj , such 

that on setting 

X„ - max p[Ti(a;,), .ri 0 (Pi , 

the inequality X„ < 6„ holds. Thus the sequence T’af/n is uniformly ^nvergent 
on. (Pi (the limit transformation being ^ 1 ). Henc^the sequence is egui- 
continuous on (Pi (see 1.2.44), Since TgiTn = Lail/a-ffn by^), and since ilfaf/n is 
clearly monotone, it follows by ILU) that the sequence is also equicontinu- 
ous. By 1.2.44 the sequence contains therefore a uniformly convergent 
infinite subsequence, liki < k 2 < ' • ’ < K < ' 'j_are the subscripts occurring 
(in this order) in such a subsequence, and if we put — H„ , then the sequence 
H„ satisfies the conditions (i), (ii). 

II. 1.28. Theorem, Given Ti , Tz as in 11,1.24, suppose that T, T^iF). 
Let 


Tx = LxMx , 


( 1 ) 


il/i((Pi) — 9JL , 


Lximx) - (p* 
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(2) T, - , iVa((P2) = , Um,) - (P* 


be arbitrary monotone-light factorizations of Ti , T 2 respectively. Then the middle-' 
spaces , 2)?2 are homeonwrphic, and there exists a topological iransfomiaiion 
/i(SD?i) == \oith the following properties. 

(i) -^1(51) == for every point G . 

(ii) If Zi is any continuous transformation from into 9}ii {that is, C 

S??,), then LdiZJf^M^iF). 

PnooF. By II. 1.27 there exists a sequence of topolo^al transformations 
= tp2 wth the properties II.1.27(i), n.l.27(ii). If ilfi denotes the limit 
transformation of the (uniformly convergent) sequence MzII „ , then by 11.1.22 
(applied to the sequence MzII^ it follows that Mi is a continuous monotono 
transformation from (Pi onto 9Dl2 ■ Since Mzl^ converges uniformly to il^i , it fol- 
lows that converges uniformly to L^M 1 . On the other hand, L^MzIh - 

TzIL converges uniformly to Ti . Thus L^Mi = T, . In other words, wo have 
for Ti the monotone-light factorization 

( 3 ) Ti = L2TI1 , Mi((Pi) = ^ (P^ 

Comparison, of (1) and (3) yields, by II. 1.20, the existence of a topological trans- 
formation h with the properties 


( 4 ) Hmo = mz , Li = Lzh, Ml - hMi . 


Thus a)Z, , m 2 are homeomorphic, and h satisfies the condition (i). Now lot 
Zi be any continuous transformation from JD?, into SDJ, . Let us put 

(6) Xa = L2hZih~\ Tf ^ LiZiMi , ^ LMdi'^Mii . 


Tlien (4) and (6) yield TUL = Xail/a/^ . 
Ml and Xa fsjim'formJy continuous on iOlz , 
formly to Xji¥, = LzliZih-^Mi = LiZiMi 
e > 0, we have an integer n(e) such that 


Since MzHn converges uniformly to 
it follows that converges uni- 
= Tf (ace (4), (6)). Honco, given 


pin{,xi), Tw,u,i{xi)} 


M u'l 


I ' 2 (F) by II. 1.26. In view of (6) it follows that h satisfies condition 
Let us add a few remarks concerning iho results 


Hence Tf ' 

(ii) also. 

II.1.29. Continuation. 
obtained in 11.1.28. 

(a) Simple examples show that the property II.1.28(ii) is not a oonsoquonoo 
to“s of thI'foTm monotone-light fao^ 
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(1) ■ T, - LM , , - m, urn) = cp*, 

(2) T, - i:/>4 , ilfsW = ®?, L{m) - (p". 

TJiat is, there exist simultaneous monotone-light factorizations for Ti , Tz with 
the same middle-space and the same light factor. 

(c) Using the terminology of II. 1.23, we obtain from II.1.28(ii) the following 
statement. If Ti TziF), then for every partial transformation Tf , associated 
with Ti , there exists a partial transformation T* , associated mth Tz , such that 
Tt T*(F). 

(d) Suppose that Ti ~ TzCF). Then by (b) above we have simultaneous 
factorizations of the form (1), (2), with the same middle-space 9)? and the same 
light factor L. Then the identity transformation on 91?, if denoted by h, clearly 
satisfies the condition II. l,28(i) relative to the factorizations II. 1 .29(1), II. 1.29(2), 
and there may be a temptation to expect that the identity also satisfies,' relative 
to these same factorizations, the condition II.1.28(ii). In other words, one may 
expect that for every continuous transformation Z from 9[f2 into SK the relation 
LZMi ~ LZMziF) will hold. Simple examples show that this is generally not 
the case. The theorem of II. 1.28, for special simultaneous factorizations of the 
form 11.1.29(1), 11.1.29(2), merely implies the existence of some topological 
transformation ~ 9)? such that LZMi LliZh^^MziF), for every continu- 
ous transformation Z(W) C 'SJl (provided that Ti Ta(f^)). Generally, h can- 
not be chosen as the identit 3 ^ 

IU.30, Given 7\ , Tz as in II.1.24, we shall say that and Tz are K-equiva~ 
lent, in symbols Ti Tz{K), if and only if T -, , Tz admit of simultaneous mono- 
tone-light factorizations with the same middle-space and the same light factor. 
The following remarks will be useful. 

(a) Suppose that T, Tz{K). Let 

(1) T, - , M.((Pi) = aii, , Lmi) = ^P^ 

(2) Tz - L 2 MZ , il/2(cP2) - WI 2 , LziSSflz) = <P* 

be arbitrary monotone-light factorizations of Ti , Tz respectively. Then there 
exists a topological transformation h(Wi) = Wlz , such that Li = Lzh. 

Proof. By assumption, we have monotone-light factorizations of the form 

(3) T, = LAIf , M\((P,) = m*, L(m*) - (P*, 

(4) Tz == LMt , i)/i((P2) - m*, im*) = (P*. 

By II. 1.20, applied to the factorizations (1), (3) and (2), (4), respectively, 
there follows the existence of topological transformations hi , hz such that 

hmi) - 502*, hzmz) = 502*, Li = Lhi , 

Lz — Lkz f Mf = hiMi , Mt — hzMz . 

Clearly h = /UVi, sati.sfies our requirements. 
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(b) Suppose, conversely, that Ti , T-i (given ns in 11.1.24) admit of factoriza- 
tions of the foim (1), (2), such that there exists a topological transformation 

/i(St)?i) = satisfyingjiie condition Lx = LJu Then jT, ~ Ti{K). 

Pno_o^. On setting Ux " hMx , we have 7'i == LxMi = LihMx ~ L^Mi . 
Since il/i is clearly monotone, \vc obtain thus for 7’, the monotone-light factori- 
zation 

(5) Tx = L^Ix , , L^m^) - (P-^. 

Comparison of (2) and (6) yields 3\ Txi{K). 

II. 1.31. Let us consider tlic mutual implications of the relations Tx 
'I\ ~ Ta{F), Tx ^ defined in IJ.1.26, II.1.25, II. 1.30. Clearly, Tx — 

Ti{is) implies Tx ^ T^iF), the convor.so being generally false. By ILl. 29(b), 
Tx T^iF) implies Tx ~ T<i{K), ])ut Ihe converse h generally false, as shown by the 
following simple examples. 

(a) Let us choose d’, as the unit disc it? + y? ^ 1, CPa tlio unit square 
0 ^ Ws ^ L 0 ^ ^2 ^ 1, and ()’*' as the unit segmont 0 ^ ^ ^ 1. Lot us define 
the continuous transformalion.s 7',((P,) = ^ 6*'^ by the formulas 

Tx :i ^ (tcl + (ux , vx) e (Pi , 

J 2 • I Ua , (t(2 , 1 * 2 ) G d'a i 

Clearly, ^'i and T^ are monotone. If L donote.s the identity transformation on 
(P-^, we have therefore the mono tone-) igl\t factorizations 'J\ = LTx , - L'I\ 

with the sumo middle-space d’'" and the same light factor L. Thus Tx (K). 
Oil the other hand, the relation 7\ ^ T^iF) docs not liold. Indeed, eoii.sider atiy . 
topological transformation 7/((Pj) = . Then II carries the boundary of (P, 

into the boundary of (Pa , and honce wo have on the boundary of (Pi a point 
(w? , aj) that is carried by II into the point = 0, V 2 - 0, Then pf7'j(i<?, y?), 
TiUiul , y?)] = L Thus for e < 1 there exists no topologiccal transformation 
!It((P]) = (Pj such that ^(7'i(?ij , Vx), '1\U dUx , yj] < e for every point (w, , w,) ^ 

(P. . 

^ (b) Lot us choo.se d’, as the unit disc k? -L ^ i, (P 2 as the unit disc ul + 

^ I , and d’**'' as the unit spliero d- 2 /^ d* = J . It is easy to see that there 
exists a continuous monoLono transformation Tx{6\) — (P* .such that the boun- 
dary of (Pi is carried b)' Tx into the nortli polo (0, 0, 1), Similarly, there exists a 
continuous monotone transformation “ d’'*' that carries the boundary of 

d'a into the south polo (0, 0, — I). If ivo denote by L the identity transformation 
on (p^ wo have the monotone-light factorizations = LTx , ^’2 = LTg with tho 
same middle-space (P and the same 1 igh t fao lor L. 'I'liiis Tx ^ T^ (7C) . On the 
other hand, the relation T, ~ '}\{F) does not hold, Indeed, if Ii{(P\) *= (P 2 is o/^vy 
topological iransfoi’ination, then II carries the bound aiy of Oh into the boundary 
of 0 * 2 ) and hence p[?'i(Ui , y,), T 2 ll{ux , yO] — 2 for every point {ux , Vi) on ihe 
boundary of (P, . TIeneo foi- e < 2 there oxdsts no topological transformation 
TIt{<Pi) “ (Pa such that p[Tx{ux , h), Til/difi , yO] < e for every point (tix , Vx) E: 

(ih . 
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We proceed now to exhibit .several important special instances wliere the rela- 
tion Tx doc.s imi)ly the relation Ti ^ X detailed study of 

monotone transformations of simple arcs, simple closed curves, 2- cells and 
2-sphcrcs seems to be necessary for this purpose. This study will be carried out ' 
only to the extent needed in the sequel. 

II. 1.32, We shall be concerned with continuou.s monotone transfoimationa of 
the form iV ((P) ~ 9)1, whore (P, will be Peano spaces of some vciy simple typo. 
The 2-sphcro will play an important role, and it will be convenient to agree on 
certain notations for this ease. S will denote the unit sphere •]: ~ I in 

Euelidcan ihrec-spaco. E will denote the equator, that is the groat circle in the 
.cy-plane. The north pole (0, 0, 1) and the south pole (0, 0,-1) will be denoted 
))y V and a respectively. The set of points of S satisfying z ^ 0 and z > 0 will 
lie called the closed aiul open northern hemispheres and will be denoted lij' *5^ , »S" 
respectively. The closed and open southern hemispheres S„ , 6’° arc defined .simi- 
larly in term^of the inequalities z ^ 0, z < 0 re.spectively. We shall iiso a ^coml 
unit sphere IS in a Euclidean three-space xyz. The imlations v, a, S , , , E, 

and so forth, will ha\'o analogous meaning relative to S. 

11.1.33. Given M {<?) - 9)? as in n.1.32, suppose that (S' is a simple are 
(see 1.2,31). 'Then 9)1 is either a single point or a simple are. 

PiiooF, Suppose that 9)? is not a .single point. Then 9)? has infinitely many 
point.s. Let a, b be th(5 end poinLs of the simple arc and let i'o be any point of 

distinct from il/(a) and iU(b). Then is a continuum in (P that does 

not contain either a or b (see IL 1.2). Thu.s (P — il/"'(i:o) is di.sconnectcd, and 
hencR 9)? ~ i’o i« also disconnected, since (P “ ili"^(io) = — io) (of. 

II. 1.3). Thus 9)1 ha.s at most two non-cut points, namely il/(a) and M{h). 

Hcnco 9)1 is a simple arc (sec 1.2.35). 

11.1.34. Given 9/(0’) = 9)1 as in IT. 1.32, .suppose that (P is a .simple closed 
curve (see 1.2.3 1). Then 9)1 is either a single point or a .simple closed curve. 

Piioop. Suppo.se 9)1 is not a single point. Lot ii , i 2 bo any two distinct points 
of 9)1. By II. 1.2 the sets il/''‘(ij)) are then disjoint continua on the 

.simple closed curve O’. B}'’ 1.2.32 it follows that O’ — (ilf '(iJ -f- M '(ia)) is 

disconnected. Since 0’ — (il/‘'‘(i’i) -h il/“”(i’ 2 )) = il/~^(9)l “ (i’l + t’ 2 ))} it 

folloAv.s by II. J .3 that ilf — (i'l + i‘ 2 ) is di.se ouncctcd. Hence 9)1 is a simple closed 
curve by 1.2.35. 

II. 1.35. Given AI (O’) = 9)1 as in IL 1.32, suppose that 0’ is a 2-splici'e. Simple 
oxample.s show that 9)1 need not bo a single point or a 2-sphcrc. On the other 
hand, if we assume that 9)1 is cyclic (see 1.2,34), then it follows that 9)1 is either a 
single point or a 2-sphorc. 

Pkoof. Suppose that 9)1 is not a single j)oint. Let S be any contiiiiium in 9)1 
such that 9)1 - S is connected. Then 9/~'(S) is a continuum in (P and 0’ - 
M~\^) == 9/”'(9)l - (S) is connected (sec TLi.2). Since O’ is a 2-sphc]’0, it 
follows that M ~ ' ( C^) is nriicoherent (sec 1.2.35). Hence S itself is unicohorent l)y 
II. 1.6. Thus every non-separating continuum of the cyclic Poano space 9)1 is 
unicolicrent. Bj'' 1,2.35 it follows that 9)1 is a 2-sphcre. 
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II. 1.36, Given T((P) ~ (P* an in ILL 1, let (? bo a Peano siihspaco of (P, and lot 
us put T(G) = G*. For clarity, let us use the symbol Tg to j’cfcr to T thought of 
as operating f j om G only, We shall .say that T is monotone on G if and only if 
' the transformation To(G) = G* is monotone in the sense of 11.1.1 Clearly, T 
is monotone on Gif and only if GT'^x*) is connected (possibly empty) for every 
point a:'*' ^ (P*. 

11,1.37. Given jM{(P) = S!)? as in II. 1.32, suppose tluit (P in a 2-ceIl and M is 
cyclic (set* 1.2.34), Then AI is. monotone on the boundary of (P (see 1.2.31, 
11. 1.30). 

Proof. Case 1. AI is constant on the boundary of 6*. The assertion i.s (hen 
obvious. 

Case 2. A! is not con ,s taut on the boundary of (P. Let us as.su me first that 6’ 
coincides with the closed southern hcmisplicrc iSa on the unit sphere S (see 
II. L32) . Tn view of 1 1. 1.30, we have to show that ” ’ ( i'o) is c onnectod (poi3,si- 
bly empty) for every point i'o S SD? (E is the equator). If EAI~\^n) - 0, the 
assertion is obvious. So U'o can assume that 

(1) EAI '(i’o) ~ e 0. 

Let us put Ar*(^o) — , Then is a continuum on the soutlicm homiaphonj 

St (cf. ILL 2). Let Cy, chsnote tlie image of CL under the reflection on the plane 
of the equator. 'Jlum Cy is a continuinn on the norlhorn liemisphorc Sy , and 
clearly 

(2) GyGg ~ e 0, 

(3) S - (CL + Ct) = {Sy - Cy) T {St - CL), 

(4) {Sy - Cy){St - a) = 5- - c 0, 

In particular, the relation 7^ — c 0 follows from the assumption that AI is not 
constant on E and hence ^ is not a sub.se t of il/"'(i’o) *= Cg . Now since 9)? is 
cyclic, ^0l io is connected, and hence St ~ C'<, = 717 ”‘(9)1 — i'o) is also con- 
nected (see II. 1.2). Ah — 6',, is derived from S^ by reflection upon 

the aiy-plano, Sy — Cy is also connected. By (3), (4), it follows that S — {C, + 
Ct) is connected. Since (Jy + G, is a continuum by (2), it follov^s that Cy + G, is 
unicohci'ont (hoc 1.2.35). Hence G^G^ = e is connected. Since clearly 
= EC, “ CyC, , th(' connectedness of EM~\xo) is established. 

The cas(3 when tP is a general 2-col 1 may now bo treated as follows. By 1.2.31 
we have a topological transformation 77(6*) = S, . Then A{II~\S,) => 9)2 is 
clearly a continuous moiiolono transformation from S, onto ID?, and hence MH"' 
is monotone on E liy tlie preceding discussion. Since II carries the boundary of 
(P topologically into 77, i( follows immediately that M is monotone on the boun- 
dary of (P, 

11.1,38. Given AI (CP) = 902 as in II. 1,32, suppose that (P i.s a 2-ccll, 902 is cyclic, 
and AI is constant on the boiinclary of (P. Then 9)2 is either a single point or a 
2-sphere. 
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PiiooF. By an argument similar to that used in 11.1.37, we can assume with- 
out loss of generality that (P coincides with the southern hemi.sphere oji the 
unit sphere S (see II. 1.32). By assumption, M carrios_thc equator E into a 
.^glo point i’o G 3)2. Lot us ^fino the transformation M(S) ^9)2 as follows: 
M{x) - M(x) if X E , and M{x) = i’o if E Clearly 71/ is continuou.s 
and monotone on S, and hence 9)2 is either a .single point or a 2-sphere by II. 1.35. 

IL1.39. Given il/((P) = 3)2 as in II. 1.32, suppose that (Tis a 2-cell, 3)2 is cyclic, 
and M is not coastant on the boundary of (P, Then 3)2 is a 2~colI. 

Proof. By an argument similar to that used in II. 1.37, we can assume without 
lo.ss of generality that (P coincides with the southern hemisphere S„ on the unit 
sphere S (see II. 1.32). The transformation il/(jS„) = 502 gives lise to an u.s.c.c. 
I{M) of continua (see II.1.13(ii), II.l,13(i)) in . Let Ki bo the collection of 
the continua of I{M) plus the individual points of . Clearly, Ki is an u.s.c.c. 
of continua in S (of. II. 1.10). Lot us note that no continuum 7 E /fi separates 
S. Indeed, if 7 is a .Ringlo point, then the assertion is obvious. If 7 is not a 
single point, then 7 E /(//)> and hence 7 = il/“*(io), whore I'o is some point of 3)2. 
Now 912 is cyclic by assumption, and hence — 7 ~ il/“*(9)2 — i’o) is connected 
(see 11 . 1 . 2 ). Since — 7 = (jS„ — 7 ) -f (note that 7 C the connected- 
ness of ~ 7 will ])G established if we can show that (Sg ~~ y)c(Sr) ~ (Sg — y)S^ 
== (E ~ y)S^ =»E ~ y 0 . Now the assumption E — y — 0 implies that 
E Qy and hence // {E) C 71/(t) — i’o > hi contradiction with the assumption that 
M is not constant on E, 

Thus Ki i.s an u.s.c.c. of continua in 8, such that no continuum of K\ separates 
8. Lot us add that clearly no continuum of Ki coincides with 8, By IT. 1.15, 
there exi.sts a continuous transformation il/i from 8 onto some Pcano space 3)2i , 
such that I {Ml) ^ Ki . Since Ki is an u.s.c.c. of continua, M 1 is clearly mono- 
tone. Wc assert that 3)2i is cyclic. Indeed, if i', is any point of 3)2i , then 
il/r^(i’i) = 7 i is a continuum of /(Il/i) = Ki , and hence ;S — 71 is connected (see 
above). Consequently 3)2i ~ h = Mi(8 ~ 71 ) is also connected. Furthennore, 
Ml is not constant on 8, since no contiimum of I{Mi) = Ki coincides with 8. 
Thus 3)2 1 is cyclic and cloc.s not reduce to a single point. Since the transforma- 
tion Mi{S) = 3)2i is monotone, it follows that 9)2i is a 2-spJicrc (see 11.1.35). 

We assert that il/i is monotone on the equator E of 8, Indeed, let be any 
point of 3)2i . If //l‘( 3 i) is a single point, then is clearly connected. 

If il/fV^ji) — 7 is not a single point, then 7 E ^(M) by the definition of Mi , and 
hence EMT^^i) = Ey is connected .since M itself is monotone on E (see 11.1.37, 
ILLSO). Thus Ml is monotone on E by 11,1.36. By ILL34 it follows that 
Mi{E) is cither a single point or a simple closed curve. In the first case, Mi 
should bo constant on E, and hence E should bo a subset of a continuum L E 
I (Ml) = Ki . By the (lofinition of Ki it follows that r E /(//) ^^^d hence M 
would I)G constant on E, contrary to our assumptions. Hence Mi{E) - Si is a 
simple closed curve on the 2-sphere 9}2i . Thus Si is the common boundary ol 
two 2 -cells ?(i , 33 1 on 3)2i . If the interiors of these 2-cells are denoted by 
I 33? ro.spcclively, then the components of 3)2 1 — Si are precisely 21? , 33? . 
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Hence the roinponent.s of S — il/T'fEi) are pn'ciscly il/r'(9li)j -'Hi ‘(53i) by 
II. 1 .5. We as-sorl. tha t 

(1) III C MVm C S, . 

Indeed, the first inclusion follows from the fact that Jl/i(J?) ~ Sj . Suppose 
now that there exists a point .To G such that .To ^ il/l'((Si). Since Si *= 
we should have then a point Uo G. IH sucli that il/i(yo) - -fl/i(.To). It 
follows that To and arc points of a continuum G I(Mi) = 7fi . Since 7 © 
docs not reduce to a single point, wo should Jiavc Yo G IOV) and hence yoC S, , 
in contradiction with the assumption that 7 © contains the point .To ^ . Thus 

(1) is c.stablishod. Clearly, (1) implie.s that iS” is a component of S ~ il/r‘(Si). 
Hence, by a preceding remark, coincido.s with either il/r'(9(t) or il/7’(S3?), 
say = ilfr‘(iQ?). Then S, ^ S ~ Si = - 33?) = il/r^d,). Con- 

.sequently Mi{SJ) = Sb . Now compare the mappings ill, (/S,) = 9t, , M(8t) — 
SOT. These two mappings determine, by the definition of jl7, , the .same u.s.c.c. of 
continua on Sg . By II. 1.16, there follows the cxi.stenec of a topological trans- 
formation /7(9fi) = 9)?. Since 9fi is a 2-cell, it follows that SOT is also a 2-cell, and 
the proof is complete. 

II. 1.40. Continuation. The preceding argument yields a further result. 
Comparison of the mappings Mi{Sg) == SI, , M(Sa) - 9)? .‘?how.s, in view of 
ri.l.K), that the mapping 77 = il/jl7r’ is a topological mapping from 9fi onto SOT . 
lien CO 7/(£i) = is the boundary curve of SD? (note that we have already proved 
that SDT i.s a 2-celi). Now il7i(®) — (Si , and hence il/(7?) = 7/il7,(H) = 77(Si) = 
(S. Thus M carries the boundary E of 8^ into the boundary (S of 9DT. 

II.l .41 . Given il7 (flp) = 9)? as in II. 1.32, suppose that 6’ and SOT are both 2-eells. 
Lot C and (S- denote the boundaries <5f O' and SO? respoctiv('ly. 'I'lien il7 (C) =* (S, 
and il/ is monotone on C. 

Proof. As in 11.1.39, wo can assume without los.s of goiiei'ality that coin- 
cides with the .southern hemisphere 8^ on tlio unit sphere 8. Then the boundary 
C of (3^ eoincide.s witli the equator E (cf. II. 1.32). Wo a.s.sert that il7 is not con- 
stant on E. Indeed, since 9)2 i.s a 2-cell, 9)? is .sui’cl.y cyclic. The assumption that 
;!/ is eoiivstant on E won hi therefore lead to tho'conclii.sioii that 9)2 is a 2-spliere 
or a single point (see U.1.38), while 9)2 is a 2-ccIl by a.ssiimption. Thus il7 is not 
constant on E. Since 9)2 is cyclic, the results derived in TI.1.37 and 11.1.40 are 
available. Hence M{E) ~ S by II. 1.40, and il7 is monotone on E by II. 1.37. 

II. 1.42. Given jl7(d>) = 9)2 a.s in IT. 1.32, .suppose that (P is a 2-coIl and 9)2 is 
cyclic. Then 9)2 is either a single point, oi* a 2-cell, or a 2-.spherc. The finst case 
occurs if and only if M in constant on (P. TJie second ease occurs if and only if 
M i.s not const ant on the boundary of (P. The third case occurs if and only if M 
is constant on the boundary of (P without being constant on (P. In the second 
case, M is inonotono on the bouiulary of (!’, and carries the boundary of (P into 
the hoimtlaiy of 9)2. 

This statement is merely a summary of the results in II. 1.39, II. 1.38, II. 1.41. 

II. 1.43. Let (P be a 2".sphcre, and lot K be an u.s.c.c. of coniiniia on 6^, By 


11.1.45 


65 


n. LJ5, tht'i'o oxists a (‘onliniious transfonnation i)/’((P) = 9)^ from (P onto .some 
Peano space such that I{M) s K, Since the elomcmts of K are contiiiim, il/ 
is elcarl}' monotone. The folloAving corollaric.s of preceding i'('SiiU.s Avill bo u.seful. 

(a) 9K is cyclic if and only if (i’ — 7 is connected for eveiy 7 G K, Indeed, if 

io is an.y point of 9IJ, then G KM) ^ K and M~'(^ i'o) = 0 ’ “ 

7l'/~‘(j:o). Hence, by 11.1,3, io is a cut point of 9)? if and only if (P — d/“‘(i’o) is 
disconnected. Thn.s if fP — 7 i.s connected, then 9)? is cyclic. The conver.se is 
C(iuallj'^ immediate 

(b) (Suppose that (P — 7 is connected and nonempty foi' evei’y 7 G A". Then 
90? i.s a 2-s]jhcre. Indeed, 90t is cyclic and does not reduce to a single point (see 
(a)), and hence 901 is a 2-.sphore by II. 1.35. 

11.1.44. 1x4 (1^ be a 2-cell, aiKMet K be an ll.s.c.c. of continua on (P. By 
II. 1.15, ihei’(‘ o.xi.sis a continuous transformaiioji il/((P) — 901 from (? onto .some 
Peano space 901, such that J{M) ^ K. Clearl 3 '- M is monotone. 

(a) 901 is C 3 ’'clic if and onfv if (P — 7 is connected foi’ (U'eiy 7 G A. 'The rea- 
.soning Is the same as in 11.1.43. 

(b) If (P — 7 is connected for every 7 G A", then 901 is eilher a single point., or 
a 2-eoll, or a 2-.sph(;rt>. If lire boundary of (P is not a subset of any 7 G A, then 
901 is a 2-cel I. If the boundary of (P is a sub.se t of .some 70 G A, then 901 is a 
2~sphoro if 7 o (P and 90? is a single^ point if 7 ,, = (P. In vicAv of (a), these state- 
ments follow diroctl 3 '^ from TI.1.42. 

11.1.45. Let (Pi , C’a be 2 -cells with boundaries Ci ^ C 2 and let mi 2 (Ci) = C 2 bo 
a continuous monotone transformation. Then them exists a continuous mono- 
tone transformation d/i 2 ((l’i) = (P 2 with tlie folloAving propei’tie.s. 

(i) il/i 2 (.'«i) == miaCri) for.ri G C', . 

(ii) ilfi 2 maps the interior (P° of (Pi topologically onto the interior (Pa of 6 \ . 

pROOi?, Tlie monotone transformation 7^12 determines on Ci an ii.s.c.c. of 

continua in the sens(‘ of II. 1. 13 (i). Let us denote tins collection by ki . Let us 
define tlm collection as follows; Ki consists of tlio continua of ki and of the 
individual points of (P? . Glearl 3 ^, Aj is again an u.s.c.c. of continua in (P, , and 

— 7 i is ooiuiocted for every 71 G Ai . Note also that Ci is not a subset of any 
continuum of A'', , since a? 12 (^ 1 ) is not a single point. B 3 ^ 11.1.44 tliero folIoAVs the 
existence of a continuous monotone transformation ilfij((Pi) = (P 3 , such that 
^ /Cl and (Ps is a 2-cell. Let C 3 denote the boundary of the 2-cell (Pa . 
Lot us compare the transformations niiKCi) ~ C 2 and M la (Cl) = Ca (cf. IL1.42). 
'’J''hc.so two transformations determine on Ci the same u.s.c.c. of continua, namel 3 ’' 
ki . By II. I.lfi it folloAVS that the formula Xs = /laaC^’a) = G C 3 , 

determines a topological transformation from Cg onto C 2 . B 3 ’’ 1.2,52, there 

follows the exist ence of a topological lran,sformatioii — (P 2 such that 

//.g 2 = K 2 on Cg . Tlien il/i 2 = II 22 M 1 A is a continuou.s monotone transformation 
from fl’i onto (P 2 . Let ,ri be any poini. of Ci . Then il/, 3 (.r,) = .I'g is a point on 
Cg, and hence .il/iaCi'i) = ~ k^'iM ia{x\) ~ D W42(^ri). 

Since il/,a(.ri) i.s a .single point, it folloAVS that il/i 2 (*'i:i) = ?«i 2 (.Vi) for .^i G Ci . 

Clearly I{Mm) = /(-il/n) ^ A, (note that Ihi is topological). Since 7 G A, , 
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7 (P? 7 ^ 0 implies that 7 is a single point, and since Miz{Ci) ~ ( 72 , it follows that 
ilf ,a maps (P? biuniquoly onto (Pa . Thus is •single-valued on (5*1 and there 
remains to show only tliat Miz is continuous on (P® , Now let x'S be a convergent 
sequence of points in (Pa with limit Xz <£ (Pa . Consider the points x" = Mu{x 2 ), 
.Ti “ Mizixz), and suppose that the rolation rr" —> a;, docs not hold. Since (P, 
is compact, we can then assume without loss of generalitj'^ that a;',' — > ?/i ^ .t, . 
Then G (Pi , and il/i 2 (a;?) M 12 ( 2 / 1 ). On the other hand, M , 2 ( 0 :?) = Xz Xz . 
Hence ilf 13 ( 2 / 1 ) = Xz ~ Miz(Xi). Since Miz is bhiinque on and .Ti G (P? > it 
follows that 2/1 must lie on Ci . But then MxziVi) — Xz would lie on C 2 , while 
Xz G 6*2 by as.sumption. Tliis contradiction sliows that il/72 i^continuoiis on (P” . 

11.1.46, Using the terminology of II. 1.32, let M(S^) — /S, be a continuous 
monotone timsformation from the southerq, hemisphere onto the southern 
hjemisphem S„ . Then there exists a continuous monotone ti'ansformation 
M{S) ~ S with the following properties. 

(i) %) - il/(p)forp G 

(ii) M maps aS“ topologir*ally onto ' __ 

PnooF. By 11.1.42, M maps the equator E onto the equator E, and the 

transformation M (E) ^ E is monotone (on E). By IT. 1.45, applied to the 2-cclls 
S, f Sy , timre follows the existence of a continuous monotone transformation 
My(Sp) — S , , such that My agrees with M oji E and maps topologically onto 
S ° . If wc dchne 

' [M(j>) for p G , 

M(j>) - \ 

{Myip) for v€ Sy , 

then clearly M satisfies our requirements. 

11.1.47. Using the terminology of II. 1.32, lei M{S) ~ E bea conlimoiis mono- 
loneJvansformqtMn from the unit splice S onto the unit sphere S. Let A he a 2-cell 
on Sf and let he the interior of A. Then there exists a continuous monoiime 
transformation = S vnth the flowing properties. 

(i) M{x) = M{x)^r X ^ M~^U% _ 

(ii) M maps M^^A^) topdogicaUy onto A^._ __ 

Let us put 5 = iS — Then B is a 2 -cell, and B — 

Let us consider the u.s.c.c. of continua I{M) on S (of. II. 1.13). 
We define a new collection Kx as follows: Kx consists of the continua 7 G I{M) 
that are subsets of and of the individual points of M~'{A^). Clearly 

Kx is an u.s.c.c. of continua (cf. II.1.13(iii))j and no continuum of Kx coincides 
with 8. We assert that B — 7 is connected for every 7 G ■ Indeed, this is 
obvious if 7 is a single point. If 7 is not a single point, then 7 G I{M), and 
B — 7 is connected since M{S) — B is cyclic (cf. 11.1.43). By II. 1.16 there 
exists a continuous monotone transformation ilfi(/S) = 2 , suchth^/(ilf,) ^Kx. 
By 11.1.43 it follows that 2i is a 2-sphcrc. Let us put Mx[M~]{JS)] ~ B, , and 
let us compare tho traiisformations il/', and M on the set il/"‘(B). Thought of 
as operating from il/‘**(B) only, M and Mx are related to each other as the trans- 
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formations Ti , of ILL 16 (with '1\ , , 2, 2f , Sf replaced by i¥, Mi , 

B, Bi). Hence the tmnsformation Hi => MiM~^ is a single-valued topological 
transformation from B onto Bj . As a consequence, the set Bi _= 
is also a 2-cell. Thus we have a topological transformation Hi(B) = Bi . By 
1.2.52, Hi can be extended to a topological transformation from S onto 2i . 
Using Hi to refer also to the extended transformation, we can sum up our present 
information_ as follows. _ _ 

(i) Hi(S) - 2. , HiiB) = Bi , IIJA^) - 2, - . 

(ii) Ihix) = il/,i¥-’(a;) for x S B. ^ 

Now lot us consider the tran.sformation M{S) ~ S defined by i¥(a:) == 

X ^ 8. The relations (i) ami (ii) yield __ _ 

(i*) ¥(B) - S, M[M-\B)] = B, ¥[¥“^(A‘’)] = A", 

(ii*) M{x) = (.i^D M(x), and hence ¥(a;) - M(x) for .-r 6 M'\B). 

Now lot -iio be any point of A® Then M~\xo) — Bii^Ihixo), where ¥i(ri;o) G 
2i — Bi_. By the definition (C-^¥i , it follows that ¥r¥/,(^o) is a single point 
in il/^^CA”). Thus for iuo G A”, the set i¥“^(ico) redii^s to a single point in 
M~\A^). In vmw of (i*) it follows tliat M map_^¥"‘(A‘’) biuniquely and con- 
tinuously onto A“. The continuity of M~^ on A® follows now by a reasoning 
analogous to that used at the end of II. 1.45. 

II.1.48. For convenient reference, wc fist some obvious consequences of the 
properties (i), (ii) of the Cf^nsformation Bf of II. 1.47. __ 

(iii) If X is a_point of A", then BH\x) is a single point in i¥”*(A®). 

(iv) Kx^ A", then M'\x) „ _ 

(v) If F is any set in 8, then (8 - A‘‘)¥(F) = ~ A°)¥(F). 

(vi) If M(x) BI(x), then p[b1(x), M(x)] ^ d(A). . 

(vii) d[M~\x)] ^ d[Bl~^(^)] for every point x ^ 8 (_^o (iii), (iv)). 

(viii) If (? is a continuum such that 0^8 — ¥~^(A°) and M is monotone 
on G, tlien M is also monotone on G (see (iv) and 11.1.36). 

IL1.49. Let 74 ((P) — SK be a sequence of topological transformations from 
the Peano space (P onto the Peano space 9)?. Suppose that the sequence H„ 
converges on (P uniformly to a transformation M{(?) *= 9)1. Then BI is con- 
tinuous and monotone, as a special case of 11,1.22. Briefly, the uniform limit of 
homconiorphisms is monotone. The converse is true only in certain special 
coses, some of wliich will be discussed presently. 

II.l.SO. Lot M{(S‘) = 902 be a continuous monotone transformation, where (P 
is a simple arc and il7 is not constant oA (P, Given e > 0, there exists a homeo-^ 
morphism /f((P) = 9)? such that 9 [BI{x), Ii{x)] < e for every a; G (P- 

PnooF. 9)? is a simple arc by II. 1.33. This point being established, the rest 
of the proof is practically trivial, but we carry it out in some detail to illustrate 
a device that will be used frequently in the sequel. We make the proof in two 
steps. 

Case (1). (P coincides wth the segment 0 g ^ 1, and 9)J coincides with the 
segment 0 ^ v ^ 1. Then BI can be represented by an equation /(w) == v, whore 
f{u} is a continuous function of u on the segment 0 ^ w ^ 1. Clearly the 
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monotone character of M implies tliat / is either iiondecroasing or nonincrea^iiig. 
Suppose that, /(w) is nonclecroasing. Then clearly /(O) = 0, /(I) = 1. For each 
positive integer n, let us put 




J{u) + u/n 
1 4- 1/w * 


Then /„(«) is continuous, strictly increasing, ami /„(0) — 0, /„(]) = 1." Thus the 
transformation defined by i; — is a topological transformation from the 
segment 0 ^ a ^ 1 onto the segment 0 ^ y S 1, and p[M{u), //„(w)] = t/(^) 
/ii(w) [ < 1 /a for 0 ^ ^ 1. PlenCe H„ converges to M uniformly on the seg- 

ment 0 ^ u ^ 1, and thus sativsfios our requirements for n sufficiently largo. 
The case when f{u) is non increasing is treated similarly. 

Case 2. (P and 9J2 arc general simple arcs. Lot (Xi , a 2 denote the segments 
OSu^l,0^vSi respectively. We have then Iioineomorphisms /h((ri) = 
(P, == SDh Clearly, is then a continuous inonotone transformation 

from ffi onto 0 - 2 . lienee, by the argument used in case (1), we have a 'Sequence 
of homeomorpJrisms /f*(cr,) = o-a such that conA''ei’ges on o-i uniformly to 
. Clearly, J/„ = is then a topological transformation from (P 

onto fO?, and //„ converges on (P uniformly to Ihhi^Mkxhi'' ~ M. Thus //,. 
satisfies our requirements for n sufficiently large. ■ ’ ' 

11. 1.51. Let M{(S*) — SK be a continuous monotone transformation, whore (P 
is a simple closed curve and M is not constant on (P. Given e > 0, there exists a 
homeomorpliism H((P) = 10? such that p[M(x), II (x)] <‘e for every a; £ (P. 

Proof. 911 is a simple closed curve by II.1.3L If y is a point of ilDl, tlien 
M ‘(i’) is a continuum in (P. Since O' is a simplo closed curve, it follows that 
M'\^) is either a single point or a simple arc. Clearly, the second alternative 
can happen for at most a countably infinite number of points i' ^ 9)?. AVo can 
therefore choose two dwtinct points , X2 in 10?, such that il7‘'‘(yi)'and ilV *(ja) 
reduce to single points a;i , .r 2 'of tP, where clearly Xi ^ x-j . Let a\ /3l be the sim- 
ple arcs deteimined'in 10? by the points and js as end. points. From 11,1.2, 
II. 1.6 it follows' that a = il/ ^(«1) and'jS = 11/“* (j3') aro simple arcs in (P which 
have only their end jmints Xt , ^'2 in oommon. 1 Clearly, ilZ is monotone' on both 
or and /?, By II. 1.50 there follows the existence of homeomorphisms //„(«) = a\ 
7Ifi(/3) = such that //„(xi) = , II/i(xi) = = iV, 

p[ilf(.T), ffa(^)] < e for .r 'G or/- pfil/Cr), II a ( x)] < 't for .r ^ d* If vn define 
II (x) ~ Ila(x) foiM: ^ a, i7(.r)'= H^ix) fdi'.r £ /3, then clearly //has the required 
pro] mr ties. 

11. 1. 52, Let jl/(0') = 10? be a continuous monotone trail sfoimation, where 
(P is a 2-sphere and HI is not constant on (P, TJien.lO? need not be honieoinorphic 
with (P, and hence no results similar to those in ILl.50, 11.1.61' can be expected 
unless furtlicr restrictions ai'e introduced. Similar remarks apply to the case 
when (P is a 2-oclI. AVc proceed to discuss aj>pioximation theorems of the type 
indicated b 3 '^ tlicae ob.ser^'ations. In pieparation^wo iiitroduce .^me furtlmr 
definitions. Using tlic terminology of II. 1.32, lot .4 be a 2-cell on S, and let-d" 
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be thc;^intcrior of A. The 2-celI A will bejprmeci admissible if <?itliw‘ A°A' = 0, 
or if A^E 9 ^ 0 and the l)onndaiy curve of A in^rsec^ the equator E in cxactl}'’ 
tw_o iDoints. A finite system of 2-^lIs Aj , • • • , Aa on will be termed admksible 
if = 0 for i 7 ^ j, and each A, is admissible. _ 

Lc^ be given. _We assert^the existence ^ three admis.sible S 3 '’stems Ai , 

• " , Aa ’,Bi , • • ‘ , Bb ;C\ , • • ' , (7, of 2-colls on S with the follovving_proportie.s', 

(1) E^h of the 2-colls involved has a diameter lc.ss than rj. (2) S = /!? + 

■ ' • d“ C'” . _ _ 

Proof, Using are.s of great circles on S, wo can clearly IriangulatcjS in such 
a manner that each triangle has a diameter jess than j?/ 2, the equator E is a sum 
of sides of triangles, and tlio north pole ? of jS is a vertex in the triangulation. _If 
Ai , • • • , Ao are the triangles of such a tri^gulation, then clearly Ai , ■ • • , Aa 
is an admissible system of 2-cells. In each A, , let us .select an interior point , 
and on each side occurring in the triangulation, let ys select a point, different from 
the end poiiA, which will he referred to as the mid-point of that side. We sub- 
divide each _A, into six curvilinear triangles by drawing simple arc.s frorap, to the 
vertices of A, and to the mid-qjoints of ■^0 sides of A, . Let T denote the tri- 
angulation of S consisting of Ai , * ‘ij , aird let i denote the triangulation 
consisting of the triangles into which Ai , • • • , A „ have been subdivided.^ Each 
vertex of T is then a common voitex of a certain number of triangles of t whose 
sum is a 2-ccll. Lot us denote by ' ,Bt, the 2-cclls as,soeiatcd in this manner 
with tile vertices of ft ancUet us choose_tho notatiras in such a manner that the 
north polo v is intci'ior to Bi . Clearly Bi , ♦ • • , .Bt is an admissible system of 
2-cclls, and each 7i, has a diameter loss than tj. Each .side occurring in f con- 
tains sides of exactly four iria^los of t ; the sum of those four triangles is a 2-cell. 
Let us denote by Ui , (7, the ^-cells ass_ociatcd in this manner with the 

various sides occurring in f> Then Ci , • < • , Ue is again an admissible system 
of 2-cclls, and each Ck has a diamedor less than »/. Obviously, the systems /ti , 

' ’ ‘ , Aa ;Bi t ■ • • , Bb ; Cl , ' • • , C, satisfy our requirements. _ 

Remark. In view of the choico_of Rb , it ^ clem* that on omittmg Bb we _are 
left with three admi^ible systems_Ai A, ; Bi_^ • ♦ • , Bb-i i Ci , • > 0^ , 

such that S ~ V ~ Aj-j- -j-A”-|-.B?-l- ••• •+• 0? -H • • ■ -H . 

II.1.53. Using the notations of 11.1.3^ let M(S} = iS be a continuous mono- 
tone_transformation, such thati]'^(E) = E, and M is monotone on E (cf. II. 1.36), 
Lot A be an admissible 2-c^ on S (s_gc II. 1.52). Then there exists a continuous 
monotone transformation - S with the following properties. 

(1) i\I(E) = E, and M is monotone on E, 

(2) ^ d[M~'^(x)] for every point ^ 6 ^Sf. _ 

(3) If a; G A", then M'\x) is a single point in 

(4) If .a; ^ M''(A“), then M{x) = 

(6) If .r G M-'(A^), dien M{x) G A^ 

Proof. Lei M{S) = bo a continuous monotone transformation, related to 
M in Ihe manner described in II. 1.47. Then M possesses the properties (i)-(viii) 
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desciibcd in II. 1.47, II. 1,48. Noting that A is admissible, we distinguish between 
the foUowin^tw'o cases, 

Case 1. A'^JS — 0. Then the transformation ill — M obviously salisfies our 
requirement^ 

Case II. A^JH ^ 0. Th^ the boundary curve of A intorsccts the eqiiaior H 
in exactly two points, since A is admissible Let % 'q be these i)oints of inlorsra- 
tion, and let a, be the two ^ib-aws of E witli end points f, q, whor(' Iv C ^ • 
Let us denote by B the 2-celI 5 — Then we have the relations 

a <Z A^ A C. B, aB ~ ~ p q. 


We proceed to verify the following facts. 

(a) AI is monotone on E, 

(b) M(E)_~ El is a simple closed curve. 

(c) ^ El = /S -f , where ai is a simple _arc with end points p, q and «,/f « 
p + g. In other ’words, 5, is*contained in A^ except _for its end ])oints p, 7j. 

Proof op (a). Let x be anj'' point in E- If J ^ ^1’’, then M~^('x) is ti single 
point by IL1.4^iii), and honce EM~'(x) is either empty or else it is a single 
point. If J ^ then Efr\x} = EM ' ' (ir) by 11. 1.48(iv), and lienco EM ' ' (ir) 
is connected since 21 is monotone on E 11,1,36), Thus i.s eonntHiLod 

(possibly empty) for everj’’ point x^ *Sj_and henc^ii/ i s^m onotono on E, 

Pro^f opjb). Note first that ilf(^?)P = 2'I(E)B - EB = ’^ (of. II. 1.48 (v)). 
Thus ^ C M{E), and hence M{E) docs not reiice to a single point. Since M 
IS monotone on E, and is a simple closed cuivo, it follows that M{E) = E^ is 
also a simple closed curve. 

Proof op (c). We have alreadyjproved that Ei is a simple closed curve tliab 
contains the smple Hence Ei ^ 0 A - whore is a simple are with 

end points p, and ax^ — p + q, Thm’^remains to_show that aiB ~ p A 0 
Now we note_djjvliiIe piuving (y , that E^B - M{E)B - I Since S, C ® , it 
follows tiiat otiB — ctiE\B = cci^ ~ V A~ q^ 

^ ^0^ that (a), (b), (c) are vended, let us consider the 2-colI ~A, Tho poinls 
p, qhc on the boundary curve of A, and are joined by two simple ares that 
are contained in A except for their common_ end joints p, q. There follows tho 
existence of a topological transformation h{A) = d that maps «, onto ^ and re- 
duces to tim identity on the boundary curve of A (see 1.2.62). Then the trans- 
formation ff(S} ^ B, defined by N(aO - 5; for ir ^ A", H{x) « h(a^ for S 6 I" 

In S Vh ^ oiUo^N Let us define now a transforma’ 
formula x 6 In view of (a), (b), (c), 

the tiansfoimation ilf Qbviously satisfies onr requirements. 

II.1.54. Using the notations of 111.32, let ^ bo a oontinnnirs 

Honotone ^ansformation, such that M(E) = E &UU is mouolono on E. lot 
, • • • , A, be an admissible system of 2.cells on S (cf. II.1.62). Then ihern 
monotone transformation = g ,vith tho following 

(1) M^(E) = Ef and is monotone on E, 
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(2) ^ for every point x ^ S. 

(3) If iu E -4? -f ' • ■ + , tj^n i3/^‘(rc) i^a single point. 

(4) ptilfCi)), ilf^.C'r)] ^ max • • • , rf(yla)] for every pomt .r E S. 

Proof. App_ly the result of II. 1.53 to ilf, u^ig the 2-cell A, , obtaining a 

transformation Mi . ^pply the same process to Mi , using the 2-ceIl Aj , obtain- 
ing a tonsformation M 2 , and so forth. There results a sequence of transforma- 
tions Ml , M 2 , - • ■ f Ma> Wc assert that the tran.sformation M^. = M^ satisfies 
our requirements. Indeed, (1), (2), (3) are immediate consequences of JI. 1. 53 (1), 
II.1.1^(2), 11.1,63(3). As regards (4), ob.sorvc that the sets M”‘(A?), -•* , 
are disjoint, and hence a point x S S lies in at most one of these sets. 
If iB does not he in the sum of these sets, then = ^(.r) in view of II. 1.53(4), 

If a; E for a certain f, then'clof^y iif,^(a:) = ^¥,(^), and hence, in view 

of 11.1.53(5), M ^{x) and M (.r) both lie in A? . 'Tims (4) follows. 

__ 11.1,55. Approximation theorem. Using the notations of II, 1.32, lei M{S)=* 
She a continuous monotone transformation, such that M{B) = E and M is mono^ 
tone on E^ Let € > 0 be given. Then there exists a topological transformation 
II (S) — S, suck that 11(E) — E and p[M{x), B(x)] < 6 for every point x S S. 

PRqoF.__ Put 1 ) Chooso_threc admis.siblc systems Ai , • • • , Ao ; J?i , 

• • * , Bi, ; Cl f • • • , C. of 2-eellsjn S as de^ribed in 11.1.52. Apply the result of 
II. 1.64 to M and the system Ax , Aa , olAaining a transformation M^i , 
Apply the same process to M^i and Bi , • • • j_Bb , ob taming a transformation 
. Apply the same process to M ^2 and Ci , • • • , Co , obtaining a trans- 
formation M^i . AVc assert that H == i¥^,_satisfies our requirements. In view 
of 11.1.64(1), 11.1.54(4), clearly H(E) = E and p[M(x), H(x)] < St? - e for 
every x E E. Thw’e remains show that II is biunique. Nov'- let S be any 
point of S, Since Aj -f • • ■ + C^ = iS, it follows by 11.1.54(3) that one at least 
of the sets il/^Kir), M~\(x), M'^^ix) reduces to a single point. Since d[ilf ■ 3 (^)] ^ 
4Mi^2(S)] S d[il/;^}(ir)] (cf. ILL 64(2)), it follows that (it) = M'six) re^ices 
to a single point for every S. Thus H is biunique. Since the spaces S, S are 
compact, it follows that II is a homeomorphism. 

II.1.S6. Approximation thjsorem,^ Let il/((P) = (P* 6e a conimuous mono- 
tone transformation y where (? and (P* are both 2-cells, Let e > Obe given. Then there 
exists a topological transfoimiation II{<S‘) ~ C'*', such that p[M(x), H(x)] < 6 for 
every point x ^ <9, 

Proof. Using the terminology of II. 1.32, we can a^umo without loss of 
generality that (P, (P*** coincide with the hemispheres S „ , respectively (cf. the 
argument in II. 1.60, case (2)). Obviously, we can also assume that jO < e < 1. 
1^ 11. 1.46, wo have a continuous monotone iransfoimation M{8) = ;S such that 
M{x) ~ M(x) for X G. , By II.lAl, M(E)^ = E and ilf is monotone on E. 
Since M = M on E, it follows that M(E) - E and M is monotone on E. By 
11.1.66, a£plied to M, there follmvs the existence of a topological transformation 
II(S) = S, such that 11(E) = E and p[M(x), H(x)] < e for every point .r E 3. 
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111 particular, since M ~ M on , it follows that ^ every 

point S,, There remains to show that H{SJ ^ . Now since H is topo- 
logical and H{E) E, we have cither = 6V or 1/(6',) = S, . The second 

flltcrnative is clearly incompalibJe ivith Ihc inequalities 

p[il/(a’), n(x)] < e < 1 for ri; £ H, . 

114.57. Ai’MiOXiMATioN THKOKEM. Let M ((P) = (S'* he a continuous monotone 
transformaiioiif tohere (P and (P* are both 2-spheres, Let €'> 0 be given. Then there 
exists a topological Iransjormation 7/f(P) = ff'*' such tlmi p[il/Gr), 7/G'*^)] < ^ for every 
point X ^ (S'. 

Proof. Withoutjoss (jf generality, wo can assume that (P, (P* coincide witli 
the unit spheres S, S resjicctively (cf. II. 1.32 and the argument in II. I. GO, case 
(2)). The proof folloivs then from 11.1.47 in the same manner as the approxi- 
mation theorem of II. 1.55 followed from II. 1.63, except for substantial simplifi- 
cations arising from tlic fact that no additional conditions concerning tire equa- 
tors E are involved at present. 

11. 1.58. Appiioximation TiiEOHEJi. Let M{(S') = O’* he a conlimious 7nono- 
tone tra 7 isfortnaiion, where (P and 6’* are both 2-sphereSj and let xtt be a point of (P*. 
Let e > 0 be given. Then there exists a coniimmis monotone transformation 
M^{S') - (P* m(h (hefolloming properties, (i) M^{x) ~ M(x) for x G 

(ii) maps the set (P — il/“’(x’o) topologically onto the set (P* — .t* . (iii) 
p\i\I(si}^ -ill^tG^’)] < efor every X £ S. 

Proof. Without Joss of generality, wre can assume that 5’, 5’* coincide with 
tJie unit sphei'cs S, S I’espectively and .r^ coincides with the north pole p of S 
(ef. 11.1.32). The proof is then entirely analogousjbo that outlined in II. 1.1^, 
except that wc use no\^• the systems Ai , ■ * • , , * ■ ■ , Bi-\ Ci , • • • , (?„ 

(.SCO the rcmai'k at, the end of II. 1.52). 

II. 1.59. Approximation TiiEOJiFM. Let — (S'* he a continuons 7nono- 

tone transformation, where (P is a 2-eell and iP* zs a 2-sp}iere\ as noted in II. 1.42, the 
boundary cio've of (P is then mapped onto a single point .tS* of (P*. Leie> 0 he given. 
7'hen there exists a contimious monotone tr^tnsformaiioii M^{(S) — (P* with the fol- 
lowing properties, (i) il/_^ maps the houndai'y curve of (P onto the single point 
x^ . (ii) maps (he set 4* — A/"^G^’o) topologically onto the set (P* — .af . 

(iii) p[i/(.r), .;l/,^(a;)] < ^ for every point x ^ (P. 

Proof. Wo can assume without loss of generality that CP coincides with the 
southern hemisphere on tho unit sphere S (see II. 1.32). Let us extend the 
transformation M{8f) — (P* by setting M{x) ~ xt for x ^ El . Then the 
extended transfoi-maiion il/(^S) = (P* is clearly continuous and monotone on S, 
and the present approximation tlioorcm appears as an immediate consequence of 
II. 1.68. 

Il.l.dO. Given a pair of contimious transformations 7\{(S'i) = (P*, 7\{(S'2) = 
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(P* as in 11.1,24, lot us suppose that 2', T^iK) (see II. 1.30). In other words, 
wc assume that , T 2 admit of simultaneous monotone-light factorizations 

i\ - LM, , ' /.(a)?) == (5’*, 

T 2 = IM 2 , M2{(P2) = SD?, im = ' 

with the same middle-.spacc ih? and the same light factor L, A.s wo ojiserved in 
II.1.31, h- does not generally follow that T\ T^iF), We proceed to discuss 
some special cases where the relation 2'i --v. T^iK) implies the relation 2\ ~ T^iF), 
11,1.61. Using the notaidons and assumptions of II.l.GO, suppose that (Pp, (Pa , 9K 
are simple arcs. Then 'i\ ^ T^iF). 

ProofI Since L is continuous on 91?, and 90? is compact, wo have (see L2.42) 
for given e > 0 an 7? > 0 such that ■ 1 

(J) ' pW\ UF')] < 6/2 for p{x', f) < V, X' 6 50?, i'" G SO?. 

By IJ.1.50 we have topological transformations //i((Pi) - 90?, //2(3^2) — 90? such 


tliat 



(2)' 

p[Bi{xi)f Mi{xi)] < 7} 

for a;, G (P. 

(3) 

a [//a ((^’2), i^i2{xf)\ <! jy 

for .Ca E 


Consider the transformation //((Pi) = (P 2 defined by 

(4) //(.Ti) = //^‘//iCr,), _ .ri € (Pi • 

Clearly li i.s topological, and /)[2\(.^’l)l /V/Cx’i)] = /5[/yiV/i(.ri), LMsHixi)] ^ 
p[Lil/i(.ri), LIMx,)] + p[/.//i(.ri), LM^HiXi)]. Hoiice by (1), (2), 

(5) ’ ^ pt2^(.^’I), T' 2 H(x,)] < 6'/2 4-' p[L!U{x,), x^ E (P, • 

Let us put //(.i;,) -■= . Then Hsixs) = IhBixi) - Iii{xi) by (4), and hence 

by (3) 

p\lU{x,), M^Bix,)] = p[I-h{xf), U^ixf}] < V 
By (1) it follows that 

(6) plUMxr), LM^Bix,)] < c/2, .^1 e (P, . 

(5), (6) yield p[?'i(.ri), 2'2//(a^i)I < e foi’ E (Pj ■ Since e was arbitrary, the 
relation Ti T^iF) is’ established (sec 11.1.25). 

n.1.62. Using the notations and assumptions of 11.1.60, suppose that (Pf , (P 2 , 90? 
are simple closed curves. Then 2\ ^ 'I^iF). 

The proof is the same as in II. 1.61, except that II. 1.51 is used instead of 11.1.60. 
II.1.63. Using the notations and assumpiio7is of 11.1.60, suppose that (Pi , (P 2 , ID? 
are 2-sphcres. Then 2\ 2\{F), , , , 

The proof is the same as in II. 1.61, except that II. 1.67 (applied to the trans- 
formations 1/] , Mf) ifi* used instead of 11.1,50. 
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ir. 1.64. Umig the notations and assumptions of II. 1. GO, suppose that (Pi , cp 2 , 97Z 
are 2-cells. Then Ti ~ T^iF). 

The proof is the same as in II. 1.61, except that II. 1.56 (applied to Mi , Mf) is 
used instead of II. 1.50. 

II.1.6S. Using the notations and assumptions of II. 1.60, suppose that , (Pa are 
2-ceUs and 9)? is a 2-sphere. By II. 1.42, ilfi 7naps the boundary cune of (Pi onto a 
single point i‘o of 91?, and M a maps the boundary curve of (Pa onto a single point Jo 
of W. We assert that the relation Ti ~ T^iF) holds if jo = • 

Proof. Let us put no = io — I’o > Give e > 0, Since L is uniformly con- 
tinuous on 91?, we have an tj > 0 such that 

(1) p[L(x'), L{f)] < e if p(i-' f) <v>^'e f e m. 

By II. 1.59 (applied to Mi) we have a continuous monotone transformation 
JI/i((Pi) — 9)? with the following inoperties. (i) maps the boundary curve of (Pi 
onto the single point iTo . (ii) ilfi nrnps the set (Pi — ilf r^((io) topologically onto 
the set 90? — flo . (iii) p[Mi(xi), il7i(.Ti)] < »j/3 for a:i G (Pi • Similarly, we 
have a continuous monotone transformation 7 lf 2 (CP) = 90? with analogous proper- 
ties relative to ilf 2 . Now let (S be a simple closed curve on 90? that does not 
pass tlirough Oo • Then S determines two 2-ceIls §1, © on 90?, where the notation 
is so chosen that Qo G Clearly we can choose (S so as to have d(?0 < n/^» 
Lot us put 

(2) = Bi , j¥ 2 ‘(S) - . 

TJien Bj is a 2-ceil contained in the interior <P? of (Pi , and is a 2-ceIl contained 
in the interior (?l of (P* , Let us consider the transformation 11{Ki) = M'^^Mi{xi), 
<E Bi . Clearly 11 is a topological transfoimation from Bi onto , and hence 
H can be extended to a topological transformation //((Pt) = (P 2 (see 1.2.62), 
The exlchdcd transformation ¥(cPi) = (P 3 possesses then the following propeities. 

( 3 ) //((P.) = (P2 , II{Bi) = B, , Il{(?i - Bi) = (P3 ^ B2 , 

(4) “ ¥3 ilTi(a;i) foraji G Bi , 

We assert that 

( 6 ) p[Ti(a:i), TM^i)] < 6 for .ri G (Pi . 

Case (1)._ ^1 • het us putyii(a:j) = . Then, by (3), (4), Xs G Ba 

and .^a = Ml'J^liixi). Since Mi , M^ are topological in Bi , Ba respectively, it 
follows thatiif 2 (^ 2 ) = ■^iC'Ti) and hence 

p[il^i(.'ri), il/ 2 B(;ri)] = p\M2{xf)f il/2(^’3)] "9/3, 

p[i¥i(a:i), il/2B((r.)] ^ p[¥iCr,), Mi{xi)] + p[Miixi), M^Hixi)] < i;/3 + V3 < m 

In view of (1) wo obtain finally 


p[r.(a‘i), TM^i)] - p[LMi{xi), LM^Hixi)] < e. 
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Case (2). ^ , Then Xz == II (xi) G (P2 — ^2 by (3), and hence 

MxM G MzIHxi) G ?(“ by (2). ConsequeiUly p[Mx(Xi), MzHix,)] < 
d(%) < i}/S. It follows that 

p[Mr(xO, MzHix^-] ^ MM] + p[M,G'Ci), Allix,)] 

4 - plMzHixi), MzIIixi)] < 7)/3 + v/^ + v/^ ~ 

Hence, by (1), p[Ti(a;j), TzHiXi)] = p[LMi(xO, LMzHCxi)] < e. 

Thus (5) is established. Since e was arbitrary, the relation Ti T 2 {F) is 
proved. 

II. 1.66. Let T((P) ” (P* be a continuous transformation, where (P, <P* are 
Peano spaces. Let (P^ be a Peano space horaeomorphic vdth (P. If = (P is 

a homeomorphism, and if we put = TII^ , then clearly T(is) and hence 
also T{F) (cf. IL1.2C). I^ow lot us consider, more generally, a continuous 
monotone transformation = CP, and let us put again = TM^ . We 

assert that we have ~ T{F) in the following cases, (1) (p is a simple arc. 
(2) (P is a simple closed curve. (3) CP is a Z-sphere, (4) (P is a 2-cell. 

Proof. Give e > 0. Since T is uniformly continuous on CP, we have an »; > 0 
such that 

<1) p[T{.Xi)f Tixf)] < e for pC-j;, , Xz) < S CP, a’a 6 cP _ 

In all four cases, we have then a homeomorphism //^(cP^) = CP, such that 

(2) p[M^,(x^), II ^{x^)] < V fora;,, G cP^ . 

The existence of II ^ follows from IL1.60, II. 1.61, II. 1.67, IU.66 respectively. 
If is any point of CP„ , then it follows that (see (1), (2)) 

Tll^ix^)] == p[TM^(x^), m^(x,)] < c. 

.Since e was arbitrary, the relation T(F) is proved, 

II.1.67, Given 2’i(cPi) = CP*, Tz( 6 * 2 ) ~ as in 11.1,24, we noted that the 
relation 3’i Tji(F) does not generally imply the relation Ti Tzits) (see 
II. 1,26). However, if Ti Tz{F) and Ti , are both light, then we assert that 
Ti Tz{ts). Indeed, in this case we can choose, in the theorem of II. 1.28, Mx 
and Mz as the identity transformations on (Pi , CP3 respectively, and thus there 
follows the existence of a homeomorphism h{(Px) = <1*2 such that !ri(.i:i) = Tzh{xx) 
for every point Xi G (Pi « 


C^I-rAPTJOR ir. 2 . CYCLIC DECOMP08ITfON 


11.2.1. We Hliall stucb'’ in this chapter the stnidure of Pmno spaces with respect 
to their cut points, and we shall apply the results of this study to derive additivity 
I)ropei’ties of functions of continuous transformations, The topological results 
discussed in this chapter belong to the ajclic element theory of topological spaces. 
An excellent presentation of this thcoiy, in its most general aspects, is given in a 
recent book of Whyburn [3], For our purpose.s, only the case of Peano spaces is 
relevant, and we shall give a concise discussion of this important special case. 

Let us recall a few definitions. Given a Peano space 0^, a point x £ (P is a 
cut point if (P — .-r is disconnected. If (P — a: is connected, then x is a non-cut 
point If Ei , E 2 arc two .subsets of (P, then a point x is .said to cut between A’l 
and Ez > or to separate Ei and E^ , if and E 2 Ho in. dillorent components of 
CP — .T. Nolo that if .r cuts between Ei and E^ , then neces.sarily 7?, 0, Fa 9 ^ 0, 

E 1 E 2 — 0, X ^ Et -L E-i . Ill particular, if Pi j ps arc two iioints of CP, then a 
third point x cuts between pi , jh , or .separaic.s pi and p 2 , if pi and pa lie in differ- 
ent comimnents of CP — x. 

A Peano space that has no cut points is termed cyclic. For exam])le, a 2-,sphci’e 
is a cyclic Penno space. A dendrite is a Peano space d’ such that for every pair 
pi , V 2 of distinct points in (P, there exists a point .r that cuts between pi and Pi . 
For example, a sirai)le ai’c is a dendrite. 

11.2.2. Let (P be a Peano space. It will be convenient to use the term semi- 
conncck’d set in tlio follmving .sense. A sub.sel F of ff* is semi-connecied if and only 
if for every choice of a point a’ in CP — F, tlic set F is a subset of some component 
of — .-r. Clearl^^, cvor3' conneclod set is also semi-connected, while the con- 
verse is generally false. For example, if is c^mlic, then clearly every subset of 
is seini-connccted. I’he following staieinents arc more or less obvious conse- 
quences of the definition of a somi-connectctl set. 

(i) The empt,y set is semi-connected, d’ itself i.s somi-conuecled. Eveiy 
connected sot is semi-coiinectcd, 

(ii) If Ed is scmi-coiinected, and is any famil^^ of semi-connected .subsets of 
(P such that FFn 9 ^ 0 foi' F £ th, then the set F = Fo -f X) G ^ilso 
semi-coimccled. 

(iii) If d? is any family of semi -connected subsets of (9, then the set /S = E, 
E G ‘hj is also .semi-connected. 

(iv) If F is .semi-connected, and if F is any set such that F C F C c(F), 
where cfE) is the clo.surc of F, tJion F is also somi-connoclcd. 

(v) Lot p, q be two distinct points of d’, and lot F be a semi-connected set 
that contains p and q. If a point ,r cuts between p and q, then ® G F. Indeed, 
if wo assume that x ^ F, llien F lies in a certain component of 6^ — x, and 
hence p q ^ 0 , , in cont)*adiction witli the assumption that x cuts between 
p and q. 
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(^vi) Given two distinct points p, g of wo shall denote by <?) tho s(it (jf 
all those points of (P that cut between p and q (of course K{p, q) may bo empty). 
Then p*-l- q + K{p, q) is somi-conncctcd. Indeed, lot- x lie any point Biich that 
X ^ p ~\~ q -{■ l(.{p, Then x does not cut between p and <?, and hence p and q 
lie in the same component of (P — x. lly (i) and (v) it follow's that every point 
y G K(p, q) lies in . Hence p q K{p, q) CO^. 

11.2.3. Given a Pcano space (P, two (not necessarily distinct) points p, q of d’ 

will be termed conjvgate if and only if there exists no point a; G d’ that cuts ho- 
tweeu p and q. We shall write p O q to cxpi’ess the fact that p and q are (3onju- 
gatc points. The relation p O ? is a binary relation that is cloarly rofloxivt; and 
symmetric. That is, p O P for every p G CP, and p O ? implies q O p. On the 
other hand, this binary relation is not iran&ilive generally. Indeed, let fP eonsist 
of the two circular discs {u -\- 1)^ + ^ 1 and (a ~ Vf -\- S I in the Carte- 

sian ar-plane. If 7;, q, r denote the points (—2, 0), (0, 0), (I, 0), then clearly 
p O (Z, 9 O r, but p O r fails to hold, since q cuts between 7; and r. 

We shall see a little later that the binary relation of conjugacy possesses a cei- 
tain weaker transitivity property which will be useful in di.seu.ssing ihcj mon; 
elementary parts of cyclic element theory. 

11.2.4. Using the terminology of II.2.3, let p, (/be two points .such that p O 9. 
Then p -j- 9 is semi-conneeted. Indeed, the .set /C(p, 9) is new empty, and honec? 
the assertion is a special case of IL2.2(vi). 

Let «! , ■ ■ • , a„ be a finite sequence of distinct points in O’. Tlieso poinLs, 
taken in the given order, will bo said to constitute a O-chain if a, O a^^-l , i ~ 1, 

• • • , w — 1. If, in addition, «„ O «i then the O “Chain will be called a smiplc 
closed O-chain. Otherwise, the O-chain 'will bo formed open. Note thai the 
points a, , • • • , a„ arc required to he distinct. 

If tt] , • ' • , a„ is a O-chain, then the set ai H- • ■ • + a„ is somi-connccted. In- 
deed, for n — 2 this is true by the remark made earlier in this scetioii. Assuming 
that the assertion holds for 0-chain.s of not more than n — 1 points, ai -J- • • • -f 
a„_i and ff„_i -f- a„ arc semi-connected, and hence 0, -f- • • • -h «„ is also semi- 
connected by II.2.2(ii). 

11.2.5. Let ffi , • • • , a„ be a simple clo.scd O-chain, Then any two of tlu* 

points fli , • • ' , a„ are conjugate. Indeed, if f.bc points a, , • • • , a„ are subjootod 
to a cyclic permutation, then clearly in their new arrangement they con.stilute 
again a simple closed O-chain. Hence it Is .suflicient to show f-hal a, Q a, for 
\ < i < n. Now .suppose that there exists a poinf- a; that cuts between a, and a, . 
Since at , • • • , a, is a O-chain and hence (see 11.2,4) fli -|- • • • + a, is a .semi- 
connected set, it follows bj' n.2.2(v) that .r G -k • • * -f- • Similiii’ly, 

tti is a O-chain, and hence a* G -h * • • -k 4- «! . 'Hius x G 
ax -k a, , which is a contradiction, since x cuts beUveen Oi and a* by assumption 
and hence cannot coincide with either a, or a, . 

The result just proved may be restated a.s follows. If , •••,«„ are tlisliuct 
points such thai a, O Oa O • • • O u,, O n, , f.ben a* O 0, for every choice of 
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i,j=l, 2, ' n. We shall express this fact by the statement that the binary 
relation p O qis cyclidy tra^isitive. 

II.2.6. Let there be given, in the Peauo space &, a finite system of (distinct 
points pi I * • • , pn and an equal number of sets ‘ S„, such that the follow- 

ing conditions hold, (i) The sets S, , " • , S„ are semi-connected, (ii) S1S2 
= p2 , S2S3 ^ p3 , • • • , 3„-i^„ == pn , S„Si = pi . (iii) S,S, = 0 if 1 <1^- 
j \ < n 1. Under these conditions, we shall say that the points p, , - " , p„ 
and the sets JSi , • S,, constitute, in the given arrangement, a simple closed 

O-polygon. The points p, , " ’ , Pn are the vertices and the sots S, , are 

the sides of the O-polygon. The O-poIygon will be denoted by the symbol 

(pi , ‘ , Pn t ^1 > ' ' " > 

In particular, if the points pi , • • • , Pn constitute a simple closed O-chain, 
then they give rise to the shnple closed O-polygon (pi , • • • , pn , pi + P 2 1 Pa H- 
p 3 , • : • > Pn-i + Pn j pn “h pi)' Tiius thc statement in the next section is a general- 
ization of 11.2. 5. 

Any two vertices of a simple closed O-polygon are conjugate. In- 
deed, let (p, , " ' , V„ , Si , , S„) be such a polygon. In view of 11.2,6 it is 

sufficient to show that the vertices pi , • ■ • , p„ form, in this order, a simple closed 
0“chain. Since the situation is clearly unaffected by a c^mlic permutation of 
the subscripts, it is sufficient to verify that pi O Pa . Suppose there exists a 
point .T that cuts between pi and p^ , Since pi -f pa C and Si is semi-con- 
nected, we should have then x € (cf. IL2*2(v)). Since Pi + Pa C H- • • * + 
S„ and S'a + • ♦ • -H 'S',, is clearly somi-connected (cf. II.2.2(ii)), we should have 
also .r G 1 S 2 + ' ' • + '8,, . But {S<2 -(-••• ~\- S,^Si — Pi d- pa . Hence x should 
coincide with either pi or pa , in contradiction with the assumption that x cuts 
between pi and p* . 

11.2.8, A .subset I? of the Peano space (P will bo termed O~cohcrent if and only 
if the following conditions hold, (i) is nondegenorate (see 1.2.3). (ii) Any 
two points of E are conjugate. Clearly, if p, ^ p^ , then the set Pi -f pa is 
O -coherent if and only if p, O Pa . If (pi 1 • * • , pn , aSi , • - , 'S^n) is a simple 
closed O-poIygon, then the set pi + • • • -|- p„ is O -coherent by II. 2.7. 

11.2.9. A subset E of the Peano .space (P will be termed O~compleie if and only 
if the following conditions hold, (i) E is nondcgencrate. (ii) If a point x 
is conjugate to two distinct points of E, then .15 G E. 

11.2.10. A subset of the Peano space (P wliich is both O-coherent and O- 
complete will be termed a proper cyclic element of tP. Thus a proper cyclic ele- 
ment is necessarily nondegeuerate. If 0 is a proper cyclic element, then C is 
semi-connected. Indeed, if po is a fixed point of C, then po O p for every point 
p €:C, and since C = J]) (po -p p), p G G, it follows II.2.4 and II.2.2(ii) that 
C ia somi-connected. 

11.2.11, If Cl , C2 arc proper cyclic elements and C'lCa is nondegeuerate, then 
Cx ~ Ca , Indeed, suppose that OiC^ contains two distinct points p, g. Let aix 
be any point of C , . Then p O Xi O q since Ci is O-coheront, and hence x, ^ 
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sinro C 2 is O -complete. Thus Cj C ^ 2 . 'Tlic eomplementmy inclusion C C\ 
follows in a similar way. 

11.2.12. If p O (?, whore p, q are distinct points of the Pcano space (P, then 
there exists exactly one proper cyclic element that contains both p and q. 

PiiooF. Let E be the set of all tliosc points .-r G that satisfy the condition 
p O X O q. Then p -i- q C E, and hence E is nondegenerate. The set E is 
0-cohcrent. Indeed, let a;, , .t'a be any two points of E. The relation .'c, O Xs 
is obvious if .Tj = .^ 2 , or if a;, coincides with either p or q, or if coincides with 
either p or q. Tlius we can assume that p, Xi , q, X 2 are distinct points. By 
assumption p O X\ O q O X 2 O p. By II. 2. 5 it follows that Xt O X 2 * The set E 
is also O-comploto, Indeed, let y be a point tliat is conjugate to two distinct 
points a;, , X 2 of E. Then 

(1) p O Xi O y O X 2 O q O p. 

We have to show that y & E. liy coincides wdth one of the points p, Xi , , q, 

then the assertion is obvious. So we can assume that y 9 ^ p, Xi , , q. Since 

p 7 ^ q and .t, 9 ^ X 2 , we can assume that Xi 9 ^ q and . 1:2 5 ^ P> Thus we have the 
following possibilities to consider. 

(i) The points p, Xt , y, X 2 , q are distinct. Then (1) implie.s, by II.2.5, that 
p O y O q- Hence y ^ E. 

(ii) Exactly one of the relations p — Xi , q ~ X 2 holds, say p = Xi and q 9 ^ X 2 . 
Then (1) yields p 0 y 0 x 2 0q0p- Since the points p, y, Xs , q are distinct, 
it follows by II. 2. 5 that p O V O Hence y ^ E. 

(iii) p = aJi and q — a.^ . Then (1) yields p O 2 / O (?, and hence y E: E. 

Thus E is nondegenerate, O -coherent, and O -complete, and hence E is o, 

proper cyclic element containing p and q. The uniqueness follows from 11,2.11. 

11.2.13. If p is a non-cut point of the Peano space (P, then there exists at most 
one proper cyclic element containing p. 

PiiooF. Suppose there exist two different proper cyclic elements Ci , C 2 con- 
taining p. Then = p by IL2.11. Since Ci is nondegenerate, we have a 
point such that iUi G C, , .ti 9 ^ p. Similarly, we have a point .vj such that 
3^2 G 1^2 j X 2 9 ^ p. Then necessarily a;, 9 ^ X 2 . Now since p is not a cut point, the 
set (P “ p is connected and hence also semi-connected. Since .Ti and p lie in Ci , 
and hence rui O P, the set .^*l -p p is also semi-connected (see 11.2,4). Similarly 
the set X 2 -f- p is seini-connocled. We have therefore the simple closed O -poly- 
gon (xj , p, X 2 ,Xi-hp,p-i-X 2 ,(P~ p). By II. 2. 7 it follows that a;, O Xz . Thus ’ 
p O .'Ki O Xs . Since C 2 is O-corapletc, it follows that a;, G C'a > la contradiction 
with the fact that C 1 C 2 ~ p. 

11.2.14. A nondegeneraie Peano space (P is cyclic if and only if it reduces to a 
single proper cyclic element. Indeed, if (P is cyclic, then clearly any two points 
of (P are conjugate. Thus (P is O -coherent, and obviously also O-complete. 
Thus (P itself is a proper cyclic element. Conversely, suppose that itself is a 
proper cyclic element. Assume that (P has a cut point y. Then we can choose 
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two points ri'i , Xs that lie in different components of (P — Clearly, the relation 
•Ti O .t'2 does not hold, since y cuts between .r, and a’2 • This contradicts however 
the fact that (P is O-coherent. Thus (P has no cut point. 

Similarly, a Peano space 0’ is a dendrite if and only if it possesses no proper 
cyclic clement. Indeed, if <P is a dendrite, then no two distinct points of (P are 
conjugate (see 11. 2.1, 11.2,3), and hence no nondegeneraie subset of (P is O- 
eohorent, Hence a dendrite possesses no proper cyclic element. Conversely, 
suppose 0^ docs not po.ssess any proper cyclic clement. If pi , ai'C any two dis- 
tinct points of 6’, thou it follows from II.2.12 that tlio relation p, O P 2 cannot 
hold. Hence there exists some point x that cuts between jo, and pa . Thus (P 
is a dcndi’ite. 

11.2.15. Let , E 2 be iionempt^^, disjoint, semi-eonnected sets in the Peano 
space (P. Then there exists at most one proper cyclic element that intersects 
l)oth JUi and E 2 . 

pRooJ’. Case (i). One at least of the sets Ei , E 2 , say I?, , reduces to a single 
point Pi . Suppose there exist two different proper cyclic elements C", C"' that 
contain pi and inteusoct if 2 . Tlien there exist points sucli that X 2 (S C*B 2 , 

X 2 G . Since C' 7 ^ the points , x' 2 ^ are distinct by 11.2.11, We have 
pi O X 2 , pi O X 2 ' , and hence we have the simple closed O -polygon {pi , .^2 , .T2', 
pi ■j' x'z , if 2 , X 2 + Pi). Thus X 2 O X 2 l>y 11. 2.7. The relations pi O xi' O xi 
imply that xi' G C', and hence p, + xi' C C'C". This contradicls the assump- 
Uon that C" C" (sec 11.2.11). 

Case (ii), General case. Suppose there exist two dil'fcroiit lU’opcr cyclic ele- 
ments C^i C" that intersect both i?i and . Then wo have points xi , xi', xi , x” 
.such that xi E C'Ei , 4 e C'E^ , .rP E 6 . If the points , af , 

xi , X 2 ' are distinct, then wo liavc the simple closed O -polygon (.r( , ,^2 , xf/, x'/, 
.r( + x' 2 , E 2 , xi' -h xi', if,), and hcrico xi O x'/ O x' 2 , xi O xi' O xi by IT.2.7. 
Since C' is O -com pi etc, it follows that xi' d- xi' C C'C", in contradiction with 
the assumption that C' 9 ^ C" (cf. 112.11). If the points xi , xi , xi', x'/ arc not 
distinct, then one at least of the relations .-Ci == xi', xi == x" must hold. Suppose 
that xi == xi' = Pi . "J'hcn 2 h $ ^2 , and pt E C'C", C'E^ 5^ 0,' C"E 2 9 ^ 0. 
This is precisely ease (i), and liencc this situation is impossible. 

11.2.16. A subset E of the Peano space ff will be termed an H-sel if and only 
if E is both O-compIoto and semi-connoctccl. Thus an IT-set is necessarily 
nondegeneraie. 

11.2. 17. If $ is any family of i7-set3 in the l^eaho space d’, and if their product 

4>, is nondegeneraie, then G is also an //-act. 

Proof. G is semi-connected by II.2,2(iii). Now let .'c be any point that is 
conjugate to two distinct points pi , of G, If E is any sot of 4’, then pi + p2 C 
Gee, and hence x E E, since E is O -complete. Thu.s x E E for every E E ‘L 
and hence x E G, Thus 0 is O-complete. 

11.2.18. In the Peano space (P, lot A', , , E„ , • < < be a (finite oi- infinite) .se- 

quence of //-sets such that EiE " ' EE„E • " > Then O' = d- • • > -f -b 
• • • i.s again an 77-sct. 
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PnoOF. G is somi“COimcct(3cl hy II.2,2(ii). Let now x be a point that is cou- 
jugaie to two distinet points p" of G. Then p' 4- p'^ C for some n, and 
lienee x E C G since lU,, is O-eompIctc. Thus 0 is O -complete. 

11.2.19. In the Pcano space let Ji\ , bo //-.sets such that EyEz is a single 
point po . Then E ^ Ex -\- Ez is an //’-set, 

Pkoof, E is scmi-conncctcd II,2.2(ii), Let now .i’ be a point that is 
conjugate to two distinct points a, h of E, and suppose that aj ^ i?. Then clearly 
X 9^ a, h, pn . Kurthcrmore, po 9 ^ a, b. Indeed, if one of the points a, b coincides 
with pQ , then clearly a and b lie in one of the sets Ex , Ez , say in Ex . Since Ex 
i.s O “Complete, it would follow that ;r E Ex C E, while wo assumed that .tj E. 
This argument also shows that a and b cannot lie both in one of the sots Ex , Ez . 
Thus we see that the points po , a, x, b are distinct, and that we can assume that 
a S El , b ^ Ez . We have therefore the simple closed 0 -pol 3 ''gon (po , a, x, b, 
El , a X, X -\- b, Ez), By II. 2. 7 it follow.s that x O Po ^ Thus a O O • 
Since a 9^ po and Ei is O- complete, it follow.s that x Q, Ex C. E, in contradiction 
with our assumption that a* ^ E. 

11.2.20. In the Poauo space (1*, let S bo a nondegenerate sot. Since <P itself 
is then an //-set containing S, the class of all //-sets containing ^S' is not empty. 
Tlie product of all //-sets containing S is then an //-.sot by II. 2. 17. This product, 
to bo denoted by H{S), is clearly the smallest //-set that contains S. 

11.2.21. If p, q are distinet points of the Pcano space ff*, then the set Il{p -|- q) 
(see 11.2,20) "will bo termed the cyclic chain joining p and q, and will be denoted by 
G{p, q). Clearly C(p, q) ^ C{q, p), 

11.2.22. The cyclic chain (7(p, q) i.s a proper cyclic element if and only if 
V O q. 

Proof. Suppose that p O q- By II. 2. 12 there exists a proper cyclic element 
C such that p -I- q d C, Since C is clearly an //-set (ef, TL2.I0), it follows that 
G{pi (?) C C. On the other hand, if x is any point of C, then p O x O q, and 
hence E G{p, q), since C(pj q) Is an /f-set and hence O -complete. Thus 
^{Pi q) “ C'. Coii’^'^crsely, if C(p, q) is a proiier e 3 ''ciic element, then C{p, q) is 
O-cohorent and hence p O q. 

11.2.23. If E is a nondegenorato subset of the Pcano space (!’, then 'i'iE) will 
denote the class of all those proper cyclic elements of (P that intersect in at 
least two distinct points. Of eoiir.se, the class ^'{S) may be empty. 

11.2.24. In tlic Pcano space (P, let /S be a nondegenerate semi-connected set. 
If Cl , Cz are two dilYeront proper cyclic elements of the class 4>(^) (see 11.2,23), 
then CxCz is either empty or reduco.s to a single point. In tlio second case, the 
point Po — CiOz is a cut point, and po E E. 

Proof. In view of II. 2. 12, IL2.13 wo have to verifj'^ only that pa E E, Now 
suiiposc that Po 6|: E, Then po and E are two disjoint semi-connected sets, and 
the distinct proper cyclic elements C, , Cz intersect both of them. This is impos- 
sible by It.2. J 5, 

11.2.25. In the Peano space let E be a nondegenerate semi-connected sot. 
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Let us put E — S ArY^CyC (cL II. 2. 23). Let C* bo a proper cj'^clic ele- 

ment such that C^E is nondegencrate. Then C* 6 
PitooF. By assumption, wc iiave two distinct points p*, siicii tliat p* + 5* 
C C^E. 

Case (i). p* -f §* C S. Then 6 by definition. 

Case (ii). Exactly one of the points p* q* lies in S, say p* 6 S, <7^ 0: S, 
Since E E^ we have a proper cyclic clement C such that ^ G S 
Then and S are disjoint scnii-connected sets, and C, intersect botli of them 
Hence C - C* by 11,2.16, and thus E 
Case {iii). ^ S, ^ ^ S, Since p*'‘ E H, 5’’* E H, we liave proper cyclic 
elements C^ , such that p* E C'l E T-^C'S), q*eO,e Since p" -f i?-' E 

C* the points p* and <7* arc conjugate. Thus d- and S are disjoint seini- 
coimected sets, and (7, , intersect both of them, J3y II.2.1S it follows that 
C'j = C2 . Hence p* -p <7* C C*Ci , and therefore C* = Ci by II. 2. U. Thus 
E TdS). 

IL2.26. Let S and E have the same meaning as in 11.2.25. Then E is an 
//-set. 

PnooF. Since BO & and S is nondegenorate, B is nondegenorato. Since 8 is 
semi-connected, B is also semi-connected by II.2.2(ii), 11.2,10. There remains 
to show that E is O -complete. Let x bo a point that is conjugate to two distinct 
points p, q of E. Suppose that x ^ B. Then we have the simple closed O -poly- 
gon (p, .r, (7, p -f- ru, a; -f (7, B). Hence p O (7 by II2.7. By II.2.12 we have 
therefore a proper cyclic element C* containing p and q. Since p O x O q, it 
follows tliat X E C*, Since p + q C C’^B, wo have C* E 'L(^) by II. 2. 26. 
I'lence x E C B, in contradiction wth tho assumption that x ^ E. 

11.2.27. In the P^no space (P, lot S be a nondegenerate scmi-connected sot. 
Then B{S) ^ S -f E O', C E (cf. 11.2.23, II.2.20). 

Proof Let us put + (7E By 11.2.26, E is an //-.set 

containing 8 Honce n{S) C B. Thus it is sufRcionl to show that 

' mE)D8^'ZC, 

Now if C E ’I^(/S), then we have two distinct points p, q such that p 4- (? C C'jS C 
CH{8), Since C is 0-coherent and Ii{S) is O-complote, it follows that C C 
n{S), Since C was any element of the inclusion (1) follows. 

11.2.28, In the Peano space (P, let 8 be a nondegenerate semi-connected set, 
and lot C bo a proper cyclic element such that C C //(^). Then C E ^'(8) 
(cf. 11.2,20, 11.2.23). This is an iihmcdiate corollary of II.2.27, 11.2,25. 

n,2,2P. In the Peano space (P, let ;S be a noncicgcneralc semi-connected sot. 
Let C* be a proper cyclic element such that C*8 reduces to a single point po . 
Then C*H{8) ~ p^, . This is a direct consequence of II. 2. 27, II. 2.26. 

ir.2.30. If p, q arc distinct points of the Peano space iP, then C(p, a) = Hh + 
q 4- K(p, q)] (cf. n.2.2(vi), 11.2.21, II. 2. 20). 

Proof. By definition C(p, q) = //fp + q)^ and hence clearly 

Giv> q) C //fp + (7 + /C(p, q)l 
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Now lot us observe that 

(2) P + (? C C{p, q). 

Since C{p, q) is semi-connectcd, (2) implies (cf. II.2.2(vi)) tlial 

(3) ?> + (? + Q) C 0(p, q). 

Since C(p, q) is an //-sot, (3) implies that 

(4) //[p + (7 -H A'(p, q)] C C{p^ q), 

(1) and (4) show that C{p, q) == II[p 4- q -/ /^(p, g)]. 

11.2.31. A subset E of the Peano space (S* will bo termed an Aset if and only if 
E is a closed //-sot. Explicitly, E is an A -sot if and only if it is nondegonorato^ 
semi-connected, O “Complete, and closed. 

11.2.32. We have now at our disposal all of the fund amenta! concepts of oyolio 
clement theory. Let us observe that we did not actually use so far the assump- 
tion that the space (P is a Peano space. Prom this point on, we shall make full 
use of the properties of Peano spaces. In particular, the following fundamontal 
theorem will play an important role; If is a conncctctl oj^en sot tn a Peano 
space (P, and if , p2 are any two distinct points of fr, thou there exists a simple 
arc y CZ G with end points p, , p2 (cf. 1.2.41), 

A sot E is said to be arc-wise connected if and only if for evory (dr{)ico of two dis- 
tinct points p \ , Pa in /? there exists in E some simple are with end points pi , 7) a * 
Thus* every connected open subset of a Peano space d’ is arc-wiso connected. 
We shall see in the sequel further important instances of arc-wise coiunmled sub- 
sets of (P, Clearly, an arc-wise connected set is also connected. 

11.2.33. Let A be an A-set in the Peano space <P. Then A is arc-wdao con- 
nected (and hence A is a continuum). Furthermore, if 7 is any simple arc in 0’ 
whoso end points pi , pa lie in A, then 7 C A., 

Proof. Since (P itself is arc- wise connected, it is clearly sufliciont to prove the 
second statement. Lei 7 be a simple arc in (P with end points pi , pa such that 
pi + 2?2 C A. If we deny the inclusion 7 C A, then there should exist on y a 
point X such that x ^ A. Since A is closed, we have on the simple are xpi 
(the sub-arc of 7 with end points x, pi) a first point <71 in the oi’dcr from x to pi 
such that $1 G A. Lot 71 be fhe sub-arc of y with end points a;, qi . Similarly, 
the sub-arc xp2 gives rise to an analogously defined sub-arc ya with end points x, 
q2< Wo have then the simple dosed O -polygon (qi , x, <72,71 , Ta , A), and }ienc<} 
9iO.rO <72 by II. 2.7. Since A is O -complete, it follows that G A, in co^ntra- 
diction with the assumption that a; ^ A. 

11.2.34. In the Peano space tP, let A bo an A-sot and (7 bo a connected open 
set. Then AG is connected. 

Proof. The assertion is obviou.s if A(? is empty or reduces to a single point. 
So let us assume that A(t is nondegeneratc. Lot p, , 7^2 ho any two distinct points 
of AG, Since G itself is arc- wise connected (cf, IT. 2.32), wo have’somo simple 
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Jirc y (ZO with end ‘pointh px , , ]3y 11.2,38, y C. A aiul luincc 7 C AO. Thus 
AG is arc-wise ooiinccted and hcn.ce also connected. 

11.2.35. Let A be an .ri-set in the Pcano .space (P, such that (P — .4. 0, and 

let S be a component of (P — -d , Then the honiier fr(B) of 8 is a single point 
PEA (cf. 1.2.16). 

Proof. Since (P is connected and (P — S 0, tlie sat fr{S) is not empty (see 

I. 2,40). Since (P is locally connected, and S is a eomponent of the open set (P — 

A, it follows that/r(8) C -^l (cf. I.2.4I). Let lus suppo.sG tliat, contrary to our 
assertion, fr(S) does not leducc to a single point. Let then px , p 2 be two distinct 
points of fr{ 8 ). Since fr{S) C A^ we have then px + P 2 C Afr{S). Since 
Pi Pa > we have two connected open .sets (?i , G^x f^<-*ch that Pi ^ fri , pa G ? 
0x0^ - 0. Then t?, +• S -j- ~ 6^ is a connected open set (see 1.2,26), and 

hcncc AG should be connected in view of 11.2,34, Put this is not the case, since 
AG ~ AGi -f- AG 2 is clearly disconnocted (note that Gi , Gs are nonempty, dis- 
joint open sets). 

11.2.36. Let A be an 4-sct in the Pcano space 6 \ snch that 6 * — A 9 ^ 0. Then 
(P — yl has at most a finite number of eompoiipjits S such that d(S) is greater 
than or equal to an assigned positive number 

Proof. If we deny the assertion, then there should exist an infinite sequence 
Si , • • • , jS„ , • • ' of components of (P ~ wi-i such thiitd{S„) ^ 5 > 0, n = 1, 2, • • •. 
For each n, we can choose then two points , q,, in Sn , siicli that p(p„ , q„) > 
i — (l/n). Since CP is compact, we can assume without loss of generality that 
the sequences , q„ arc convergent. If q arc their respective limits, then 
clearly p q. We Imve therefore two connected open sets P, Q such’ that 

p E Q ^ Q) " 0 (see 12.33). For n sufficiently large, we shall have then 

SnP 0, SnQ p^ 0 . Noav P 4- »5n is again a connected set, and hence the inclu- 
sion P -j- /S„ C (P ~ ^1 cannot hold (since S„ is^ a component of (P ~ 4), unless 

P C S ,, . Since the sct.s /S, , • • • ^ ' < • are di.sjoint, the inclusion P C can 

hold for at mo,st one value of a. Thus (7^ -f- S,dA 5^ 0 for n sufficiently large. 
Since = 0, it follows that PA p^ 0. Similarty QA 9 ^ 0, Now G ~ P A S^ A- 
Q is a connected open set for n large, and lienee AG — AP A AQ should be con- 
nected by II. 2.34. This is however clearly not the case, since P and Q are dis- 
joint open sets, and AP p^ 0, AQ p^ 0, 

11.2.37. Continuation. Tlie preceding result implies that <P — A has at 
most a countably infinite number of components. Suppose that (P — yl has 
infinitely many components. According to the’preceding remark, these compo- 
nents can then be arranged into a sequence Si , - - •, S„ ^ • • • , and tlie result of 

II. 2.36 yields immediately the relation d(S„) — > 0 for w — » <». 

11.2.38. Let iSf be a component of tP — A, where A is an A-set in the Peano 
space (P. According to 11.2.36, the frontier of 1? is then a single point p E A. 
Let now be a connected set that intersects both S and A, Then p E 0. 

Proof. Let us write 


( 1 ) 


G ^ SGA ((P ~ >S)G. 
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Since S i.s open («cc 1.2.26), and ])y assinnption G intersects both S and A, we 
Imve then 

'(2) SG ^0, ((P - S)G ^ 0, 5(?cf((P - S)G} - 0. 

Since G is connected, we must iiave therefore 0 ^ (6^ — S)Gc(SG) C S) 
Gc(S) = ((P - S)G(p S) =- Gp. Hence p E G. 

11.2.39. A sub, set A' of a topological space S is termed a retract of iS if and 
only if there exists a continuous transformation T(X) = E such that T(p) = 
p for p E E. Such a transformation T is then termed a reiraciion from S onto E. 
If the retraction r(S) = i? is monotone (.sec II. 1.1), then T is called a monotone 
reiraciion and E a monotone retract of 2. 

11.2.40. Let A bo an A -set of the Peano space (P. Then A is a monotone re- 
tract of 

I’liooF. If A = (P, then the identity transformation is clearly a monotone 
retraction from (P onto A. So let us assume tliat Q* — A 9^ Q. If .-r £ (P A, 
then let denote the component of (P — that contains .r. Let us put 

[a’ if .r e A, 

[friSA if .r e d’ - A. 

We U8.scrt that pa is a monotone retraction from (P onto A. 

PnooF. If ,r G (P ” A, then fr{SA is a single point of A by II. 2. 36. Thus pa 
is single-valued, and clearly M^(d^) — A, /i^(,r) = x for a; G A. If we deny the 
continuity of ha > then in view of the compactness of (P there should exist in (P a 
point .To and a sequence x„ such that 

(1) .To , jua(.t„) — > 5 ^ M^(.To). 

Case (i). ,To G (P A. Then .t„ G for n largo, since is open, and 
hence ~ . Thus //. 4 (.^^,) = = MS^A ~ PaM for n large, in con- 

tradiction with (1). 

Case (ii). To G A, and .t„ G A for infinitely many values of n. Then 

p[/i^(.T„), , ^ 0 ) for infinitely many values of n, and hence lim inf 

pfM^C'i’n), M^C'i'o)] ~ io contradiction with (1). 

Case (iii). .tq G A, and .t„ G (P -- A for ?i exceeding a certain no . Then 
Pa(xA ~ fA^xA foi' n > no , and p^(.To) == .To . Prom (1) it follows now that 
Xo ^ ?/o and p[m^(.t„), .t„] > p(.To , 2 / 0 ) /2 > 0 for n large. ILenco a fortiori 
d{SxA '> ) ?/o)/2 > 0 for n largo. In view of IL2.36 it follows that a certain 

component aS of (P — A occurs an infinite number of times in the sequence , 

• ’ • j , • • ■ . If p denotes the unique frontier point of S, then we .shall have 
therefore .Tn G E and hence maC'I^u) “ P for infinitely many values of n. Since 
.To G A, it follows in view of (1) that Xo ~ p ~ Vo > As .Tq G A and hence 
^0 “ Vo by (1), wo reached again a contradiction. 

Thus Pa is continuous. There remains to show that pA&) is connected for 
eveiy point t G A, Now clearly paAx) = t -j- XI where the summation is 
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extended over all tliose components of (P — A for which fr(S) — x. If l-l 
summation is vacuous, then ma^(^) ~ x is connected. If the summation is iioJ 
vacuous, then jS + ic ~ c(S) for each /S^ occurring in the summation. Thus wc; (UJ 
write ma%^) “ X^c(/S), wliore each c(S) is connected (sec 1.2.39) and contaiu.s 1 1 
point lienee is connected by 1.2.39. The fact that is a coi 
tinuiim follows now readily. Indeed, is closed and hence compact, niiif' 

fiA is continuous and (P is compact 

ir.2.41. If A is an .4 -set in the Peano space (P, then .4. is a Peano subspaco < 
(P. Indeed, A is the image of (P under the continuous transformation (so 
II.2.40, 1.2.43). 

n.2.42. If A is an vl-set and (? is a connected set in a Peano space 6^, then /K 
is connected (cf. the weaker statement in II. 2. 34). 

Proof. If either /I = (P or AG = 0, then the statement is obvious. So w« 
can assume that 

(J) (P - A 0, AC? 0. 

We shall use the monotone retraction M/i(^ = ■d. defined in II.2.40. Since 0 i^i 
connected and jaa is continuous, the .sot G = juj(C?) is connected (see 1.2.43). 
Hence the conncctedne.s3 of AG 'will be established if we can show that 

C2) ^XA(Cr) = AG, 

Since AG^ C A and /i^(.'c) = x for x G A, clearly ^ 

(3) AG ma(AG) C MG). 

Now let ^0 bo any point of /u^{(?). Then we have a point Xo G 0 such that 
% = M^o). Thus wo have the relations 

(d) Xo G i^AiO) C A, ^0 = Xo^ G. 

Case (i). Xq G A. Then 5io = a;o , and hence by (4) it follows that .to G AC?. 
Case (ii). Xo ^ — A. TJien .to G Sxo » where 8^^ is a component of (P — A. 

133'- the definition of we have then 

( 5 ) ^0 = HSx,). 

In view of (1) we have by II. 2. 38 

(6) MSJ e G. 

(d), (6), (6) yield the inclusion to G AC?. 

TIius in either case we liave to G AC?. Since to was an arbitrary point of 
j“yt(C?), it follows that MG) C AG, In view of (3), the relation (2) follows. 

II.2.43. The retraction fiA , defined in II.2.40, is the unique monotone retrac- 
tion from (P onto A. 

Proof, Lot jm((P) = A be a monotone retraction from <P onto A (if (P = A, 
then obviously fi reduces to the identity and the assertion is trivial). If x G A, 
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then /i{ps) = X = ij>a{x). Suppose now that a: G Then the point 

X = fi(x) lies in A, and clearly 

( 1 ) a; “h ir G An~^(x) = x. 

Let Si 1)0 the component of (P — / that contains x. Since n is monotone, 
is connected, and the set c{Si) = Si A- fKSx) is also connected. Since both sets 
contain the point x, the set S^ + fr(Si) A A^(x) is connected. By II.2.42, it 
follows that [jS* + fr(Si) A ii'^{x)]A is also connected. Hence, in view of ( 1 ), 
X + /r()Si) is connected (cf. II. 2.35), Since /r(^i) is a single point, it follows 
finally that = x = fr(Si) == 

n.2.44. Lot A bo an A-set of the Peano space (P, such that (P — A 0, and 
let /S be a component of ^ il. Then fr(S) is a single point po G A by II.2.35. 
Wo assert that po is a cut point, and S is also a component oi (P ~ pn . 

Proof. Suppose that Po is not a cut point. Then O’ ^ po is connected, and 

is a noiiempij^ proper subset of O’ — po , Hence, by 1.2.40, (O’ — po) fr(S) ^ 0, 
while as a matter of fact (O’ — po)/r(jS) = (O’ ~ po)po “ 0. Thus po is a cut point. 
Now suppose S is not a component of (p “ po . Then S would be a proper subset 
of some component ^5'*’ of O’ — po , and by 1.2.40 we should have S^^t{S) 7 ^ 0, 
while actually S*fr(S) C (O’ — Po)po == 0, Hence jS is a component of O’ — po . 

11.2.45. Let li be an /L-sot of the Poano space O’, and let (7 be a proper cyclic 
element of O’, If CH is nondegenerale, then C C //• This follows directly from 
the fact that C is O -coherent and II is O -complete. In particular, if A is a 
A-set and CA is nondegenerate, then C C. A, 

11.2.46. In the Peano space O’, let be a family of il-sets such that for any two 
different sets A\ A^* of the product A*A'^ is either empty or reduces to a single 
point. Then for given c > 0 the family 4> contains at most a finite number of 
sets with a diameter exceeding e. 

Proof. If the assertion is denied, then for some e > 0 there should exist an 
infinite sequence ^4, , * • • , • of distinct sets in such that d{A^ > e for 

every n. For each w, there exists then a pair of points p„ , in An such that 
p(p„ , r/„) > e. Since O’ is compact, we can assume without loss of generality that 
the sequences p„ , are convergent, say p^ po , ^ Q'o • Then clearly Po9^ Qq, 

and hence (sec 1.2.33) we have two connected open sets G\ G" such that po G G', 
qa G G'\ c(fr0c((?'0 = 0- Since p„ — > po , qo,Pn A C , we have an no 
such that G'An 9 ^ 0, G''A„ 5 ^ 0 for n > Uo . Let n > Rq > and consider the set 
Bn — A„ A c{G') A o(G"). Then B„ is connected, and hence IS„.4„+i == yl„4.„+i -f 
An+ic{G') + An+ic{G'') should be connected by IL2.42. Now .4„+,c((?0, An+i 
c(G") are nonempty, disjoint, closed sets, and AnA„+i is either empty or reduces 
to a single point. Hence the set cannot be connected, in contradiction 

with n.2.42. 

11.2.47. Continuation, It follows now obviously that 4> is countable. If 
the family 4? is infinite, we can therefore arrange the sets of 4^ into a (countable) 
sequence Ai , • • • , A„ y • • • , and clearly the result of II. 2.46 implies that 
d(An) ~> 0 . 
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11,2.48, In the Peano space (P, let /l-i , • • • , ' be a sotpioiico oi’ A-sola 

suck that A\ d At,C. • • • C'^'in C ■ ■ * , c(^ /I,,) = (l\ lM)r nacli », lot 6^ 

denote the maximum diameter of the components of 0^ — An , where we i)ut 5„ == 
0 in case (P — ~ 0. TJicn S„ — > 0. 

PuooF. Let us first note that if (P — A„ ^ 0, then d’ — lias at most a 
countably infinite number of components. If the number of IJiese eoinpononts 
is infinite, then their diameters converge to zero by 1 1. 2. 37, and lieiiee the iisi' of 
the maximum (liameter of the components of (P — ^'1,, is ju.stifiwl 
Clearly Si ^ ^3 ^ ^ ^ . Hence if the relation S„ — > 0 is denied, 

then we should have an € > 0 such that there exists, for each n, a component iS'„ 
of iP ~ An that satisfies the inequality d{S„) > e, For each n, wo can (!ho().sn 
then in a pair of points p„ , such that p(p„ , f/„) > e. Since (P is compact, 
we have an infinite sequence of positive integers ft, < • • ■ < ft„ < ■ - • sueh Lbat 
the sequences are convergent, say ]h, ^ Po > (Jn. ?o . Cleai'ly p„ ^ q,, . 

By 1.2.33 we have therefore two connected open sots G', G” such that Po d G^ 
Qa d G'\ G'G” = 0, Since p^^ — + Po , -j- C , we liavc an 

such that S^G' 5^ 0, >Sji„ G” ^ 0 for n > ?io , Since c(J] i-l,,) = (1’ and ^1 , C ’ • ‘ C 
H, C • • • , we have an such that M 0, 0 for ?i > . J,et now n 

(je an integei that exceeds ?jo 4- no . Then 4 G' 4 G" is coniuicded, and honoo 

4 f?' 4 = G'A)^^ 4 G^'Ann should be eonnecled. 

This i.s however clearly not the case, since (7VU„ ?£ 0, G*'A,„ 0 and O' are 

disjoint open sets. " ' 

n.2A9, Let a-o be a point of the Peano space (P, and lot h? lie the .sot of Uio.se 
pomts of (P that are conjugate to ojq . Then E is closed (possibly degeijorate). 

Proof, let p d (P ~ E. Then ij is not conjugate to aip , and henec tlioro 
exists a point ^ that cuts between y and a-„ . In other words, and y arc in ilillor- 
ent components S', S ' of - e. Then e also cuts between a, and any point „ 
t A . thus no point of S is conjugate to Xn , and hence 8" C (P E. Since 
IS a Peano space, 8^' is open. Thus for every point 2/ 6 d' - E cxishs 
an open set coiitaming y and contained in (P - E. It follow.s tliat d^ - is open 
and hence 7; itself IS closed. , ‘ 

11.2.50. If (7 is a proper cyclic element of the feano space a>, then 0 is closed 

Consequently, C IS an /1-set (cf. 11.2.10, II.2.31). 

PnooF. let p, , p, he two distinct points of C, and let B, , B, bo Dio sete of 
those points that are conjugate to p , , p. respectively. By 11.2,12, C eoineidoa 

words C = B *7'“* P‘ Ox Op,. In ollior 

potot t - Poano space <P, and if is any 

Piioor’ a cyclic subspaco of (P (of, 1.2,34). 

n,ssumo tiiat o I’,- C'ls eonnecled by II.2.60, 11,2.33, .So 

a -sume tiiat p d C, If Xo is a fixed point of C - p and 'u is nnv nnin i nf n 
hon .t' O .r„ , and hence ,r and lie in the same oomnonen t B of e ! t ~ 

Is independent of .t: indeed S isthe r„„;„ ^ NowB„ 

, ntioeo, is the (unique) component of a> - p tl„it coiHains 
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. Thus C — p = CSu . Since C is an .4 -set (see 11.2,50) and So is connected, 
it follows by 11. 2.42 that C — p is connected. 

11.2.52. A Pcano space (P has at mo.st a countably infinite number of proper 
cyclic elements. Indeed, every proper cyclic clement is an A-sot by II. 2. 50, and 
two distinct proper cyclic demon Is cannot have a nondegenoratc intonsection by 
11.2.11, Hence the as.scrtion follows directly from II. 2. 46. If (P has any proper 
cyclic elements at all, then it follows from 11.2.40 tliat they can be arranged into a 
(finite or countably infinite) sequence C, , • • • , (7,, , • • ■ , and d(Cn) 0 if this 
sequence is infinite. 

11.2.53. Let C be a proper cyclic clement of the Pcano space d’. If a point p G. 
C is a cut point of then p is the frontier of some component of (P — C, 

PnooF. Since C — p is connected by II.2.51 and (P — p is disconnected by 
assumpl.ion, it follows that 6 ^ — C 9 ^ Q, Ixt ‘I> be the class of the components of 
(P — C. By II. 2. 50 and II. 2. 35, for each S G ‘h the sot fr(S) consists of a .single 
point of C. Suppose that/r(^S) 9 ^ p for every S G 4’. Then/r(<S) G C — p for 
every S G ‘I> and consec|Uontly {C — p)c{S) — (C — p)[8^ + fr{S)] 9 ^ 0 for every 
S G ‘I*. By II. 2. 51 it follows that (P ~ p = (f7 — p) 4- ^ <8, *9 G 4», is con- 
nected, in contradiction with the assumption that p is a cut point of (P. 

11.2.54. Let (7 bo a proper cyclic clement of the Peano space d, By 112.50, 
II. 2. 37, tho complement (P — (7 of (7 has at most a countably infinite number of 
components. By 11.2.63, II.2.60, II.2.35 it follows that C contains at most a 
countably infinite number of cut points of (P. Since (7 is a nondegenerate contin- 
uum, it follows that C contains a non countable sot of non-cut points of (P. Lot 
us consider some implications of tliis fact. 

(a) help G C be a non-cut point of (P, and let Mp denote the set of all those 
points of 5’ that arc conjugate to p. Since C is O-coliercnt, clearly C C Mj , . 
Let q bo any point of Mp distinct from p. Then q O p, and hence by IT. 2. 12 there 
oxi.sis a proper cyclic dement C that contains p and g. Then p G CC. Since p 
is a non-cut point, C - C by 11,2. 13. Thus q G C. Since q was any j)oint of il/„ 
distinct from p, it. follows that (7 = il/,, . 

(b) ^ Convors(3ly, lot p be a non-cut point of d, and lot again Mp denote tho sot 
of all those points of 0’ that are conjugate to p. The set Mp may reduce to the 
point p (for example, if (P is a simple arc and p is one of the end points of tliis arc)., 
Suppose that M,, doe,s not reduce to p. Then Mp is a proper cyclic element that 
contains p. Indeed, p G Mp since p O p. Let now q be any point of M,, dis- 
tinct from p. Then q O p, and hence by 11.2.12 we have a proper cyclic dement 
C that contains p and q. By (a) it follows that Mp = C. 

(c) According to (a) and (b), a proper cyclic dement may be characterized 
as a nondegenoratc sot Mp coiTc.sponding to a non-cut point p of d. This fact 

* 3 deld.s an alternative definition of proper cyclic elements (in fact, this alternative 
definition represents tho original definition of a proper cyclic element). Of 
course, the theory as a whole is unaffected by the clioiee between equivalent 
definitions of the fundamental concepts. 
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11.2.55. In the Peano space (Pj let jS be a closed nondegeneratc, semi-connected 
Then H(S} is closed (cf. II.2.20). 

Proof. We have ff(/S) = S C ^ by 11.2,27. Let .^o be a point 

in d’ ^ H(S), Since /S' itself is closed, and ^ 6* B, wo have (cf. 1.2.33) a 
connected open set G sucli that Xq ^ 0 C — S. Since S and G are semi-con- 
nected and disjoint, we have at most one proper cyclic element in ^(S) that inter- 
sects G (see II. 2. 15). If such a proper cyclic element Co exists, then G — H{S) — 
C — Co . If no such proper o3’'clic element exists, then G ~ H{S) ~ G. Since 
every proper cyclic element is closed (see II. 2.50), it follows in either case that 
G — HiS) is open. Thu.s a’o G C — H(jS) Q (P £T(S), where G — H{S) is 
open. Thus — H(S} is open, and henec H(S) itself is closed, 

11.2.56. In the Peano space CP, let p, (? be two distinct points, and let y be any 
simple arc with end points p, q. Then K{pi (z) C 7 (see II.2.2(vi)). 

Proof. Let .x* E 3* — 7. Since 7 is connected, it follows that x does not cut 
between p and q (cf, II.2.2(v)). Hence x 6^ 7C(p, q). 

11. 2.5 7. If p and q are any two distinct points of the Peano space (P, then the 
set p -H ? + K{p, q) is closed (cf. II.2.2(vi)). 

Proof. Let x ^ p -}- q K{pf q). Then x does not cut between p and q^ 
and hence p and 5 lie in the same component of (P — x. Thus we have a simple 
arc 7 with end points p, q such that y C. S. By 11.2.66 it follows that x E tP ~ 7 
C (P “■ [p “h (7 + (7)]' Since CP — 7 is open, and a: was any point of 

(P — \p q K{p, ?)], it follows that p -f- <7 -f- 7C(p, 5) is closed. 

11. 2.58. If p and q arc distinct points of the Peano space (P, then the cyclic 
chain C{pf q) is closed, and hence C{p, g) is an .A-set (see 11,2,21), 

Proof. Since 0(p, q) = H[p 4- ^ + /iC(p, q)] by IL2.30, and p + <? + K(p, q) 
is closed by 11.2.67 and semi-connected by II.2.2(vi), the assertion follows di- 
rectly from n.2.66. 

IL2.59. If p and q are distinct points of the Peano space (P, and 7 is any 
simple arc with end points p, q, then C7(pj q) ~ IKj) (cL II. 2. 20). 

Proof. Since C(p, ^) is an ,/1-set by 11,2,58, we have 7 C G{p, g) by 11.2,33. 
Thus II{y) C ^i[G{pi ff)] = C{p, q), since Cip, 5) is itself an //-set. To obtain 
the complementary inclusion, note that p 4- ^ C 7j and hence (see II.2.21) 
(7(p, q) - H{p 4- (Z) C H{y\ 

II.2.60. Let p and (z be distinct points of the Peano space (i’. We proceed to 
discuss the structure of the cyclic chain C{p^ q). Let 7 be any simple arc with 
end points p, q. By 11.2.69, IL2.27 

(1) c(ii,q) = t + Y:c, ce 'I'M. 

In otlier words, C{p, q) consists of the simple arc 7 and of all those proper cyclic 
elements C that have a noiidegencrate intersection wtli 7. By 11,2.30, II. 2. 27' 
we have the further formula 

(2) C'(p, (?) = p 4- (Z 4- 7 !:(p, (z) 4- Z) C** O' E 4- (Z 4- K(j>i ?)]. 
In other words, Ci^p, (?) consists of tlie set p 4~ (Z 4- /!f(p, q) and of all those proper 
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cyclic elements C that have a noncicgcnemtc intersection with p q Kip, q). 
By 11,2.56 we have the inclusion 

(^■1) p + <7 -h Kiv, q) C 7- 

We assert further that 

(4) ^^(7) - + K{p, q)]. 

Indeed, if C £ ''^( 7 ) then C C C{p, q) by (1), and honce C (- 4' ? + K(p, q)] 

by n.2.30, IL2.28. Conversely, if C G + (? + 7C(p, q)h then C G 'I'( 7 ) as 
an obvious consequence of (3). 

II.2.61. Continuation. Case (i). K ( p , q ) ~ 0. 'J'hi.s luippcns if and 
only if p O and b}'’ 11,2.22 the cyclic chain C{p, q) roduce.s I, lien to t he (uni(iue) 
proper cyclic element that contains and q. 

Case (ii). f + ? + Kip, q) — 7 . Wo assert that in this case 

(I) C{'p, q) == 7 . 

Indeed, if (1) is denied, then vt should iiavo (see 11.2.(i()(l)) at least one jjroper 
cyclic clement Cq that has a nondegcncratc intersection with 7 . Tvot thou pn , c/n 
be two distinct points of Coy, where pa , qa follow upon each oUior in the order 
from p to <7 on 7 . Tiien Po O ffo . hefc x ho any point beiv'oen pa and q<, on 7 . 
By assumption x G K{p, q), and hence x should cut bclwcon p and q. * On tin*, 
other hand, let a denote the sub-arc of 7 with end ]ioinl.s p, if p 9 ^ and 1(4 m 
denote the point p \i p " pa . Let /3 have a similar meaning w’ith r(iM]ie(;t to 
qa and q. Then a -|- (po + (?o) + /3 is clcai'L'' a somi-conneudod sot that contains 
p and q and does not contain x, in contradiction with IL 2 , 2 (v). 

Case (iii). The (jeaeral case {neither (i) nor (ii) holds), 'rinm the wet 7 — 
(p + (? + K{p, 5 f)] is a nonempty, relatively open subset of 7 . This set has at 
most a countably infinite number of compoiionts 7 ? , • » • , 7 “ , ■ • - , whoi’e each 
7 " is an open sub-arc of 7 , The sequence 7 ” may reduce to a single term 7 ? , but 
in this case 7 ? H 7 “ (p + <?), f’ince otherwise wo should haAT K{q}, q) == 0 , 
Clearly 7 “ 7 “ ~ 0 for i ^ j. If p„ , q^ arc the end points of 7 ” in llic orckjr from 
p to q on 7 , then clearly p„ + ?„ G 73 -f + Kip, q) (nolo that p + (? -f- Kij), q) 
is closed by TI.2.67). We proceed to verify a series of simple statements con- 
cerning the sequence of simple arcs 7 „ = 7 " H- p„ -(- (?,. - 

(a) Pn O < 7 n for every «. Indeed, for a point x to cut hc(-wc('n p„ and < 7 ,, , the 
point X should lie on 7 ),' . But then X K(p, r/), and honce p and q lie in the 
same component if of 0 ‘ ~ .r. Obviously, if + (7 — 7 ,^) is (.hen a connected s< 5 t 
(hat contains p„ and q„ but does not contain .r. Honce x does not cut bc'iw^cen 
p„ and . 

(b) If X and y arb distinct points of 7 such that x O y, then x and p Ho on the 
same simple arc 7 „ . Indeed, if this were not the case, ilicn we would have a 
point z G K{p, q) between x and y on 7 , Let a be the sub-are of 7 witli end 
points X, y. Since x O y, the points x and y lie in tJie same component B, of 
<5> ~ z. Clearly, on setting = a - (x + p), the set -}- (7 - a) is a con- 
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nectecl set that contains p and g but docs not contain z, in contradiction with 
the fact that z cuts between p and q. 

(c) If C* is a proper cyclic clement contained in C(p, g), then C*y coincides 
with one of the simple arcs 71 , • - • j Yn , * • * . Indeed, b}' II. 2. 59 and 11.2.26, 
it follows tliat C* G ^( 7 ), and hence 0*7 is non degenerate. By II. 2. 42, the 
set 0*7 is connected, and hence 0*7 is a nondegen orate continuum by II.2.50. 
Since C *7 C 7 , it fo]lo\^s that 0^7 is a simple sub-arc of 7 (see 1.2.32). Lot us 
put 0*7 = 7 *, and let p*, q* he the end points of 7 *. Tlicn p* O g*, and honco by 
(b) above p* and g* lie on llie same simple arc 7 „ , Tims 7 '*' C 7 »_. By (a) 
above thcrc_exjstSj in view of II. 2. 12, a unique proper cydio elemciH C such tliat 

+ (/r. C 0. _By II. 2.58, II. 2. 33 it follow.s tlmty,, C 0. Thus 00* contains 
7 * and hence 0=0* by 11,2.11. Thus 7 „ CZ O 7 = 0*7 = 7 ’*', Since wo also 
have 7 * C 7 « 1 it follows tliat 7 * = 0*7 = 7 ^ . 

(d) For every k there exists a uniqim proper cyclic element Ok such that 

C'iT = 7 a ♦ Indeed, by (a) above the end points p), and of 7 ^ are conjugate, 
and hence by 11 . 2.12 there exists a unique proper cyclic element 0 * such that 
Vh + < 7 ; C 0*. Then C* C 0{p, q) by 11,2.60(1), and hence 0*7 coincides with 
one of the simple aras 7 „ , 7 ,,, . Since 7 ;^ + C 7 ~ 7 no j it folio w.s tliat 

Tifi ~ k. 

(c) Now let Cl , ' < • , (7„ , ■ • • be the jiroper cyclic elomonis that arc dotor- 
rained by the condition 0,7 = 7 ,. (sec (d)). By (c) aliovo, each 0* C 0{p, q) 
coincides then with a term of tlic sequenco Oi , • • • , (7„ , • • • , and by 11.2.60(1), 
we. have C C'(p) q) foi' every n. Thus we have, in view of 11,2.60(1), the 

funclaincntal formula ^^(p, (?) = 7 + C'l + ' * * + C'n + • • • ■ i j, then 
0,7 = 7 , 7, - Ci 7 , and hence 0^ ^ 0^ . By II. 2. 24 it follows that 0,0, is 

eithei'' empty or else it reduces to a single point p,y of 7 . In the latter case, 
clearly p,, = C,Cj = 0 , 70,7 ~ 7 , 7 ^ . Thus p,, is a common end point of 7 , and 
7 y , and hence p,/ G K(v, g) and p,y 5 ^ p, g. In particular it follows that there is 
at most one subscript n such that p G 0 „ , w4th a similar statement for q. Lot us 
also note tliat 0(p, q) — p is connected. Indeed, C{p, Q')“”P=( 7 “P) + 
(C'l *" p) + ' * • + (C'u — p) + • ' ■ • Now 7 ~ p is clearly connected, and each 
On — p is connected by 11.2,51. Since C „7 is nondegonorato, ((7„ — p) {7 ~ p) 
is not empty, and tlic connectedne.ss of 0{p, q) — p follows. Similarly 0{p, q) — 
g is connected. 

n.2.62. Continuation. In the general ease II.2,Gl(iii), the cyclic chain 
C'(P) (/) admits of subdivisions of a particular type that will bo useful in the 
sequel. Let us consider the simple arc 7 i = pi + (?i + 7 ? (see II.2.6l(iii)). Let 
us first suppose tliat p ^ pi , q ^ Qi ^ Let a, bo the sub-arc of 7 with end points 
p and Pi , and let /?i be the .sub-arc of 7 with end iioints (?, , g. Then 

(1) «i ~1- 7 i + /5i == 7 , a, ( 7 , -f (3i) = pi , {a, -f- 7 i)!fl, = < 7 , . 

We shall consider prc.sontly the cyclic chains 0{p, p,), ^(pi , q,), 0{qx , q). Since 
Pi + ffi C C'l , it i.s immodiate tliat (sec IL2.61(i)) 

( 2 ) C(p, , ( 7 .) = 0 , . 
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Now Ci'Pi pi) = 0:1 + I]] C', (7 G 'l'(ai) (cf. 11.2.60(1)). Hence if 6^ C C{p, p^), 
then we liave also C C. C{p, q). Conversely, if C C C(p, q) and (7a, is non- 
degenerate, then C C C{p, p,) (cf. 11.2.60(1)). In view of 11.2.01(c) it follows 
that 

(3) Civ, Pi) = = y» C CC\ . 

Similarly wo obtain 

(4) C(q, ,q) = »,+’£.€, . C.y = y„Cl3,. 

Of course, the summation occiuTing in (3), for example, may be vacuous, and 
then C(p, pi) reduces to o’, , The formulas (2), (3), (4) yield, in view of IT. 2.61(e), 
the relations 

(5) C(p, q) = (7(p, ?^) + Cl + C(ryi , q), 

(6) C(p, Vi)Cx == p, , CiC{q, ,?) = ?!, Cijp, pi)C(<?i , 9) = 0, 

In the preceding discussion, wo assumed that p pi , (7i ■ If p = p, for 

instance, then the cyclic chain C{p, pO is absent, and otherwise the reasoning 
rema;ins the same, The result just obtained will bo generalized in the next 
section. 

11.2.63. Using the assumptions and notations of 11.2,01 (iii), let (7\ - • • , C" 
be any n terms of the sequence C, , (7a , • • ■ . Then there exists a finite 83^stem 
(Si , ' • ' , (Sa^ of cyclic chains, such that the following holds. 

(a) e, + • • • + = Civ, ?)• 

(b) S, G,+i is a single point of 7, f = 1, ■ > • ,N ~ 1, and otherwise (S, (S, - 0 
for i 7^ j\ 

(c) Each C', h ~ 1, ■ n, coincides with a term S,, of the s,ystem (Si , 

” • , S,v . 

PnooF, For ?i == 1, the as.sertion follows directlj'' from 11.2,02. Proceeding 
by induction, assume that the assertion has been already verified for n ~ 1, 
Let p\ (][ be the end points of (7b If wo apply tlie process used in IL2.62 with 
Cl replaced by Cb noitlier one of the resulting cyclic chains C(p, p‘), C((?b 9) 
coniain.s more than n — I terras of ilie system C®, • • • , C”, and hence both of 
tlicsc chains can be subdivided into cyclic chains in the manner described. 
Clearly, there follows the existence of a subdivision of C(p, q) itself with the 
desired i)roporUes. 

11.2.64. Let li be an //-set in tlie Pcano space (P, and let p, q be two distinct 
points of II, If 7 is any simple arc with end points p, q, then y C II • 

Proof. Consider the cyclic chain C(p, q). 11.2,58, 11.2,33 wo have 

7 C C(p, q), -By definition, C(p, q) == Hip + q), and hence clearly C(p, q) C II 
(see 11.2. 20, II. 2. 2 1) . Thus 7 C II. 

11.2.65. If II is an //-set and C Is a connected set in the Pcano space (P, then 
OH is connected. In particular, // is connected, since H = (PH. 

Proof. The assertion is obvious if Oil is empty or reduces to a single point. 
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So let us assume that Gli is nondcgeneratc. Lot then p, x be any two distinct 
pointe of Gli. By the argument used in IT. 2. 04, the C3 tHc chain C(p, x) is then 
a subset of 11, and hence ?> + .r C GC(p, x) C GiL ICeeinng p fixed and varying 
X in GiJ, ^^'(i obtain 

e// =2:flc’(p, ,f), xeori-p. 

Since C{p, .r) is an ^i-set (.^co 11.2.58), GC(p^ .v) is connected by II.2.42, and the 
connectochxGS,'; of GJi follows. 

11.2.66. If 71 is an //-.set in tlic Pcano space (P, and if p is a point in the 
closure c{Ii) of II, then II pin also an //-sol, 

PnooF. // -f- 7; is elearlj'’ iiondcgoncrato and connected (cf. 1.2.39, 11.2.65). 
Tliero I'cmains to .show tliat II p i.s O-complcte. Since II itself is O'-compIcLo, 
it i.s clearly sufficient to o.stablish the follovdng fact: if q is anj'' point of II different 
from p, and p O x O g, tlien x ^ H Suppose that x ^ II p. Then wo 

liavo the simple cio.scd 0-pol,ygon [p, x, g, p x, x -f- q, II + p]. Hence p O <7 
(see 11,2.7). By 112,12 it follows that p, x, q lie on a proper c.yclic olcmont C. 
Since x E.G ~ {II -)- p), il follows by JT.2.45 that CII — q, and hence C{II + p) — 
p -{■ q. Thus 0(11 4- p) is tii.scojmeeled. Since C i.s iin yL-set (.see [1.2.60) and 
II + p is connected, this conchi.sion eonl radicLs 11.2,42. 

JI.2.67, If c(7/) is the elo.sure of the //-.set II in the Peaiio space and if 
II C /i' C r(//), tlu'n E is also an 11 -sol. 

Phoof. 01 early E is nojidegen orate and connected (cf. 1.2.39). Tlicro re- 
mains to show that E i.s O-eomjxlelo. So let 7;, q be any two distincl points of E 
and lot yj O O q. Since p G E C c(//), the sot // -j- p is an //-set by II. 2. 66. 
Since q E <Z c(n) C c{II 4" v), the set II 4- P 4- q is also an //-set by II.2.06, 
Thu.s II 4- p -I- q is 0-comi)lcte, and therefore .-r G // + p 4“ <7 C I?. 

11.2.68, If II is an //-sot and G a connected set in the Pcano space 6’, and if 
Gc{Il) is nondcgeiioralc', th^m GII is xioncountable. 

PuooF. By n.s, sumption, \vc Jiavo two distinct points p, q such that 73 4“ (? G 
Gc{II). liy 11.2,67, II 4' p 4' q is an //-.sot, and hence by II. 2. 66 the set {II 4- 
p 4- q)G - IIG 4- ?H' ? is also connected, and lioncc noncoiuitablo (sec 1.2.42). 
'■/'liiis IIO is clearly noncoun table. 

11.2.69, If // is an //-set in tlio Pcano space 6\ then c{II) — II is totally 
diseojiiHJCted. 

PijooF, Suppo.se Hull c{Jl) — II conlain.s some nondegenorato connected sot 
(1. licl 7>j (7 1)0 two disLincl )>oinl.s of G. Then 7) 4- (? C f? C c(//), and hence 
(// 4- p 4" q)G - p q shouhl ho eonnneted by IT. 2.65, 11,2.67. Since 7; 9 ^ q, 
this is clearly a contradiction. 

11. 2. 70, Lot .V !)(' a point of the Pcano space 6’, and let >8 be a component of 
{P — 0). 'J'hen E 4- X is an /I -set, 

l^noor, Wo have .r ~ by 1.2,41, and thus /f 4~ 4-/r(^) = c{S) 

is closed. Also, *S’ 4- .r = c(S) is connected by T.2.39. There remains to .show 
that S p .r is O-coinplotc, Let p bo any point in (P — (>8 + x), and lot q bo aii}' 
point of jS', bince S is a component of (P ~ it is clear that p and q lie in differ- 
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ont components of (P ~ .v. Tims x cut-s between p and q, and hence q is not 
conjugate to p. In other words, the onl}'- point of B -f x that is possibly conju- 
gate to 7? is X. Since tliis holds for every point p ^ (P — (S x), it follows that 

+ .1* is O -complete. 

11.2.71. ' Cyclic chain approximation theorem. If (V is a nondegencrale Peano 
space, ihen there exists in (P a {finite or infinite) sequence of cyclic chains G, , • • • , 

• yyith the following properties. 

(i) (Gi + • • • + G„) G,h 1 w 0 . single point for every n. 

(ii) On setting // = Gi -}- * • • 4- Sr, + we have c{H) = (P. 

Proof. Since <? is separable, we have in (P a .sequence of points pi , • • • , Pn , 

• • • , such that the closure of the set pi + • • • -h • coincides with (P. 

Let qi be anj’’ point distinct from pi . We put Gi — C(pi , ?,) (sec II. 2. 21). 
If Gi = (1^ then the theorem i.s established. If (P — Gi 5^ 0, then (P — Gi Is 
a nonempty open set by 11,2.58, and hence some of the points pz , • • • , p„ , • • • 
lie in (? ~~ Gi . Let p^, be the first imint of this sequence that lies in — Gi , 

a.iid lei. ^'i be the component of (P — Gi tliat contains pi, . By 11,2.35, /r(64) is 

tlien a single point q-i of Si , and by 11.2,44 the .set *.S'i is a component of 4’ — 
fr(S), By TI.2.70 it follows that *V, 4- ih nn ,^1-sct. Hence on setting Ga — 
0(Pt., , 92)1 "vvo have G2 C <6', + q^ (cf, 11,2.31, 11.2.21), and consequently G1G2 
reduces to the single point q ^ , If Gi + Ga == thou the theorem i.s established. 
Otherwise wc continue the process. 'To see how this is done, lot u.s assume that 
we have succeeded in exhibiting a finiie sequence Gi , • ■ • , G„, of cyclic chains^ 
with tlio following properties. 

(a) (Gi + • ‘ • “h G,)G,+i reduces to a single point, i = 1 , • • ■ , ri — 1 . 

(b) Pi 4- • • • + p„, C Gi 4 • • ■ 4 G„. . 

If gj 4 ... 4 then the theorem is pi'oved. If Gj 4 • • • 4 G,„ 5^ (P, 

then let us put = Gi 4 • ” 4 . In view of condition (a) and IL2.31, 

11.2,19, it is clear that A,„ is an A-set. Then (P — A„, is a nonempty open set, 
and hence some of the points p,„+i , p„,^z , lie in (P — A . Let p*,„ be the 
first one of these points that lies in fP — A„. . Clearly /t:„+i ^ ni 4 1m view of 
(b) above. Lei S„ be the component of (P — A„ that contains pji,,, +, . By an ar- 
gument entirely .similar to that used in deriving Gz from Gi , p^, , Si , we obtain a 
cyclic chain G„,n j such that (Gi 4 • • ■ 4 G„.) G„.n reduces to a single point and 
Pi 4 • * • 4 pm 4 pm + l C Gl 4 ■ • • 4 G,n+1 , 

It is now clear that the process just described either comes to an end after a 
finite number N of steps (in which case Gi 4 • • ■ 4 G,v = fP and the theorem is 
<.'stabli.shed), or else we obtain an infinite .sequence Gi , * • • , G„ , ♦ ■ * such that 
(i) is satisfied, and p, 4 ■ * • 4 Pn 4 ‘ ■ C Lf — Gi 4 * ■ ■ 4 G„ 4 ■ ■ • . Since 
(P = c(pi 4 * • • 4 p» 4 ■ • 0 C c{JI) C (P, the property (ii) is obvious. 

11.2.72, Continuation. The following additional facts concerning the se- 
quence Gl , • • ■ , G„ , • * ’ of II. 2. 71 are of importance in the sequel 

(iii) On setting A„ = Gi 4 • • • 4 G„ , A„ is an A-set. This follows from 
11.2.71(1) by repeated application of 11.2,19, 

(iv) The set II of II. 2.71 (ii) is an //-set. This follows from (iii) and 11.2.18. 




96 


n.2.72 


(v) If C k a })ro])er cyclic element of (P, then C is a subset of oxtuhly oih> of 

the cyclic chains Si , ■ , • • • - 

Proof. Since C is connected and iiondegencratc and c{ll) = (P, it follows 
from (iv) and II.2.68 that CH == CSi + - • • + (7S„ + - • • is iionconnliildo. 
Hence at least one of the sets (7^i , • • • , (7(S’„ , > • • , say (7 (S’,,, , is noiidoR('n()rato. 
By II.2.45 it follows that (7 C <S„, . For n 9 ^ iio wc have CIS,, C S«o . Honoo, 
by II.2.71(i), it follows that is either empty or rediieos to a .singlo point. 
Thus the inclusion C C G,. does not hold for n 9 ^ Ho . 

(vi) If the sequence Sn is infinite, then d(S„) “> 0 for u — > «. 'Pliis follows 

from II.2.71(i) and IL2.47. 

(vii) If the sequence (5i is infinite, and 8„ denotes tluj inaxinunn 

diameter of the components of (P - /!„ = (P (St 4- ... (V,,), thon <5,. ■ > 0 

for » -^03. This follows from (iii), II.2.71(ii), II.2.48. 

ir.2.73. We shall complete presently our mformaiion concerniiiR yl-sets in 
a Peano space (P. Some relevant facts, already established, will ])(5 first rociillcd. 

(a) Every proper cyclic clement is an j4.~sci (sec 1 1.2, 50), 

(b) Every cyclic chain is an A-sei (seo II.2.58), 

(c) If a: is a cut point and iS is a coinponent of (!> - ,r, (Ju'ii S -)- is an .'1 -.sot 
(.see 11.2.70). 

(d) If A is an A-set and iS is a component of (1> - A, then /r(fS) is a shiRh} 
point of X, fr(S) Is a cut point of (P, and c(S) - S fr(/^) i.s an X-sot. In<I(u?d, 
'hy 11,2.44 the sot S is a component of (P ~ fr(S), and luaiee 4- frO^) is an 
X-setby IL2.70, 


II.2.74. Let p be a cut point of the Peano sj)aofi (P. the eoinponont.s of 

(P 7 ; aie disjoint open sets, and tlie collection of the.so coinj^onents is countaljh', 

‘ ’ hs the (finite or infinite) sequence of these comjKmoiiiH, 

Smee 4- p is an X-set by IL2.73 and (S, 4- p)(S, 4 - 7 )) = n for i ^ j p 
follows from IL 2.47 that d{S„) 0 if the scquonco >%, is infinite. Now lot tlm 

‘sequence o„ be divided into two subsequences )S( , • • ■ , , ... and ^ 1 ' • • • 

r » + , wo assort that /I' is an 4 -Lt, ami 

the components of (P — X are precisely iSf' , • ’ ’ , , • • • , 

Paoor, Since/, ■(SO = p, t » 1, 2, • • . , wo have A' ’= c(Sl) + ■■■ + 

. ^ + y ■ . bmee each c(iS 0 is connected and contains u it follows tJmt A' 

ZTZ 'f' “ -5" + • ■ ■ + s;' + • • • . and oaoh S;' is o„„„, 

leaily (P A is open and hence A' ia closed, Since oaoh c(^;) is an A -.ml 

+ • ■ ■ + ‘>('50 « an //-sot! 

rteneex X, 4- f- X. 4- • • • is an //-set by II.2.18. Thus X' is a closed 

tf-set and 1'^“™ Since (P - A' = Sn- ■ ■ ■ + + ■ ■ ■ , and 

of - i' a;.oSerr“": ."‘feic 

U.2.7S. Let A be an X-sefc in the Peano space (P, and lot the components of 
be divided (witliout duplication) into two sequences S',, • . • , S ' , . • ■ ami 
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/S(' , . . • , . (ff. 11.2.37). TJien A' = A + S'i -h -h Si + • • • i.'^ an 

i4-sct and the components of iP — .<'1' avc precisely Si' , , S'/ ‘ . 

Proof. For each i, we havc/r(5() = pi , where .single point of A and 
Si pi is an il-sct (see II.2.73). By II. 2. 19 and II. 2. 18 it follows readily that 
A' is an Il-sot (cf, the argument in IT.2.7I). Since (P — A’ - S/ +■■• + 5''' + 

• • • , it follows readily that A' is closed and that *?i" , • • • , S/ , • • • arc the com- 
ponents of (P — A' (cf. the reasoning in 11.2.74). 

n.2.76, In the Pcano space (P, let yii , via be .4 -.sots such that yli + “ (P 

and A 1 A 2 = p, where jo is a .single point. Then is a cut point, and /li — p, 
Ai ^ p are sums of compon(>nts of (i’ — p. 

Proof. Since /I2 is nondogenorato and A^ is closed, ylg — is a 

nonempty open .set. Lot /S'i' , " ' , S/ ^ • • • bo the (finite or countably infinite) 
sequence of components of J2 ~ p = (P “ Ax (cf. II. 2.37), Then for each 
fr(S'/) — p/ is a .single point of Ai (sec IL2.35). Since S/ C A^ and 2 ^/ G 
c(;SJ')} it follows that p/ S c(Az) — VI2 . Thus p/ S AxA^ ~ p, and lienee p/ ~ 
p, y ~ 1, 2, ■ • • . By 11.2.44 it follows that p is a gut point and S/ is a' compo- 
nent of (P — 7). Thus Az — p ~ S/ A- ' • • -j- aS'' H- - • • is a sum of components 
of (P — 7?. Similarly it follows that Ax ~ 7) is a sura of components of cP — p. 

11.2.77. In the Peano space d’, let ylj , < • • , • be a (finite or infinite) 

sequence of ^t-sots, such tliat yli + • • « H- /l„ -f- • > • = (P, and for i 9 ^ j the 
product A,Aj is either empty or else reduces to a .single point. Then each proper 
cyclic clement C of 6’ is a sulisct of exactly one of the sets A ^ . 

Proof. Since C is nondegenerate amU4,yl, is empty or a single point for 
i 7 ^ j, clearly C cannot be a subset of more than one of the sets A,, . Now suppose 
that C is not a subset of any term of the sequence A „ . Then by II. 2.45 the prod- 
uct CAn is cither empty or reduces to a single point, r = 1, 2, * • • . Hence 
C = (7(P = CAx -f • • • A- CA„ A- ' " should bo countable, in contradiction with 
the fact that C is a nondegenerate continuum, 

11.2.78, let be a Peano sub, space of the Peano space (P (cf. 1.2.9). If (7 is a 
proper cyclic element of (P, and C C d’', then C is also a proper cyclic clement of 
(P' (simple examiiles show that the con^'•crso is generally false). 

Proof. If p and q are points in d^', then lot us write p O q{(?) to express the 
fact that p and q are conjugate relative to (P, and let us write p O q{<^') to express 
the fact that p and q arc conjugate relative to (P'. Now let p and q be two dis- 
tinct points of Gf and let x' bo any point of (P' distinct from p and q. If (7 C 
(P' — x', then p and q are in the same component of (P' -• x' since C is connected. 
If x' E C, then p and q are still in the same component of (P' — x' since C — is 
connected (cf. 11.2.51). Thus p O ff((P0* Hence by II.2.12 (applied to (P'), 
p and q lie on a proper cyclic element C' of (P'. If y is any point of C, then the 
reasoning used above to show that p O q{&') yields, if applied to p,'y and q, y, the 
relations p Q y((P0, ? O l/(d’0* Thus C C C. To derive the complementary 
inclusion, let y' be any point of C' and x any point of d> distinct from p and y'. 
If <7' C (P — then p and y' arc in the same component of (P — x since C is 
connected. If .t E C", then p and y' arc still in the same component of (P — a; 
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wnce C ~ a* is connected (cf. II.2.51). Thus /; O ;y'((P), find Minjlarly q O 
Since C is O -complete (relative to (P), it follows that ?/ ^ C. 'Thun C 
IL2,79. Let .1 be an /1-set in the Peano spac(‘ (P, T)i(*n the ])roi)('r eyoiio 
elements of A coincide with those proper cyclic olemonhs of d’ that are HuhselH of 
A (note that is a Peano subspace of (P by 11. 2.41). 

Proof. Let C be a proper cyclic element of (P that i.s a .si)bs(‘t of . 1 . ^rium C 
is al.so a proper c^-'clic element of A by IL2.78, Conversely, let C,i be a proiier 
cyclic element of A. Let .r.i , i/a be any two distinct points of C i , and l(»t p Ik* 
any point of (P distinct from Xa and i/a • If Ca C ^P ~ p, then .r,i , //a ai‘i' in tUo 
same component of (P p since Ca is connected. If p G Ca , ilmn ;ot , f/.t are 
still in the same component of (P ~ p since Ci — p is connected (sao 11.2.51). 
Thus Xa , Va ai’e conjugate relative to (P. By II.2.12 tlioro follows the ('xi.stenoo 
of a proper cyclic element C of (P .such that .v., + Pa C L'. Si nee A is an /l-s(‘t, 
we have CCA by II.2.45. By II.2.78 it follow'.s that C i.s also a iiropiu’ eyelie 
element of .4. Thus Ca and C are proper cyclic olomont.s of A uiul xa -p pA C 
C.iC. By 11.2,11 (applied to the Peano space /I) it follow-s that Ca = f *. TIuih 
is a proper cyclic element of (P, 

11,2.80. Let .‘I be an /I -set in the Peano .space (P, and liM p i , r/.i lie any two 
distinct points of A. Then pA , qA determine a cyclic chain C{pA , y.() relative to 
<P and a cyclic cham Ca{Pa , Qa) relative to A, Wo a.ssert that 0(p^ , qA) ^ 
^.iipA ) Qa) (note that /i is a Peano space bj'^ IL2,4I). 

Proof. Let y be a simple arc in (P with end points qA . By 11.2.0(1, 
^(pA , ^a) consists of y and of all those proper cyclic elemonts C of (P that have a 
nondegenerate intersection with y. Since A is an yl-sot and honco y C by 
II.2.33, it follows that all these proper cyclic olcmonts of (P arc subsots of A 
(cf, IT.2.45), and hence they coincide, by 11.2.79, with those proper eyelie oh?- 
ments of A that have a nondegencrate intersection with y. In view of TL2.()() 
(applied to the Peano .space A), there follows the a.ssertod relation C(pt , o,) =« 
<^a(Pa , Qa)- 
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Let Ai , Ai be il-sets in the Peano .space (P, such that A'i C A, C 


Then is an ^l-set relative to /I, . 

Proof. In the first place, Ai and are Peano spaces by IL2.d I. In j)ar- 
ticiilar, A, is connected and closed (also relative to A^). There remains to show 
mat dj is 0-completo relative to /I, . If this fact is denied, then wo should havo 
two distinct points p ^ , q^ in and a point .x, in i, - such that llio pairs of 
points p, , xr and q , , are conjugate relative to /U . Then p, and lio on n 
proper cyclic element of A, by IL2.12 (applied to the Peano space ^l,), and honco 
Pj and .-Tj he on a proper cyclic element of (P by 11.2.79. Thus p, O rolativo to 
(P, tod similarly Q relative to (P. Since is an /i-set of (P, it follows tliafc 
iCi E ^ 2 ., m contradiction with the assumption that G ^ii ~ . 

II.2.82. Let C(p, q) be a cycUo chain in the Peano space <P. Let y bo a .simnlo 
arc in end points p,t. By 11.2,61, eithor C(p, q) reduces lo y, <«• ck, 

those piopor cyclic elements of ff> that have a nondegenorafo intcreoctioii with y. 
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Let us assume that we are dealing with the second case. Let then , • • • , , 

• • • be a (finite or infinite) subsequence of the sequence 0i , • • • , , • ■ • , and 

let us put (P' = 7 + C'„, + • • ' “f 4- • * • . We assert that (P' is a Pcano 

subspace of (P and the proper cyclic elements of (P' arc precisely ‘ , C„t , 

Proof. Let us first show that (P' is a Peano subspace of (P. In the first place, 
{P' i.s connected and closed, by an argument entirely analogous to that used in 
11.2,58. We proceed to show that cP' is locally connected. 

Case (i). The sequence is finite. Since 7 is a Peano space and each C„^ is a 
Peano .space (see 11.2.41, 1 1.2. 50), for given e > 0 we can represent 7 and also 
each as a finite sum of connected sets of diameter less than e. Tlius (P' itself 
appear.s as a finite .sum of this type, and hence (P' is locally connected (see 1.2.41). 

Case (ii). The sequence C^^ is infinite. Given e > 0, wo shall haved((7„t) < 
e/3 for k exceeding a certain ko . Let us .subdivide 7 into simple arcs 7 i , ’ • ' > 7 <v , 
such that d( 7 ,) < e/3 for each f = 1, ■ ■ • , N. Let E, denote the sum of those 
terms of the sequence C„t that satisf}’' tlie following conditions, (a) C„t.y, ^ 0 . 
(/3) k > ko . Then clearly E, is connected and d(E,) < e. Then 

(1) <f“ - (Ii, + ■ ■■+!'■:„) cT, c., , ' * = 1, ,/j„ . 

Since each (7„, is a Peano .space and hence can be represented ns a finite sum of 
connected sets of diameter less than I, it follows from ( 1 ) that (P' can also be 
represented in this manner, Plonco 6*' is locally connected (sec 1.2.41), 

Let us now (letcrminc the proper cyclic elements of the Pcano space (P\ In 
the first place, by 112.78 each C^^ is a proper cyclic element of 6^'. Lot us assume 
that <P' has a proper cyclic element that docs not occur in the sequence C „^ » ' * ; j 
, • • • . By TL2,11 (applied to (PO it follows that C'C„t is empty or is a single 
point for every k. Since C is a nonclegenerate, connected and hence noncount- 
ablo sot, it follows that C'y is nondegeneratc. Consider now any one of the 
products C'Cn^ . If x' G <P' — y, then by 11.2.16 (applied to (P^ with Ei = 

= 7 ) it follows that x* ^ C'C„i . Thus C^C„^ C 7- Since (P' = 7 4-G„.+ 
' • • H" H- • ■ ' , ilicre follows the inclusion C' C 7 . By IL2.78, applied to the 
Pcano spaces <P' anti 7 , C' should bo a proper cyclic element of 7 , in contradiction 
with the obvious fact that a simple arc possesses no proi^er cyclic elements. 

11.2.83. Continuation. Let q) denote the cyclic chain determined by 
the points p, q relative to tlie Pcano space (P'. Then C\p, q) ~ (P'. This is an 
immediate consequence of II.2.82 and 112,50(1). 

11.2. 84, A Peano space (!’ will be said to possess the property (tt) if and only if 
every simple arc 7 C is a monotone retract of (P (sec IL2.39). Let us note 
that it follov's from the theorems in Whyburn [3, Chapter XI] that every uni- 
cohorent Peano space lias the property (-n-). On the other hand, examples show 
that tho propertj’' (tt) does not implj'- iinicoheroncc. We shall study the property 
(ir) only to the extent needed in the sequel. Clearly, property (ir) is invariant 
under topological transformations. 

If (P is a 2-splierc, then (P posse.sscs the properly (vr). Indeed, let 7 be a simple 
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arc in. (P. We can assume without loss of generality that 0 * coincides with the 
sphere S \ -{■ 7/ -\- = 1, while y coincides with the arc of circle on S deter- 

mined by the conditions a; ^ 0 , 2 / — 0, Let p denote a variable point of and 
let M{p) be defined as the point on 7 whose ^-coordinate agrees with that of ?). 
Clearly, the transformation M is a continuoua monotone retraction from S onto 7 . 

If (P is a 2-coll, then CP possesses the property (tt) . We subdivide the prool 
into several steps. 

(a) The 8 imi)lo arc 7 C (P is a sub-arc of the boundary of the 2-cell (P. Wo 

can then assume, without loss of generality, that (P coincides with the square 
0 ^ ^ 1, 0 ^ a ^ 1, Avhilc 7 coincides with the segment 0 ^ ^ I, a = 0. 

Then il/(a, v) — (ii, 0) is clearly a monotone retraction from cJ’ onto 7 . 

(b) The end points a, h oi the simple arc 7 C (P lie on the boundary of (P, 

but 7 is not a sub-arc of the bound ai'y of Then 7 divides (P into a finite or 
countably infinite number of 2-celIs CP, , = 1, 2, - • * . The boundaiy C, of 

CP, is then a simple closed eiuTO and 6\y = 7 , i.s a sub -arc of C', . By case (a) 
above, wc have then a monotone retraction = 7 , . If we define now a 

mapping il/ on <P by M(p) = for p ^ , then it follows readily (hat M 

is a monotone retraelion frojn cP onto 7 , 

(c) In the general case, we ehoose two sini]fie ares a, (S in .su(‘h a manner that 

-y/* = a+ 74 -/?isa simjjle arc whose end j)oints Ho on the boundaiy of CP. 
By ca.so (b), we have then a monotone roi.raction = 7 *. Next, wo define 

0117 ’^ a mapping 7 n( 7 '*) = 7 as follows. If p ^ 7 , then m{p) ~ p. If p £ a, then 
m(p) is the common end point of « ai^d 7 . Similarly, if p G /3, then m(p) is the 
common end point of ^ and 7 . Clearly, ml\f* is a monotone retraction from 
(P onto 7 . 

If CP is a dendrite, tlicn CP has the proporty (ir). Indeed, let 7 bo a simple arc 
in (P with end points p, q. By 11.2.00(1) it follows that 7 = C{p, q), and thus 7 
is an yl-sot (see II. 2.58). Ilcnce 7 is a monotone retract of CP by 11.2.40, 

, 11.2,85. Continuation. The property'' (it) is cyclic Ij^ reducible. That is, if cl’ 
possesses the proporty (tt), then every proper cyclic element C of (P also possesses 
the proporty (tt), ant! in fact every /1-sot in CP po.ssesses the property (tt). To 
prove this statement, lot A be an /i-sot and 7 a simple arc in A, By assumption, 
wo have a monotone retraction fx((P) ~ y. For clarity, let us use ma to refer to n 
if thought of tia operating from A. ^Chen clearly HAiA) ~ 7 is a retraction from 
A onto 7 , If p is any point of 7 , then clearly = An~\p), Now is 

a continuum since ^ is monolono, and hence Afj,~^{p) isn continuum since A is an 
vl-set (sec II. 2.42). Thus pj is monotone. 

11.2,86. Continuation. The property (tt) is cyclicly extensible. That is, if 
oveiy proper cyclic element fl of CP possesses the property (tt), then (P itself also 
possesses the property (ir). Wo shall make the proof in several steps. The 
assumption is that every proper cyclic element of (P pos.sesses the propert}" (tt). 

Case (1), <P is a dendrite. Since (P has no proper cyclic element in this case 
(of. 11,2.14), our assumption is vacuously satisfied, l)ut CP posses.ses the pj-ojicrty 
(tt) as noted in 11.2.84. 
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Case (2). (i’ is not a dendrite. Let 7 be a simple arc in (P with end point.>^ p, q. 

Lot C{p, q) bo the cyclic chain determined by the points p, q. 

Case (2.a). (P == C{p, q). Then we have (P = G{p, 5 ') = 7 + (7i + • ’ • + C. + 

• • ' , where Gi , * • • , (7„ , • • ■ is the sequence of the proper cj'^clic elements of (P 
(see 11. 2. 61) . Using the terminology and the results of II. 2. 61, let us consider the 
.simple arcs 7 , = 7 ( 7 ,, . By assumption, we have then a monotone retraction 
“ 7 „ for each n. Let us now define a transformation iu((P) — 7 as follows; 
p.{x) = a; if .'i: G 7 , and p{x) — Pni^) ii x ^ C„ ~ y. Wo assert that p(x) is a 
monotone retraction from 6 ’ onto 7 . In the first place, ix(x) in single-valued. 
Indeed, if x S 7 , then p(x) ~ x. If .u £ (P — 7 , then the inclusion x ^ C„ — y 
holds for precisely one value of n (see II.2.61), and hence nix) ~ fi„(x) is again 
univocally determined. Clearly fi(6*) = 7 . To establish the continuity of fx, 
let us assume that there exists a sequence of points Xu converging to a point .To 
such that n(x^) fails to converge to fx(xo)> Since (P is compact, we can assume 
then without loss of generality that n(x^) converges to a point ?/o ^ fi{xo). If 
‘'Kjt G 7 for infinitely many values of k, then noces.saril)’’ .To G y, and /^(.Ta) — .c* 
for infinitely many values of k. Thus clearly the sequence fi(x,) converges to 
the same limit as the sequence Xk . That is, h{xk) ~> Xn ^ fi(xo), in contradic- 
tion with the assumption that /ife) —* Vo 9 ^ ixM- Thus we can assume that 
.T* G 6 ’ — 7 if k exceeds a certain ko . In view of 11.2.6 1, wo have then for each k 
a unique posi tivo integer «a such that .tv G . Let us assume first that d(C'„ J — > # 

0. Since now p{xi.) = MniiG'eO G 7 ni C C,,* , it follows that p(.Ta , p(ta)] ^ d{C„,) 

0 , and hence Xo ~ lim xk ~ lim p{xi,). Thus .To G 7 , and hence ix(Xo) ~ .Ti, = 
lim p(.Ta) — Vo , in contradiction with the a.ssumption that p(.To) 5 ^ ?/o = Inn m(.Ta). 

Thus the rolal ion d(C',n) -> 0 cannot hold. By TI.2. 52 it follows that some proper 
cyclic clement U„, occurs infinitely often in the sequence C „^ . 'Thus .t* G C,„ for 
infinitely many values of k. For simplicity, let us u.so .Ta to denote the infinite 
subsequence coinpri.scd of those points .Ta which lie in (7,,, . Then .to G C'm since 
C'„Js closed, and nixO = k = 1, 2 , • ■ - . jSinco fx,„ is continuous, the rela- 

tion .Ta — > .To implies that p(xt.) ~ fx„{XK) —> iXm(xo) — in contradiction with 
the assumption that ix{xk) — > Vo 9^ ^(^ 0 ). 

The continuity’’ of m being established, there remains to show that n is mono- 
tone. Let .To be a point in y. Then clearly /i-^CTo) == .To + where 

the summation is extended over all those subscripts n for which .To G <7„ (in view 
of TI.2.6i, the number of such subscripts is either 25oro, or one, or two). Now if 
•ro G C„ , then iU,7‘(.To) is a continuum since is monotone, and to G Pn\xo) since 
lx„(xo) •'^’0 • Thus /i~‘(.To) i.s the sum of To and of at mo.st two continua contain- 
ing .To . Hence is a continuum. 

Case (2.b). The general case. By II. 2. 58, G{p, (?) is an /I -set of (P, and hence 
we have a monotone retraction a(''‘((P) = G{p, q) (see II. 2.-10). Now G{p, q) is a 
Peano space (sec II. 2. 82) for which case (2.a) holds (relative to the given sim- 
ple arc 7 ). So by ease (2.a) wo have a monotone retraction ix[C{p, <?)] = 7 - 
Clearly, ixp.* is a monotone retraction from (P onto 7 (cf. II. 1.4). 

II.2.87. Given a Peano space <P with the property (ir) (see 11.2.84), let C(p, q) 
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be a cyclic chain in (P, and y a simple arc with end ]5oints p, q. Assuming that 
C(pt q) does not reduce to y, we have for C(p, q) the fonnula C(p, </)=yH-C'i4" 

* • • + C'n + • • ‘ , as explained in II.2.61. Lot us put == y + C] + • • • -f C,, . 
By II. 2.82, d'n is then a Peaiio subspace of d’ whose proper cyclic oloments coin- 
cide with Cl , • ' ' , C„ . We assert, that there cxisis a monotone rotraetion 

pRoop. Using the terminology of 11.2.61^ we define /u* as follows. If x G. <1’„ , 
then wc put = ic. If x 6 U(p, q) — (P,, , then by IT, 2. 61 there exists a 
unique .subscript tn such that x G <7„, (clearlj'^ ni > 7i), Since (P has the property 
(ir), Cm also has the property (ir) (sec II. 2.85), and hcncc we have a monotone 
retraction pm(Om) ~ 7 m — yC ,„ . Wo define thcn/*”(a:) = p,„Cv). The fact that 
n” is a monotone retraction from C(pj q) onto (P„ follows by an argument entirely 
analogous to that used in 11.2,86, case (2.a). 

11.2.88. CoNTiNUATroN. Suppose that the sequence C„ is infinite. Then 

(l(C„} 0 by II.2.52. Hence, for each ??, the expre.=ision 5,, = max d((7„,), 

7 n > n, is meaningful, and clearly 5„ — ^ 0 for n —^ca, the definition of n", 
clearly p[.r, ^ for every point x S C(p, q). In other w'ords, the scqueiuse 

fjT converges on C(p, q) uniformly to the identity transformation. 

11.2.89. Given a Peano siiaco (P, lei. Jif (CP) *= 6^'** bo a continuous monotone 
transformation. If every Peano space (P* related to (P in this manner possesses 
the property (ir) (see II. 2. 84), then W(; .shall say that CP possesses the propmiij (TI). 
Briefly, 6* posseaso.s the property (IT) if and only if every continuous monotone 
image of CP i}osseasos the property (ir). The following remarks will bo useful in 
the sequel. 

(a) If <P po.ssossc‘s the property (11), then CP also possesses the property (ir). 
Indeed, the identity is a continuous monotone transformation from (P onto itself. 

(b) If possesses the property (II), then every continuous monotone image 
of (P also possesses the property (II). Tliis follows directly from 11.1.4, 

(c) If <5* POSSC.SSCS the proport 3 »^ (II) and 6’* is a continuous monotone image 
of <P, tlion ovciy A-set (and hence in particular every oyclio chain and every 
proper cyclic element) of d’* possesses the property (IX). This follows from (b) 
and II.2.40. 

11.2.90. Let 6’ bo a 2-spherc, and lot M (6') — d** be a continuous monotone 
transformation. Then every proper cyclic element C* of (P* is a 2-sphere. 
Indeed, by 11.2,40, II. 2.50 we have a monotone retraction ju*((P*) = C*. Then 
/i*jl/(dO =* C* is a continuous monotone transformation. Since Is cj’-clic 
(see 11.2,61), it follows from II. 1.36 that C* is a 2-sphere. 

11.2.91. Let 0* bo a 2-cell, and Jet M((P) ~ O'* be a continuous monotone 
transformation. Then every proper cyclic element C* of (P* is either a 2-cell or a 
2-sphorc. The proof is the same as in II. 2.90, except that 11.1.42 is used instead 
of tl.1.35. 

11.2.92. If (P is either a 2-cell or a 2-sphcre, then CP possesses the property (H) 
(cf. 112.89). Indeed, let ilf((P) = (P* be any continuous monotone transfpnna- 
tion. If C* is a proper cyclic element of (P*, then C'^ is either a 2-cell or a 2-sphere 
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by II.2.90, 11.2.91. By 11.2.84 it follows that evoiy proper c^'^clic element of 
(p* ha-s the property {ir). By TI.2.86 it follows that (P* itself possesses the 
property (tt). 

11.2.93. It is obvious that all the conceptions used so far in this chapter are 

invariant undor homeoinorphisins. In particular, if h((P) - O’*" is a topological 
transformation, and , • ♦ • , , • • • is the sequence of the proper cyclic ele- 

ments of (P, then }i{Ci) , ' • • , MGn), • * * i.s the sequence of the proper cyclic ele- 
ments of (P*. 

11. 2. 94. We proceed to appi)'' the theory of cj^'clic elements of Peano spaces to 

the study of continuous transformations. Let ^(Ci’) = (P"** be a continuous 
transformation, where (P and (P* are Peano spaces (cf. II. 1.1). Let T ~ LM^ 
M((P) = fO?, L{W) = (P* be a monotone-light factorization of T (see II. 1.17, 
II. 1.18). Let us first assume that the middlc-.space SOI is not a dendrite. Let 
then (Si , " • , ■ be tlie (finite or infinite) sequence of the proper cyclic 

elements of SO? (.see 11.2,52). By IL2.50, It. 2.43 we have a unique monotone 
retraction = (5„ . Then Lfx,M is a continuous transformation from (P 

into (P* (that is, 7 j/i„M((P) C (P^)- Thus wo obtain the sequence of trairsforma- 
tions LniM, ■ • ■ , Ln„M, ' ■ • • These transformations constitute the cyclic 
docompo.sition A(T) of the transformation T. Thus 

A(T) - [L/nilf, . • . , 

wlierc the square brackets are used to indicate tliat the arrangement of the 
sequence is immaterial (sec 1.2,4). If the middle-space 9)? is a dendrite, then SO? 
has no proper cyclic elements, and wt define A(T) as the empty sequence, in 
symbols A (3’) = 0. 

Each one of the transformations Lfji,„M will be referred to as a cyclic jjartial 
transformation of T, Since tlie cyclic decomposition of T is defined in terms of 
ii monotone-light factorization of T, we have to justify yet the notation A(3') ])y 
showing that A(7’) is independent of the particular clioicc of the monotone-light 
factorization. This fact will bo established in the next section; in preparation, 
let us add a remark. 

If A{T) = 0, then SO? is a dendrite. By II. 1.20, the middle-space occurring in 
any monotone-light factorization of T is then also a dendrite, and hence in this 
case A(T) is clearly independent of the choice of the monotone-light factorization 
of T. 

II. 2. 95, Continuation. Let us now consider a second monotone-light fac- 
torization T — L'M'f il7'((P) = 91?', TJ(W) = (P*. By 11.1,20, there exists then 
a homeomorphism k(9)?) = 91?', such that L ~ L% M' = hM. In view of 
11.2. 94 it is sufiiciont to consider the ease when 9)? is not a dendrite. If , * ■ ■ , 
Cl , ' • ■ is tlio sequence of the proper cyclic elements of 91?, then on setting 
C = /i(0, w “ I, 2, ' ' • , we obtain the sequence of the proper C 3 mlic elements 
of 93?' (cf. 11.2,93). Wo have then (see 11.2.50, 11.2.43) unique monotone retrac- 
tions gn(9??) - (5,v , an(91?') = C . By definition, the factorizations T == LM, 
T == L'M' yield the 05 ’'clic decompositions 
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(1) • • • , LfiJI, " 

(2) A'(T) = , LWM', • • 

Now clearly hixjr'' is a inonotoiie retraction from onto . Since tlioro 
exists precisely one such monotone retraction (see II. 2. 43), it follows that 
/<' == htxjr\ 'Jliiifi UfilM' ^ = L^JI. In other words, the 

sequencc.s (1), (2) a&ree iorni for term, and thus A {7^ — A^{7’). lienee the cy- 
clic flocoinposition of T is independent of the choice of a inonotonc-light factoriza- 
tion for T. 

II.2.96, Let there he given two continuous transfoi'inations y'i((Jh) = 0’-^, 
where (Pi , 6^2 > arc Pcano spaces, and (Pi , ePa are homeoinorphic. 
Wo shall then say that tlieii* cyclic decompositions A(y’i), A(7'j!) arc /^-equivalent, 
in symbols A('J\) ^ A{'J' 2 )iF), if and only if one of the following two conditions 
liolds; 

(i) A{7’i) = 0 - A{7\,). 

(ii) 0 7 ^ A(ri) - f7’!, , 77,‘ ■■_•], 0 5 ^ A(r,) = [7’^, n, •••]. and 

iliere exists a rcarrangcinont 72 , • • • , ■ of the sequence Tl , - • • , 7 * 2 , • * • 

such that Ti ~ T^iF) for every n (see II. 1,25). Tliis requirement is uiulorstood 
to imply I'hat the sequences T\ , ■ • * , ■ and 7’'i , * • ■ , Tz , • • ■ contain the 

same (finite oi' in/inih*) number of terms. 

IL2.97. IhiKoitiOi'^r. Let 7'i((Pi) = (P”^, 7 ' 2 ((P 2 ) == (P’' 5c a pair of contimious 
tmmfor}nalionfi fiuch lhaf 7\ ~ 7 ^ 2 ( 7 ^} (scr 11.1,25), 'Fhen A(7\) ^ A( 7 '' 2 )(F) 
(cf.JI.2.96). 

Phoof. Lctr, = Lpl/,,iV,(tP,) = i0L, Li(9)?,) = <P^ ’J\ = L,M ^ , i\U{(S\) = 
= (P*^ be monotone-light factorizations of 7’t , 7^2 . Py 11.1.28 tliero 
exists tlion a homeomoiphism 5 (SOL) = 9)?2 with the following projierties. 

(i) Li = Jj^h. 

(ii) If is any continuous transformation from 9Jh into 9)?i (that is, 
^,(D)b) C 9)f>), tlienLi^pV. - 

Now if 9)fi is a dojiclrite, then SD/g is also a dendrite, and hence A(7’i) = 0 = 
A(7’2). So we can assume Unit iDL is not a dendrite. Let then (S| , • * • , S? , • • • 
be the sequence of llie proper cyclic elements of . On .setting Sa = 

« — 1, 2, < • • , we obtain the sequence of the proper cyclic dements of 9)12 . We 
have then (see 11.2,50, II. 2.43) unique monotone retractions /ii(®h) = (S? , 
M^CSOJs) “ Ga , and by dcrinitioii A(yi) = , • • * , Lin\Mi , • • •], A{Tf) ~ 

[L 2 fhM 2 , ’ • • > 1***1 Now clearly is a monotone retraction from 

9)?3 onto Kz . Since there exi.sts only one such monotone retraction, ii follows 
that U .2 = hfiVF^ , and hence Ls/xalWa — /vaViVr^il/a . In view of (ii) (applied 
with Zi — fi’l), it follow.^ that L^iJizMs Li/x”Mi(F). Tlius A(Ti) ^ A{T 2 )(F). 

11,2.98. Continuation. The preceding argument jdelds not merely the 
existence of a rearrangement as required by II.2,9G(ii), but iu fact yields a definite 
mating of the proper cyclic elements of 9D?i , 9)?2 sucli that mated elements fur- 
nish P-cquivalcnt cyclic partial transformation.s of 7’i , respectively. A word 
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of caution be in order. Since Ti T^iF)} wo have, by II. 1.29, simultaneous 
monoiono-light factorization.^ of the form 

(1) 7', = LM, , - 91?, 7.(99?) - (P^ 

( 2 ) T, = LM, , = m, L(m = 

/ 

tliat i.s, factorizations with the same middle-space 99? and the same light factor L. 
Assuming that 99? is not a dendrite, let , tS" , • * • be the sequence of the 

proper cj-'clic elements of 99?, and for each n let /4"(99?) .= S" be the unique mono- 
tone retraction from 99? onto S". By definition, we have then 

(3) A{1\) = ,*•'], 

(d) A(7y = [Vi17. , • • • 

By the theorem of 11.2.97, there exists a rearrangement of the second sequence 
.such that each element of (3) is /'-equivalent to the clement occupying the same 
position in the rearranged sequence (4). In view of the special choice of tlie 
factorizations (1), (2) there may be a temptation to expect that a rearrangement 
of (4) is unnecessary. In other words, one may expect that Ln”]\Ii Ln’'M 2 (F) 
for every n if factorization.? of the special form (1), (2) are used. Simple exam- 
})les show that this is generally not the case. 

II.2.9P. We shall study presently functions of continuous transformations, 
(t* will denote a fixed Peano space, and P* a fixed metric space (in the applications, 
P"* will coincide with Euclidean three-space). 3 will denote the class of all con- 
tinuous transformations from (P into P’*' (that is, 7’(<P) = (P* C. P* for every 
7’ ^ 3). 'Ilius the .spaces (P and 7^'“ will be fixed, while O’’'" — 7’((P) will be a 
Peano sub.spacc of P* that depends upon the choice of T’ £ 3. The image space 
6^* may reduce to a single point. This will happen if and only if T is constant on 
6’. If Ti G 7^2 ^ 3, tlicn wo pnt 

p['I\ , 7y - max p['I\(x), x G (P, 

where p denotes distance in 7^*', and the use of the maximum is justified since (P 
is compact. If T G 3, Pn G 3, and p[T, T„] 0 for n~^o3, then we shall write 

T„ -> T. 

If 7' G 3, and T — LM, J>/((P) = 99?, 7.(99?) = (P’^ is a monotone-light factoriza- 
tion of 7', then the middle-space 99? is determined by P up to a homeomorphism 
(sec II. 1.20). Thus we can speak, for a given T G 3, of ihe middle-space being a 
dendrite, or a simple arc, or a 2-c,eIl, and so forth, without specifying a particular 
monotone-light factorization. 

11,2.100. (’oNTiNUATioN, Lot T G 3. The cyclic decomposition A(7') of T 
depends only upon T. If A{T) ^ 0, then every cyclic partial transformation 'of T 
belongs to 3. Indeed, if T is .such a cyclic partial transformation, then clearly 
7'((P) C T{C>') = (P* C P*. 

We shall have to use concepts involving T that depend upon the particular 
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choice of a monotone-light factorization for T, and special care will be needed 
in such cases. Lot G and let 

a) T - LM, M{(P) - Lm) - (P^ 

be a deBnitc monotone-light factorization of T, Let Sf bo an d.-set of 21? (note 
that Wl is a Pcano spaeo by 1.2,43). By II. 2.43 tliei'e -exists a unique monotone 
retraction a (8)2) = 8 f. In terms of o-, wo define the symbol T 1 2f by the formula 

(2) . T \ A LaM, 

Thus T 1 21 i.s a continuous transformation from into the space (P* = T{<9) 
(that is, the image of <P under P | 21 is a subset of CP*), Thus clearly P | 21 G 
Since a and il/ are both monotone, the product uM is also monotone (see II. 1.4). 
We agree to use for T | 21 the monotone-light factorization L'aM, In other 
words, ^\'^e agree to use aM as the monotone factor, 21 as the middle-space, and L 
(thought of as operating from 21) as tho light factor. Thus, after a definite 
monotone-light factorization ( 1 ) has been selected for T, each A-sot 2 f of tho 
middle-space SW gives rise to a continuous transformation T \ 21 for which a 
doiiniio monotone-light factorization 7’ | 2[ “ L-aM is assigned. 

Let now 2(i , 2^^ be two yl-.sots of JD2 such that 2 f 2 C • Then P | 2L G 3 as 
noted above, and tho monotone-light factorization assigned to T \ 2b is given 
by tlic formula Tj 2 (i = where a, is the unique monotone retraction 

from 3)? onto 2fi . The middle-space occuri'ing in this factorization is 2b , mid 
by II. 2. 81 (applied to 3)2), 2 f 2 is an ^l-set relatii-'e to 2(i . Hence we can consider 
tho transformation 

(3) (T I 2f0 I 2b - 

where at 2 is tho unique monotone retraction from 2b onto Sfs ■ Now let 0:3 be the 
unique monotone retraction from ^ onto 8(2 . By definition 

(4) T I 212 = 

Now ciearlj'^ exi^ai is a monotopo rolraciion from SOt onto 2b • Since there exists 
only one such retraction, it follows that onscui = oa . Hence (3) and (4) yield the 
fundamental formula 

(5) (T I 2 t,) I 2f2 - T I 212 . 

Suppose that SOI is not a dendrite, and let • > • , - be the sequence of 

the proper cyclic elements of 3)1. Then S" contributes to the cyclic decomposi- 
tion of T the transformation Ljx*M, where /t" is the monotone retraction from 3)1 
onto E". According to our present notations, we have Lfx'M == P | E" (note that 
every proper cyclic element is an A -set). Hence we have the formula (cf. II. 2.94) 

( 6 ) MT) - [T I ••• . 7M EL 

II.2.101. Continuation. Let 2b , • • * , 2b , ■ ■ • be a (finite or infinite) 
seqiionco of d-sets in 3)?, such that 3)1 = 2ft + • • > + 2f„ -f- • • • , and for each a 
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the product (2(i +•■•+• H„)W„+i is either empty or else reduces to a single point. 
By IL2.77 (applied to iU?), it follows that each ju’oper cyclic element S of SD? is a 
subset of precisely one set , and by II. 2. 79 we know that each proper cyclic 
element of ?I„ is also a proper cj'^clic element of 9}?. Now consider a proper cyclic 
element ^ C. tU • Then (i contributes to A{T) the transformation T [ S and 
to A(T 1 ?[„) the transformation {T 1 2(„) | S - T’ | S (sec (5)). Thus S con- 
tributes the same transformation to both A{T) and A{T | The preceding 
remarks yield the formula (cf. 1.2.4) A(T) = A(T ( Sb) -f- * — h A(!r( Sf„) + • • • . 
If 9)? reduces to a dendrite, then clearly all the individual terms in this foimula 
vanish, and thus the formula is trivial in this case. 

H.2.102 . Continuation, Lot Ti , • • ■ , r„ , - • • bo a sequence of cyclic 
chains in Wfl that approximate to 9)2 in the sense of the cyclic chain approximation 
theorem (see II. 2. 71, II. 2. 72). The following properties of the sequence r„ wall 
be relevant (see loc. cit.). 

(a) (r, -h • • • 4' r„)r„+i is a single point for every n. 

(b) On setting 77 = P, -H • ' ■ + P„ + • • • , we have c(77) ~ 9)2. 

(c) On setting = Pi + • • • + P,, , % is an ^-set of 9)2. 

(d) If © is a proper cyclic element of 9)2, then © is a subset of exactly one of 
the cyclic chains P„ . 

(e) If the sequence r„ is infinite, tlicn d(P„) 0 for w — > » . 

(f) Let denote the maximum diameter of the components of 9)2 “ 9L 

•(cf. (c) above). If the sequence P,, is infinite, then 5„ 0 for — >«. 

(g) Each P„ is a Beano subspace of 9)2, and the proper cyclic elements of r„ 
.coincide with those proper cyclic elements of 9)2 that arc subsets of r„ (see 
II.2.82). 

(h) Each P„ is an A-set of 9)2 (cf. II. 2. 58). 

• In view of (g) and (h), an argument entirely analogous to that used in II. 2. 101 
yields the formula A(T) = A{T | Pj) -f • ♦ • + A(T | r„) -j- • • * . 

11.2.103. Continuation. Let P(ai , Ca) be a C3mliG chain in 9)2, and let 7 be a 
simple arc in 9)2 with end points 01,03. By 11.2.61, either P(0i , Oz) reduces to 7, 
•or else 

p(o, , 03) - 7 + e, + ■ ■ ■ -h + • • • , 

whore Si Is the sequence of those proper C3'‘clic elements of 9)2 that 

have a nondegenerate intersection with 7. In the first case, r(0i , 03) has no 
proper cyclic elements (cf. II. 2. 82), and thus A[?' | P(oi , O2)] = 0. In the second 
case, we assert that A[jP | P(fli , 02)] — [7^ j ‘ ^ I j ■ ' •]• Indeed, by 
11.2.82, the proper eyclic elemente of r(oi , O2) coincide with £1 , " • , , ' ■ • , 

and hence A[7' | r(fli , O2)] is comprised of the transformations (cf. 11.2.100(6)) 
[T I p(0i , Oa)] I I - T I . 

11. 2. 104. Given 3 as in II. 2. 99, let 4- (7') be a real- valued, non-negative func- 
tion defined for every T £ 3. The function 4(T) is permitted to have the value 
4- “ for certain transformations T £ 3. 

In terms of 4(7), we define 4[A(7)] as follows. If the cyclic decomposition 


108 


n.2.104 


i^[T) of T ^ 3 is empty, then we put 4’[A(7’)] = 0. H A (2’) 9 ^ 0, then let 
A(2’) = [T\ * • ‘ , T", • • '] (sec IJ.2.94). If the terms of ihe (finite or infinite) 
series ^(T^) + • ■ • + + • * • arc finite and tlie series converges, then we 

put 5>[A{T)] = (p(T^) -f . . • 4 - + • • • , Otherwise we put ‘h[A(7’)I ~ . 

Since ^ is non-negative, it is clear that is independent of the arrange- 

ment of the elements of A(!ir). 

If $(?’) = ^[A(r)] for cveiy T S a, then we shall say that 4’ is cyclicly additive. 
II. 2. 105. Continuation. Let jfi G 3, and let 7 ho a continuum in such that 
(p — Y 5 ^ 0 and T is constant on 7 . That is, Tiy) is a single point of the space 
T{ 6 '^) = (P"^ C It is not as.su raed, ho-wever, that 7 i.s a maximal continuum 
of constancy for T, Let SD be a component of (P — 7 , andlet us define the trans- 
formations Ti , T 2 as follows. 

iT[x} in D, 

> T.{x) = j l\{x) == \ 

in 0’ — JO, [oj in JO. 

Clearly, 'I\ G 3, ITg ^ 3. If <I>(7'') = ^{T^) -j- for every choice of 7', 7 , 33 
with tJie properties just stated, wo shall saj' that h is additive with reepect to 
conlinua of constancy. 

IL 2 . 10 d. Suppose that % given as in [J. 2. 1 04, satisfie.s the following conditions 
(in addition to the condition h ^ 0 ). 

(i) h is lower semi-coniinmxis. That i.s, if T„ — > T (sec II. 2. 99), then 4>{T) ^ 
Jim inf ‘h(7’n). 

(ii) h is additive with respect to coniinua of constancy (sec TI.2.105). 

Let T ^ 3, and let us choose a definite monotone-light faolorimtion T ~ LM, 
M{{9) = L(S0'?) “ (P*. We assort that the following staieinonts hold. 

(a) Lot Sfo be an A -set in iD?, such that SO? Sfo 7 ^ 0, and let © 1 , ■ • • , , • • • . 

be the (finite or infinite) sequence of the components of S92 ^ 3fo . Then (ef. 
n.2.100) <HT) = h(7’ 1 9fei) -h I c(©a)) d- . . . -f- I c(©,.)) + • - - . 

(b) Let flo bo a cut point of SD7, and lot @1 , *••,©„, • - > be the components 
of SU - no . Thou 4iT) = 4?iT | c(©i)) -f * - ■ -f a>(r ] c(©„)) + ■ • * . 

(c) Let ?fi , ?fa be /I -sets in 9)7, such that 9fj + ${3 = 9)7 and Phla is a single 
point., Tlien h(T) - iiT \ %) + <I>(T ) Jta), 

(d) Let $ti , ' • • , Sin , • • • be a (finite or infinite) sequence of A-sets in 9)1, 
such that 5li + * • • -h d- • • • =9)7, and for each n the product (9(i -h ■ • - -f 

rcducCvS to a single point. Then 

h(T) - h(r I sf,) + . . . + $(T i 9r„) -f • • • . 

(e) Let S(i ‘ • be a (finite or infinite) sequence of A-sets in 9)7, 

such that for every n the product (9fi -p - • • d~' 5I„)9(,i+i is either empty or else 
reduces to a single point, Then 

4KT) ^ I ?r,) d* • • ■ + ^(T I ?ij 

(f) Let r\ • - • , r", • • • bo a sequence of 03 ' die chains in 9)7 that approximate 
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to S)? in the sense of the cyclic clmin approximation theorem (see II.2.71, II.2.72). 
Then <HT) = <I>(T !?*)+■•• + <HT | P") + • • • . 

II.2.107. Continuation. JhmoF of Statement (a), We make the proof 
in several steps. 

Case (1). The set SO? — Sh has exactly one component . Then the frontier 
of ©1 consists of a single point Oo of 9lo , and c(©i) = ©i + Oo is an ^-set. Tur- 
thermore, Oo is a cut point of 9}? and ©i is also a component of 90? tto (cf. II. 2. 44, 
II.2.73). On setting 7 = il/~^(rto), SD = it follows by II.1.6 that !D is a 

component of (P — 7. Let a be the monotone retraction from 9)? onto SL , and 
let ^ be the monotone retraction from 90? onto c(©i) = ©1 + no (cf. II. 2.40). 
We have then the formulas (cf. II. 2. 70) ail/ (x*) = do for x G 2D, (xM (x) - M (jc) for 
.T G (P — .4), (3j\[(x) = M(x) for .r £ ID, /Oil/ (a*) = On for .r E O’ ~ 2D. On setting 
Uo = L(no), we have T(y) = LM(y) — L(rto) = a* , and hence 

fo(t in foX-OinlO, 

LaiM(x) = \ L(3A[(x) = \ 

(7'(.r) in cP — fD, [a^ in C’ — D, 

Thus LaM, L(AM coincide with the transformation, s T 2 , /’i of 11.2.105, and 
hence, by II.2.100(ii), 4>(r) = 4’(Lai1/) + ct(L/3il/). Clearly LotM - T \ ^fo , 
Lm = T \ c(©,), and the formula 4>(T) - 4’(T | ?lo) H- 4>[f | c(©,)] follows. 

Case (2), iD? — 9fn has a finite number of components On 

setting ?lo = Sfo H- @2 + ‘ + ©» , by II. 2. 76 the set 9(5 is an ^-set, and 90? — 

91o has the single component ©, . Hence by case (1) we liavo the formula 

(1) ‘h(r) = J %,') + 4>[T )c(©,)]. 

Now T I Wo is a transformation with the middle-space 9(5 = 9(o + ©2 + • * • + @h > 
By II. 2.81, 9(o is an H-set relative to 9(5 , and the components of 9(5 9(o are 

clearly ©2 , ■ * • , . On setting 9(5' — 9(o + ©3 + • * ■ + ©„ , we obtain by the 

process already used \ 9(5) - 4^[(r | 9l5) | 9(5'] + 4’[(T t ^io) I ^(<^ 3 )]. By 
11.2.100(5) there follows, in view of (1), the formula 

4>(T) - MT I 9(5') + <r’[7’ I c(©,)] + <h[r I c(©2)]. 

It is now clear that after n steps wo obtain the fonnula 

^T) = 4,(7- I W) + 4^[T I c(©.)] + ’ • • + 'I-[T I c(©J]. 

Case (3). The sequence of the components ©, , •■•,©„, • ■ • of 91? “ 9(o is 
infinite. Then d(©„) — > 0 and hence also d[c(©„)] — > 0 for a — (see II.2.37). 
Let us put 9(„ = 9(o + ©1 + • * • + ©« . Then 9(„ is an 4-sct by II. 2. 75. If a„ 
is tlie monotone retraction from 9)? onto 91;, , then clearly a„ converges on 9)? 
uniformly to tho identity transformation as a consequence of the relation (©„) •-> 
0 (ef. II.2.40). Hence !/ | 9(„ = La„M converge,'? uniformly on (P to LM ~ T. 
By IL2.10G(i) we have therefore the inequality 

(2) 4>(/) ^ lim inf 4>(y’ | 9(„), 
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On the other liandj T | is a transformation witJi the inidcllc-si)acc . Since 
” SIo has a finite number of components, namely , • ■ • , , wo have, by 

case ( 2 ) and 11 . 2 , 100 ( 6 ), 

(3) MT I su - ^(T ( ?ro) + 0[r I c(@,)] + ' • ' + ( c(@n)j. 

From (2) and (3) we obtain 

(4) ^(T) g ^(T I K) + <!>[T I c(<B0] d- ■ . . + ( c(©J] + • • • . 

Let us put now - $to 4- 1-2 + • • • ■ Then Wn is an ^-set by II.2.75, 

and 9)? — has a finite number of components, namely © 1 , •••,©„. Hence 
we have, by case ( 2 ), 

(5) #(7’) - HT I SrO + I c(©i)] + • • • 4- HT I c(@„)]. 

Let a' denote tlie monotone retraction from SW onto . Clearly, as a con- 
sequence of tlio relation — > 0 , a' converges on SO? uniformly to the monotone 

retraction = 5fi> (cf. 11.2.4:0), and hence T \ §1/, — LalM converges on O’’ 

uniformly to LoiqM ~ T \ % . By II. 2. 106 (i) there follows the inequality 

(6) lim inf | 9f0 ^ (b{T | Sfo), n a> . 

From (6) and (6) wc obtain 

(7) ^(T) ^ I Sfo) 4- <[’[?’ I c(@,)] 4- ■ • • + I c(©0J + • • • . 

(4) and (7) yield statement (a) in II. 2. 106. 

IL2.I08. Continuation. Proof op statement 11.2.106(b), Put §fo == 
@1 4” «o . Then Sfo is an d.-sot and tlie components oi %o ai’e precisely 
©2 / ‘ ‘ ; furthermore, Sto = o(0i) (cf. 11.2.74). Hence, by II.kl06(a), 

4)(T) = 4>(r I sg 4 - ‘I>[P ( C(^,)] 4 - • • ■ - I c(<S,)] 4- • • • + $[T I cm] 4- 

II.2.109. Continuation. Proof op statement II,2, 106(e). Put = 
flo . By II. 2. 76, Oo is a cut point of 9)?, and — Oo , Sfa Co are sums of com- 
ponents of 9)7 — (to • In otlier words, the components of 9)7 Oo can be divided 

into two sequences , •<•,©(, > • - and <Bi' , * • • , ‘ » such that the 

components of 9)2 — 9 (i coincide with j • • • , i ‘ " and the components of 
9)7 — 8(3 coincide with . By 11.2.106(a) and (b) wo have 

therefore 

<HT) = $(T ( %r) -f <HT i c{<Sf0] 4- • • • + 4>[T I cm)] + • • * , 

<HT) - I $f J 4- I cm] 4- • • ' + 1 cm] d- * ■ ■ , 

cf(7’) = {<I>tr j cm] + • • • 4- i cm] 4- • • * I 

4- {^[7’ I cm)] 4- • • • + ! cm)] + •••{. 

These formulas yield imniecliatel}'- the result that — <I^(T ) 8 fi) 4- 4>(T | Jfg). 
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IL 2 .no. Continuation. Pkoop of .statement 1 1. 2.1 00 (d). 

Case (1). The given .sequence of /I -sets is a finite sequence , • • • , . If 

n — Ij then ?ti — 9)^, 7' | ?(i — T | = T, and thus the assertion is obvious. 

Assume that tlie statement lias already been established for sequences of — 1 
terms. Then for a sequence with n terms Hi , • * • , H„ wo put Hf = Hi H- • * • + 
H„-i , Ha = H„ . Then H( is an A-set and ?[i , ■ • • , H„-i are A-sets relative to 
Hi (see 11,2.19, II.2.81). Since T \ is a transformation with the middle space 
H( , and since statement (d) is assumed to hold for sequences of w — 1 A -sets, we 
have (cf. 11.2.100) 

HT 1 HO = <li(T I HO I Hi] + • • ■ + <I>[(T t HO i H..-,,] 

= HT 1 HO + • • ■ 4- I 

On the other liand, by 11.2.106(c) wo have 

(2) ^T) == $(r j HO + HT ( HO = HT I HO + HT \ HJ. 

(1) and (2) yield the desired result. 

Case (2). The sequence Hi , ■ is infinite, Put Hi + • • * + Hn = 

H^ , and let d!, denote the maximum diameter of the components of iO? “ H^ . 
Then 

(3) d'n 0 for ^ Qo 

by 11.2,48. Since T \ H], is a transformation with the middle-space H^ , we have 
by case (1) (cf. 11.2.100) 

HT 1 HO = 4>[(T I HO I Hi] -!-•••+ m' I StO I H„] 

= 4>(7’ I HO 4- • • • -f HT I HO. 

Now let O’], be the monotone retraction from JD? onto H,', (note that is an A -set 
II. 2. 19). Clearly, o:'„ converges on 9}? uniformly to the identity transforma- 
tion as a consequence of (3) (cf. IL2.40, II. 2.43). Hence T \ H^ = La'nM con- 
verges on (P uniformly to LM ~ T. By II. 2. 106 (i), it follows that 

(5) ‘h(P) ^ lim inf \ H'), ^ , 

(4) anfl (6) yield the inequality 

(6) 4’(T) g <h(7’ 1 Hi) 4- • • • + <HT I HO + • • ' . 

Now lot , • ” , • be the components of 902 — H,( . By 11.2.106(a) we 

have then 

HT) = iKT I HO 4- 1 c(@0)] 4- • • • 4- ‘I>[2’ 1 c(0O)] + ■ ■ • . 

Since is non-negative, there follows in view of (4) the inequality 

(7) iiT) ^ I Hi) + • • * 4- <I>(r I HO. 

Since ?iis arbitrary, (0) and (7) jdeld $(!r) = i>(T | Hi) 4- ■ “ 4- 4‘(T | HO 4^ ■ ' 
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11.2. in. Continuation . Pnooi-’ o p statement II. 2. 106(e) . Suppose first 
that the given sequence of X-sets reduces to a single term Sfo , If ©i , • • • , ©a , 
•• • are the components of SO? — ?fo , then <!'(!/’) — 9fo) + c(@j)I 
-!-••• by 11.2.106(a). Since i.s non-nogativc, there follows the inequality 
(?') ^ MT I Slo). Suppose now that the statement (e) has been already 
verified for sequences of not more tlian n terms. Given then a sequence of 
tt 4- 1 terms 9f, , • • • j 2f„ , , let us consider two subcases. 

Case (l.a). sets ?ti , • • • , , ?f„+i are disjoint. Let , ■ • • , ©a , • ■ • bo 

the components of 9)? — ?i„+i . Since each 21, is connected and 9t, C 9?? " ^inu 
for * == 1, • • • , TO, it follows that each 9L is a sub.set of exactly one of the .sets 
©I , ••*,©;, • • - . Let us put 

Z. == JlHT I H.). c e. 

Of coui'se, Zt be vacuous for a given k, and then Zi ~ fi* Now for each k 
the summation contains at most n terms, and hence wo liavoZ* ^ ( c(©a)I 

(note that T J c(©a) is a transformation witli the middlc-spaco c(©a)). Thus 

HT I + • • • + HT ( %,) ^ <hlT I c(©i)] 4- ■ • - + I c(©a) 1 + ' • ' . 
On the other hand, we Jmve by 11.2.106(a) 

(p(T) = <i>cr I W„,,) 4- 1 c(©.)] + • • • + ‘h[3’ I c(©a)J 4- • ’ ' , 

and the inequality ‘h(f) ^ j ?fi) 4- • • • + I SL+i) follows. 

Case (l.b). The sets ?fi , • ’ ' , 9(„ , 91 , h i arc not disjoint, say 91i9l2 ^ 0. Then 
9tj9f2 is a single point, and hence 91i 4- Wa is an ^-set (see 11.2.19). Wo have 
therefore the inequality 

(t) <HT) ^ iiT I (n, -h %)] + Hi’ i ^s) 4- • • • 4- HT 1 91«m). 

By 11.2.106(c) (applied to T j (91, + ^la)) wc have, in view of II.2.100, 

(2) <liT ! (91, -h 9h)J = <b(T 1 ?(,) 4- <HT \ 

(1) and (2) yield the inequality ^ d?(7' ( 91,) 4- ... 4- ti(T \ 91„+i). 

Thus statement (e) is established for finite sequences of ^-sets. If the given 
sequence 91, , 91„ is infinite, then by what precedes wo have ^ 

^{T I 91i) 4- . . . -p I SlJ for every n, and the desired inequality follows for 
a — ^00. 

11.2,112, Continuation. Phoof of statement 11.2.106(f), By IL2. 100(e) 
WG have the inequality ^ 4>(2' | r‘) + • ' ■ 4- HC j T”) 4- * • • ■ To estab- 
lish the complementary inequality, it is sufficient to consider the ease when the 
sequence P" i.s infinite, since in the finite case the desired result follows directly 
from 11.2.106(d). Setting 9L = P^ 4- • • • + T", 91„ i.s an yl-set and the maximum 
diameter of the components of 9)2 — 91„ converge.? to zero for 7 i~^co by II.2.72. 
Hence, if a„ is the monotone retraction from 902 onto 9C , then a„ converges on 902 
uniformly to the identity transformation (cf. II.2.40, 11.2.43). Consequently 
7^ f 91„ = La„jV converges on <P uniformly to LJlf = T. By n.2.106(i), 
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(1) <P(T) g lim inf I ?r„), 

On the othei’ hand, 11,2. 106(d) (applied to T \ Sf„) yield.'? (cf. II.2.100) 

(2) I sr„) - cr>(r j r’) + ‘ I r"). 

(1) and (2) yield the do.sircd inequality $(T) ^ ‘I>(^f’ | r‘) -j- • • • -f I T'’) + 


II.2.113. Cyclic apditivity thkokeai. Let 3 he the class of all continuous 
transformations from a fixed Peano space (P into a fixed metric space P* (that is, 
T((P) C -P* for every 3’ G 3). Let ^’(T) he a real-valued function defined for all 
y G 3. Suppose that thefollomny conditions hold, 

(a) 6* possesses the property (IT) (see II.2.89). In particular, (P may be a 2-cell 

or a 2-8pherc, 

(ff) i\>(T) ^ 0/or T G 3. For certain transformations T G 3, ‘t>(3’) may be 
equal /o + “ . 

(7) <t>{T) is lower semi-continuous (sec IL2.10G). 

(5) If T is constant on (P, then ^^(T) - 0. 

, (e) If the middle-space occurring in the monotone-light factorization of aT is 

a simple arc, then i>(T) = 0. 

(0) 4?(T) is additive with respect to continua of constancy (see 1 1. 2. 105). 

Then ‘P is cyclichj additive (see 11,2.104). 

PiiooF. By 11.2.106, 4* possesses all the properties (a) to (f) listed there, as a 
consequeneo of the assumptions (/S), (7), (0). Henee, as a .special ea.se of 
n.2.i00(c), wc have 4>[A(7’)] S HT)' Tlwf* if' i*^ sufficient to prove 

(1) ‘I>(3') ^ 4’[A(3’)]. 

In view of condition (6), it is sufficient to consider the case when T is not con- 
stant on (P. Let T G 3, and lot T — LM, M(6^) ~ L(SD?) = 6’'*' be a definite 
monotone-light factorization of T. We make the proof of (1) in several steps. 

Case (A). 9)? reduces to a single cyclic chain r(ai , fls) . Lot 7 bo a simple arc in 
Sli with end points n, , 02. 

Subcase (A.l). 911 = 7. Then A(3’) = 0 and hence 4>[A(7’)] = 0. By con- 
dition (e), 4>(?') = 0. Thus (1) holds. 

Subcase (A. 2). 9)1 lui.s a finite number of proper cyclic elements (Si , • • • , <5^ . 
By II.2.63, we have then in 9)1 a finite system of cyclic chains Fi , • • • , r,v , such 
that r.Tn 1 is a single point, f == 1, • • • , A — 1, PiT, = 0 otherwise, Ti -f • • ■ 4* 
r^r = 9)1, and each , k = 1, • - n, coincides with a term of the sequence 
Tj , • • • , r^r . In view of II. 2. 61 it follows that for each i cither P, is one of 
the projicr cyclic elemi>ni.s (S, , ■ ■ • , (S„ , or else P, reduces to a simple arc. 
H(‘ncc, In view of the condition (e), 

<HT I Pi) + • • • + HT ( Pv) = HT I eO + • • • + HT 1 (S,.) - ‘P[A(7')]. 

On the other hand, <I>(T j Pi) -f- • " -I- 4'(7’ ( F.y) — 4‘(^) b.y IT.2. 106(d), and (1) 
follows. 
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Su^casp (A.3), has infinitely many proper cyclic oloinonls (Si , * • • , 
(S , , • • • . By 11,2. 87, II.2.88 we have for each n a monotone roivncUon iw„(S)2) « 
7 + (Si + • • • + , such that /i„ converges on 9)? uniformly i.o Iho i<l<'ntil.y 

transformation. Hence the sequence converges on (P unifoimly to ivil/ = 
T. By condition ( 7 ) it follows that 

(2) ^(T) S lim mf u . 

On the other hand, if we use for Lfi„M the monotone-light fatsiorimlion L'n„M 
(cl 11. 1.4), then the middle-space coincides with 7 + (5, + • * • (5,, . Ilonco 

(cf. II.2.82, 11.2,83) this middle-space reduces to u single cyclic (jhaiii witli a 
finite mimhei of proper cyclic elements, namely (S, , • • • , (S,. . ITenee by (A.2) 

(3) HLfiJI) ^ 4>[A(L/i„M)]. 


]^o\v let /?, be the monotone i‘ct)'aclion from y-HSid- 
By definition 


+ (S, onto (Si fi =‘ 1, 


(4) 




Clearly is a monotone retraction from 9)? onto (S, , and since tluu'o oxIhCh jusi 
one such retraction, f | (5, . 'Ilius A{LnM ^ [T] ‘ , T (5,.). 

and consequently, in view of (3), (4), and condition (/3), 

(5) HLfiJI) S HT I (SO ■ ~h <5(?’ I ej ^ <I‘lA(7')J. 

(2) and (5) imply (1). 

Case (B). 9)2 does not reduce to a single cyclic chain. Let ilion 1'*, •••,!'" 

• • • be a sequence of cyclic chains in 9)2 that approximate to 9)2 in iho son.so of 
the cyclic chain approximation theorem (see II.2.71). By II.2.102 wo Imvo Uion 
A(rj - A(7' [ r ) + • . . + a(T ! r") + • < . , and hence (see T.2.<l) 

((3) = <h[A(7’ j r’)] -f . . . + $[A(7’ | r'')j -f- . . . . 

On the other hand, T \ is a transformation rvith the micldle-spaco r", ITenco 
by case (A) (cf. 11.2.82, II.2.83) 

'Kr I n S 4.[4(r I n], .... 

By 11.2.100(f), we Imve 

(3) 0 (r) = 0(7’ j r') -}- • . . -j- I r”) -f- ... 

'*11 « complelo, 

M comitn. 'l^^foOomnB add^ 

‘iJil'SZZ “Cit I'.”"*" ’■ e ” 
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Proof. Sujjiciency. If the middle-space is a dendrite, tlien d(7’) = 0 , and 
hence ^T) - ‘I>[A(?0] = Oby II2.113. 

Necessity, If = 0, then by II. 2. 113 we have 4’[A(3’)] == 0. Suppose 
tliat the middle-space 9)2 is not a dendrite, and let Si , • ■ • t i • • ■ be tlie proper 
cyclic elements of 9K. Then 0 = 4>[A(?')] = ^{T ( Si) ^{T | S„) + • ■ • . 

Since ‘I> is non-negative, it follows that | © 4 ) = 0 for eveiy n. On the other 
hand, since T ( Sn is a transformation in 3 with a nondegencrate cyclic middle- 
space (namely ®„), wo should have <h(!ir [ (S„) > 0 by condition (\^). Thus the 
assumption that 9)2 is not a dendrite leads to a contradiction. 
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CHAPTER 11,3. CURVES AND SURFACES 


11.3.1. The terms curve a,iicl surface nre constantly used in many fields of 
malhematic.s, but explicit definitions arc usual not given. In the t 3 ^pe of 
.studj’' we are engaged in, all concepts involved .should be fixed with all possible 
clarity. Accordingly, wo shall pre.seiit and studj'' in this chapter tho.se concepts 
of curve and surface that seem to be most suitable for our purpo.ses. The motiva- 
tion and the historical development of these coneopts will be discussed in chapter 
n.5. 

11.3.2. The terms curve and surface arc wiclcfy used in mathematics to refer 
to certain geometrical objects in the complex domain. Let us note explicitly that 
ive are interested in ike real case only. 

IL3.3. Since binary relatw7is will play an ini]) or tan t role in our definitions, 
we begin with a few general remarks. Of the i''arious definitions of a binary 
relation, the following i.s adequate for our purposes, Given <any class K of ele- 
ments to be denoted hy a, b, • • ■ , a binaiy I'clation i8 in K may be thought of as a 
statement with two blank spaces, to be filled in by elements of K. For example, 
if 7f is the class of the inhabitants of a city, then i.s father of []]” is a liinary 
relation in K, where tho squares i’C])resent the blank .spaces. For convenience, 
let u.s use tho letters and y instead of blank spaces. Then the statement is 
father of y” i.s a binaiy relation in K. If wc use the sjunbol .riBy as an abbrevia- 
tion for the .stalemcnt “,r is father of y'\ then the statement a^b, where a, b are 
definite elements of K, may be true or false. In the first case, wc say that the 
relation a5S6 holds, in the second case we say that the relation aSR). fails to hold. 
Further illustrations of the conception of a binary relation will readily come to tho 
mind of the reader. The relation p O q oi eonjugacy in a Pcano space (see 
1 1. 2. 3) is an important example of a binary relation. The binary relations 
Ti ~ Ta(/s), Ti Ta(F) (sce II. 1.25, 11,1.26) are further instances of great 
importance. As .suggested bj*' these examj^los, a variety of notations arc being 
used to refer to individual binary relations. 

11.3. 4. Continuation. Let x^y be a binary relation in a class K. Let ^ 
be the c]as.s of all tliose ordered pairs (a, b) of elements of K for which the relation 
ff935 holds. The use of ordered pairs is motivated by the fact that generally the 
relation aiSb does not imply the relation h^&a. Obviously, tlie relation a^b holds 
if and only if (o, b) £ In other words, tlie binary relation x^y has the same 
scope as the binary relation determined by the statement “the ordered pair 
(.r, y) belongs to the class This remark suggests a definition of a binaiy 
relation in terms of a class of ordered pairs of elements of a class K. This type 
of definition is of general use at present in the theory of binary relations, and 
would be equallj'' acceptable for our purposes. 

11.3. 5. Continuation. A binaiy relation x^y is reflexive if a^a for every 
a G K. It is syimnelrk if implie.s and it is transitive if bi&c imply 

lie 
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aS 8 c. For example, the binary relation 77 O of 11.2.3 is reflexive, symmetric, but 
not transitive. 

A binary relation which is reflexive, symmetric, and transitive is called an 
equivalence relation^ or briefly an equivalence. We shall use .r91y (instead of x^y) 
to refer to an equivalence relation. 

Oiven an equivalence in a class A', a nonempty .subset B of K is called an 
equivalence-class (relalivo to 91 in K), if and only if the following conditions hold, 
(i) If a ^ B, b S E, then a91&. (ii) E is maximal with respect to the property 
(i) (that is, B is not a proper subset of a set that has the property (i)). We have 
then the following statements. 

(a) If El , B 2 are equivalence-classes, then cither Bi — E^ or else BiB^ — 0. 
This is an immediate consequence of the transitivity of 91. 

(b) If «o is any clement of K, then there exists a unique equivalence class that 
contains Oo . Indeed, let Bo bo the set of all those elements p of K that satisfy 
the relation p9iao • Then Bo is not empty, since Bo. Since 91 is transitive, 
Bq obviously pos.sess(» the property (i). If E contains Bo and E po.ssesses the 
property (i), then clearly B C. Bo . Thus Bo is maximal with respect to the 
property (i). The uniqueness follows from (a). 

In view of (a) and (b) it follows that the equivalence-classes constitute a dis- 
joint covenng of K, In other words, if F is the family of the equivalence-classes 
relative to 91, then every element of K is contained in precisely one sot of the fam- 
ily F. Conversely, every disjoint covering of K can bo accounted for in this 
manner. Indeed, if $ is any family of subsets E of K that constitute a disjoint 
covering of K, then the statement “a* and y arc contained in the same set of the 
family <I>” determines a binary relation in K that i.s clearly an equivalence, and 
the corresponding equivalence-classes clearly coincide with the sets of the family 

11.3.6. Given an equivalence 91 in a class 7C, let be the family of the equiva- 
lence-classes relative to 91 in K. Then may be thought of as a new class 
derived from K by collapsing each equivalence-class in K into a single clement of 
the new cla.ss 'h. This procedure of deriving new classes is applied in a variety 
of important instances in mathematics. 

11.3.7. The relation Ti T 2 {F) (see II. 1.25) will now bo used to define the 
geometrical objects that will be termed F-cums, F-surfaces, and more generally 
F-varieties. The letter F is used to refer to the fact that the relation T, T^iF) 
was introduced by Frdehet. 

Let K be the class of continuous transformations of the form T{(S‘) = (P* C B*, 
whore P* is a fixed metric space, and (P is any Peaiio space (in the applications, 
P* will be the Euclidean .^ 7 /^-space). We choose a Poano space (Po and define 
/f((Po) as the .subclass of K consisting of all those continuous transformations 
T{(?) — (P* C P* for wliich (P is homeomorphic with (Pq . In the class K(<9^ we 
consider the binary relation P, ^ Ti{F) (see II. 1.26). Obviously, this is an 
equivalence relation. An F-vanety of the type of (Po m P* is now defined as an 
equivalence class in K(<Po) with respect to the equivalence P, ^ T^iF). Clearly, 


If (Po is replaced by any Poauo space (Pn hoiueornorphic with (?« , then the F- 
varieties of tjqjc (P,j coincide with the /^-vnrietios of type (Po < On th(3 other liand, 
the choice of P* is relevant, The following special cases arc of importance in the 
sequel 

(a) P* is the EucJklean three-space, (Po is a 1-ccll (see 1.2.31). Tlie corre- 
sponding P- varieties are called F -curves of the type of the i-cell (or of Uio typo of the 
.simple arc) in Euclidean three-space, 

(b) P* is the Euclidean throe-space, (Po is a l-splicrc (sec 1.2,31). We obtain 
then the F-curves of the type of the ^.-sphere (or of the type of the simple (’lo.sed 
curve) in Enclidea?i three-space, 

(c) P^ is the Euclidean thrce-spaco, d*,) is a 2-cell (see 1.2,31). We obtain 
then the F -surfaces of the type of the 2-cell in Euclidean three-space, 

(d) P* is the Euclidean three-space, (Po is a 2-sphcrc (see 1.2.31). Wo obtain 
tlien the F-surJaces of the type of (he 2~sp}iere in Euclidean three-space, 

ir.3.8. Using the tenninolog}'' of IT.3.7, let Pi(cPi) = (Pf , p 2 ((Pa) = (P* be 
two transformations in the class 7C({Po). Let //(O^O = (P^ be a homeomorphism, 
and let us put (cf. 1.2.10) 

5(r, , T, , ri) = max p[P,(.r.), r.P(a;,)], € (P, , 

where the use of the maximum is justified since (Pj is compact. We define the 
Prdchet distance d}r{Ti , T.f) by the formula 

,T,) = gr.l.b. 5(y, , 

wliere tlie gi’oatest lower bound is taken with respect to all homoomorphisras 
//((Pi) = (Pa . Clearly 0 ^ d^{T, ,Tf) < o., and , Tf) = , T,), If 

jT, , arc any three elements of the class /C((Po), then there follows readily 

the triangle inequality 

d,i:i\ , n) ^ d,Cl\ , /',) 4- d^iT, , T,). 

It should he emphasized, however, tliat the distance dp fails to possess an im- 
portant projjoi'ty that a distance-function in a metric space should jjo.ssess. 
Indeed; the relation dp (ITj , ^ 2 ) =" 0 does not general^ imply that 2’i = T 2 • For 
example, if iri((Pi) == (P*, 2^2 ((P 2 ) = (P'*', where (Pi ^ P 2 and Ty T^its) (cf. 
II.1.26), then clearly dF(3\ , Tf) ~ 0 and Ty 9 ^ ' 1 \ , As a less 'trivial but more 
revealing example, we mcnlioii the following situation. Let be the Euclidean 
three-space, and Jet (Po be chosen as a 1-cell. Let (P bo the interval 0 ^ u ^ I, 
6^* the interval 0 g .r ^ 1, y = 0, s; — 0, and lot 2’i((P) == (P*, T-i((P) ~ (P* be de- 
fined by tlic formulas 

Ti : .u = ffiu), y = 0, z — Of 0 ^ u ^ I, 

Tj : X — u, y = 0, z — 0, 0 ^ li ^ I, 

where ff(u) = 2« if 0 ^ a ^ 1/2 and ff(u) = 1 if 1/2 g « ^ 1. Then Ty 7 ^ , 

and clearly even the relation Ti Fiils) fails to hold (cf, 11,1.26). On the 
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other hand, , Tz) = 0, Indeed, lot « > 0 bo given. Then the formula 
w' — + €u]/{l 4- e) = h{u) defines a homoomorpliism h{(9) ~ (P, and 

i(r, , T, , h) = max p[r,(M), 7Vi(«)l = max | o{u) - « | 

Since e waH arbitrary, it follows that dATi , Tg) = 0. 

II.3.9. Let Ti( 6\) = (Pf , == (Pt be two elements of the class K((Po) 

(see II.3.7). If (h'{'J\ , T-P) = 0, then (Pf = (P^ (the converse being generally 
false). 

PnooF. Let yl be any point of (Pf . Then wq have a point pi ^ (Pi such that 
pf ~ 7’, (pi), CtIvc e > 0. B 3 '’ ns.sumption, wo have then a homeomorphism 
//((Pi) = (p 2 such that p[Ti{xi), < e for 6 (Pi • In particular, on 

setting pz = H{pi), pX == Tz{p 2 ), it follows that p(pf , pf) < e. Since e was arbi- 
trary, it follows that pf G (}’| . Thus (Pf C (P* j and similarly (Pf C (Pf • 

n.3,10. Continuation. dy(Ti , Tg) = 0 if and only if Ti TzUO- Tiiis is 
an immediate consequence of II.3.8. 

11.3.11. Let ^?’((Po , P*) be the class of /’-varieties of the type (J^o in F*, and let 
V E 5f((J^o , F*). Then V is an equivalence-class of elements of the class /!f((Po) 
(see IL3.7). Each element 7’((P) == (P* of this equivalence-class is called a 
representation of V, From 11,3.9, II. 3. 10 it follows that tho space (P* is the 
same for all tho representations of V. On the other hand, the space (P may be 
chosen as any Pcano space liomcomorphic with d’o • Indeed, if 7'((P) = (P* 
is any representation of F, and if (Pi is any Peano space homcomorphic with (Po , 
then there exists (since T E K((Po)) fi- homeomorphism //((P) = (P, . Put 7’i — 
Tir\ Then 7'i((Pi) = (P* is a representation of F. Indeed, PCt) = Tir^H{x) 
= Tillix) for .T E (P. Thus 7’, Tz{ts\ and hence Ti ^ T{F) (of. II.1.26). 
That is, Ti and T belong to tlie same equivalence class, and consequonily 7'i is 
also a representation of F. 

The preceding argument yields also the following statement. If P((P) — (P’*' 
is a representation of F, and if = (P is a homeomorpliism, then TH{(Pi) - 

(P* is also a representation of F. Simple examples (of the typo discussed at the 
end of II. 3. 8) show that generally we cannot expect to obtain in this manner all 
the representations of F, and no general process is known at this time that would 
yield all the representations of V if one representation is given. 

If Ti{(Pi) = , 'i\{(Pf) = (Pa arc two representations of F, then 7’i ^ Tz{F) 

and hence (P* = (Pf as noted abo^^c. If (Pi = (Pa , then the I’eprescntations are 
termed colloeal. 

Wc shall write F ; T{(P) — (P'*' to express tlic fact that T{(P) — is a repre- 
sentation of F. Clearljq Y is determined b^’’ any one of its representations. 

11.3.12, Continuation. Let 7’ ((5*) = T'{S*') = (F’’ bo two representations 

of Then there exists a sequence of representations T„{(P) == (P* oiV such that 
T„ T'{is) and T„ coii’\'’erges on (P uniformly to 7’, 

Proof. By assumption, T ^ T'{F). Hence there exists, for every positive 
integer n, a homoonioj’phisin //„((P) = (P' such that p[T(x), 7'7/„(.t)] < 1/n for 
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X G (9. On setting T„ = ?'7/„ ^ it follows that p[T(x), f„(.r)] < 1/n for a: G O’- 
Tims T„ converges on (P uniformly to T, and by II.3.1I, Tn((9) — (P'*' is a ropre- 
sentation of V. Clearly^ ~ 

11. 3. 13. If y : T((9) ~ (P*, V' : 7’'((P0 = (P’*’ are two y- varieties of the class 
j?((Po j P*), and admits of a sequence of representations T„((P) ~ (P’*' such that 
T„ converges on (P uniformly to T, then V — V'> 

Pnooii'. Give e > 0. Since T„ and 7’' are representations of V*, and hence 
Tn P'{P), we have a homeomorphism ~ such thnt.p[7’„(.'r), 7’'//„(a')] < 

e/2 for X E (P- Since Tn converges on (P uniformly to T, we can choose n so that 
pIT(x), Tn(x)] < e/2 for a: ^ (P, There follows the inequality pITOr), 7’7/„(.r)J < 
€, X E Since e was arbitrary, it follows that 7' ~ T'(P). Thus 7’ is also a 
representation of V\ In other words, the equivalence-classes V, V' both contain 
T, and hence are identical. 

11.3.14. Given two y- varieties Vt , ^2 of the class ^^((Po , P^) (see II.3.11), 
let 7’J((P]) = (Pf , ^^(CPf') = (P* be any two representations of Vi , and let 

— (P* , Ts{< 92) ~ (Pt beany two representations of . Then (cf. II.3.8) 

(1) dAT\ , Ti) - , T'O. 

Troop. By the triangle inequality we have 

(2) , TO ^ , TfO + d,{TV , , I’O- 

Since T[ T{'{F), we have , T'd) = 0 (see IZ.3.10). Similarly d,{Ti ' , 
T'z) == 0. Thus (2) yields df>{'p'i , 7'0 ^ dif(7’f', T^'), The complementary 
inequality Ti*) ^ dp{T [ , T’O is established in an analogous ihanner, and 

(1) follows. 

11.3.15. Given two T^’-varieties , V 2 of the class j?((Po , P*) (see II.3.11), let 
7’i((Pi) “ (Pf be a representation of TT, and let T 2 ((Pa) — (P* be a representation 
of Vi . We define the distance d{Vi , of Vi and 1^2 by the formula 

d(7. , Tg - dAT. , Ti). 

By 11,3.14, d{Vi , V 2 ) is independent of the particular choice of the representa- 
tions used, and thus the notation d(Vi , Tg) is justified. By II.3.8, the distance 
d(Vi , Fa) has the following properties. 

(a) 0 ^ d(Fi , Fg) <«. 

(b) d(F,, Fg) = d(F2, FO. 

( 0 ) d(F, , Fa) ^ d{V, , Fg) + d(F 2 , F.) (triangle inequality). 

We assert finally that d(yi , Fg) = 0 if and only if Fi = Fa . Indeed, let 
Ti((P 0 = , 7’2((p2) = CP* be representations of Fj. , Fa respectively. Then 

d(Fi , Fg) = dATi y Ti). Suppose first that d(V, , Fg) = 0. Then 7\ ^ 7\(F) 
by II.3.10. Thus both of the equivalenee-elasses F, , Fg contain Ti , and hence 
Fi “ Vi . Suppose, secondly, that Vi ~ V 2 . Then 7\ , Tg are in the same 
equivalence-class. Thus Ti ^ 7’2(i^), and hence, by 11.3.10, 0 = dp{Ti , T’g) = 
d(Vy . Vi). 

Thus the dtslance d(F, , Fg) satisfies all the conditions io qualify as a distance- 
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funclion in a metnc space. The class , P*) becomes a metric space in this 
manner, and we shall speak from now on of the space j!!((Po , P*) of the /^-varieties 
of typo (Po in the metric space P*. In accordance wth 1.2.36, we set up the fol- 
lowing definitions. If Vn 6 P’'), V E ^(d'o, P"*"), then the sequence V„ 

is said to converge to V if and only if d(F„ , T'') ^ 0. If this is the case, then we 
shall write V„ — > V, According to 1.2.12, the following statements hold, 

(a) If F„ V', 7„ ^ V", then Y' = Y". 

(P) If F„ - F, n = 1, 2, • • • , then Y„ F. 

(7) If F„ — >■ F, then every infinite subsequence of the sequence F„ also 
converges to F. 

(8) If F: F, F'' ^ F, llicn the sequence F( , F(' , • • ■ , , T'F , • ■ - also 

converges to F. 

On the other hand, the space jl((Po , P*) is obviously not compact. 

11.3.16. Given F„ : Tn((Pn) = (P* , F ; !r((P) = (P'" in the space il((Po , P*), 
suppose that F„ — > F. Then there exist representations F„ : T''((P) - (P,* , such 
that T' converges on (P uniformly to T. 

Peoof. By assumption 

(1) d(F„ , F) = dy{T, ,T)^0 for a -> « . 

In view of the definition of , we have for each n a homeomorphism 7A((P) = (P„ 
such that 

(2) p[T(x), TJUx)] < ihiT„ , T) + 1//?, X 6 (P. 

I 

Let us put 7'” ~ . Then r’‘((P) = (P,t is a representation of F„ by 11.3.11, 

and by (1) and (2) clearly 2'” converges on (P uniformly to 2\ 

11.3.17. Conversely, if F« , F G il!((Po , P^), and F„ , F admit of representa- 
tions F„ T’'{(P) — (P,t , F : T((P) = (P*, such that T" converges on (P uniformly 
to T, then F„ *-> F. Indeed, d(F„ , F) - d,(r\ T) 'k max pfrCi;), T{x)i 
X E (P. Hence d(F„ , F) — > 0. 

11.3.18. If Fi , F2 E it((Po , P*), 5 is a positive numbei’, and Fi : Ti((Pi) = (Pf 
is any representation of Fi , then the inequality d(Fi , F2) < 8 holds if and only 
if Fa has a representation F2 : T'j{(Pi) — (P| such that p[jr2(.ri), Ti(a*,)] < 5 for 

E • The i)roof is obvious. 

11.3.19. If F E i?((Po , P*), and F ; = (P* F : = (P* are two 

representations of F such that Ti ~ Ti{ls) (cf. II. 1.26), then the representations 
will bo termed topologically similar. Using this terminology, the statements in 
II. 3. 12, IL3.13 may be reworded in the following obvious manner. If Fi : 7'i((Pi) 
= (Pf , Fa : " (Pf are two T’- varieties in ^l!((Po , P'**), then Fi = F2 if and 

only if, for every 6 > 0, F2 admits of a representation Fa : P!((Pi) = (Pf which is 
topologically similar to the representation Fa : Ta((P2) (Pf and satisfies the 
condition p[Tiixi), T]{xi)] < e, Xi E (Pi • 

11.3.20. An P- variety F E il((Po , P*) gives rise to several geometrical objects 
that arc of importance in the sequel. Let 
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{]) r : T{<9) = (p+ 

be a representation of K. Then (P, O’* are Penno spaces, and hence T admits of a 
inonotone-Iight factorization (see 11.1.18) 

T = Lil/, M{(?) = im, Lm) = d’*. 

Assuming that is not a dendrite, lei 

A(7’)"= 17\ , ■■.] 

be the cyclic dccompoaitiou of T (see 11,2.94). Then each one of the cyclic 
partial t]'ansformations T„ is of the form 7\{(S') = (P* , -where CP,f is a subset of (P"*-. 
Hence ilie P-^’-ariety TT defined by the representation 

= (P* 

belongs to il'((Po , P*^), We define the cyclic dec07nposiiion A(F) of V by the 
formula (cf. 1.2.4) 

^(10 = , V„ 

Of course, the sequence V„ may consist of a single term. There arises the ques- 
tion as to the dependence of these various entities upon the choice of the repre- 
sentation (1). As regards \ve already noted in 11.3.11 that it is independent 
of the representation. The .space (P* will be termed the end-spoce associated 
with V, Let nou’ 

(2) V ;'t’((P‘) = (P* 

be a second representation of V, and let 

r = VM\ = 9)^', = (P* 

be a monotone-light factorization of T\ Then T T\F), and hence the 
middle-spaces SK and' SOP are homeomorphic by II. 1.28. Furthermore, by 
11,2.97, A(!r) ^ A(!r‘)(F). That is, tlie csmlic decomposition A(T^) of T'^ can 
be written in the foim 

A(r') = [T1 , ,7’* , 

in such a manner that T„ ^ ri(F) for ever}'^ n. Hence if F,‘, is the F-variety 
determined by the transformation , tlien Vl ~ F„ for every n. In other 
words, the representation (2) jnclds the same cyclic decomposition for F as the 
representation (1). 

We assumed that the middle-space 9)2 is not a dendrite. If 9)2 is a dendrite, 
then n^e tlefine A(F) as an empty sequence of F- varieties, and write A(F) = 0. 
Since by IT. 1.28 the middle-spaces S92, 9)2* are homeomorphic, it follows that A(F) 
is independent of the choice of a representation for F in all cases. 

Summing up, \vc have the following statements. The cnd-space (P* depends 
only upon F. The initial space (P is homeomorphic with the fixed Peano space 
(Po , and can be chosen as any Peano space homcomorpliic with (Po (sec 11.3.11). 



n.3.24 


123 


The middle-space S52 is determined V up to a homeomorphism, and if only the 
topological character of iO? matters in a certain situation, then we can speak of 
the middle-space without specifying a particular representation of V. 

IL3.21. A representation V : 7'((P) ~ (P* is termed nondegenerate if the trans- 
formation 7’ is light (sec 11. 1.1), An /"-variety V € j?((Po , P*) is nondegenerate 
if it admits of a nondegenerate representation. 

An /’-variety F will be lormed simple \i the a.s.sociated middle-space (cf. II. 3. 20) 
consists of a single proper cyclic clement (that is, if the middle-space is a non- 
dogenerato cyclic Peano .space). If A(F) 9 ^ 0, then clcai'l}' the /’-varieties 
occtirring in A(F) are simple (cf. IT. 2, 94). 

IL3.22. If (J’o is a 1-cell, then the F-varieties V ^ j?((Po , P*) will he termed. 
F -curves of the type of the l-cell in P*. Let us then assume that (Pn is a 1-ccll, and 
let V : T{(9) ~ be such an /’-curve in P^, Suppose thaf, t.lie end-space (P" 
does not reduce to a single point, and lot 7" = LM, M ((P) = L(SDl) = cP* be a 
monotonc-Dghi i’aciorization of T. Then SDI is a .simple arc by II. 1.33, and hence 
we Ira VO a topological tran.sfoimation h{l) = 51)1, where 1 is the unit interval 
0 S n ^ 1. Tlieii Lh ~ TX/’) by II.LGl, and hence Lhil) = cP” is a representa- 
tion of F. Sotting Lh == T, clearly 7' is light. The following statement is thus 
osiabli.shed. ' 

TincoiiEM. If V : 7'(d’) = (P'*' is an F-curve of the type of the l-cell in the metiic 
space P^, such that the end-space fP’' does not reduce to a singl^poini, then F is 
mndeyeneraie (see 11.3.21), and admits of a representation V : T{1) ^ (P* where 
?' is light and I is the unit interval 0 S n ^ 1. 

11.3.23. Let us now assume that (Pq is a 1-splicre (simple closed curve). 
Then the /’-varieties F G i?(CPo , P'*) rrdll be termed F-curves of the type of the 
l-sphere in P*. An argument entirely analogous j;o that used in II.3.22 (the 
reference to II.l.Ol, 11.1.33 being replaced by a reference to IL1.62, IL1.34) 
yields ilie following result. 

Theorem. Let V : 7’((P) = fP* be an F-curve of the type of the l-sphere in the 
metric space P'^, such that the end-space (P* does not reduce to a single paint. Then 
V is nondcgencratc (see II.3.21), and admii^of a representation V : 7’(C) = (P* 
where C is the unit circle ?r -f == 1 , and T is light. 

11.3.24. Let us now assume that d^o is a 2-sphero. Then the /’-varietie.s 
F G jl(CPo , P'^') will bo termed F-surfaccs of the type of the 2'Sphcrc in P*. An 
argument entirely analogous to that used in II.3.22 (the reference to II.LGl, 
11.1.33 being replaced by a rflci'cnce to IL1.63, 11. 1.35) yields the following 
result. 

Theorem. Let 1'^ ; 7’(d0 = (P* he an F-surface of the type of the ^-sphere in the 
mclnc space P*. Siipposc that V is simple {see 11^.21). I'hen V is nondegenerate 
{see 11,3.21) and admits of 0 . representation V : 7\V) = (P*, where U is the unit 
sphere ?F d- = 1 and T is light. 
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11.3.25. Theorem. Lei V : T(6^) = <P* be an F-surface of the type of the 2- 

sphere in P* (see II.3.24), such that 0 A(F) = [Fi , • • • , , • • ■] (see II.3.20). 

Then each F„ is a simple F-surface of the type of the 2-sphere in P*, and admits of a 
representation V„ : T„( U) == (P,? C inhere U is the unit sphere 4- — 1 

and Tn is light 

Proof. Let T ~ LM, il/((P) = L(W) = <9* be a monotone-light factoriza- 
tion of T. The assumption A(y) 5^ 0 implies that is not a dendrite. Let 
(5i , • • • , S„ , • ■ ' be the proper cyclic elements of it)?. Then A(r) ~ [Ti , • • • , 
T„, • • •] , where = T \ S„ (.see II.2.100). On setting L((S„) = (P? , wo have 
(P* C and T„((P) = (P* . By definition 

MV) = [y. . ••• , y„, •••], 

where y„ is given by 

y„ : T„((P) = (P* . 

Now T„ is a transformation with the middle-space (5„ . Hence y„ is simple. The 
last part of the theorem follows now from 11,3.24. 

11.3.26. Let us now assume that (Po is a 2^ccll. Then the ^-varieties V G 
f?((Po , P^} will be termed F-surfaces of the type of the 2-cell in P*. Let V : T((9) ~ 
S^* be such an /^’-surface, and lot T = LM, M{(P) = 9)?, L(W) == ff'^be a monotone- 
light factorization of T. By II. 2.91, a proper cyclic element (5 of 9)? is either a 
2-cell or a 2-sphore. As a consequence, no theorem comparable in simplicity to 
that in II.3.25 is available in this case.* For this reason, we stale the relevant re- 
sults in several separate theorems. 

11.3.27. Theorem. Let V : T((9) ~ <?'*' be an F-surface of the type of the 2-cell 

in the metric space P*, and lei T — LM, M ((P) = 9)?, L{9)?) ~ (P*" he a monotone- 
light factorization of T. Suppose that the middle-space 91? is a 2-cell. Then V is 
nomlegenerate, and there exists a repr^eniation V : T(Q) == (P*, where Q is the unit 
square arid T is light. 

The proof is entirely analogous to that in II.3.22, the reference to II.1.61 being 
rei)lacod by a reference to 11,1.64. 

11.3.28. TiiEOKEhE. Lei Y : T((P) = <9^ he an F-surface of the type of the 2-cell 
in the metnc space P*, and lei T = LM, M ((P) = 91?, L(W) ~ (9* he a monolone- 
lighi factorization of T, Suppose that the middle-space 91? is a 2-sphere. Then 
there exists a representation V : T(C) = {P** with the following properties. 

(a) C_ is the unit disc -Y ^ 1. 

(b) T carries the penmeier of C into a single point of (P*. 

(c) T is not constant on any nbndegeneraie continuum in -f < 1. 

Proof. By II. 1,42, M carries the boundary curve of the 2-cell (P into a single 
point (ift of 9)?. Plence T carries the perimeter of 0 into the single point = 
ii(flo). In view of II. 1.21, we can assume without loss of generality that 91? 
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coincides wiik tlie unit sphere ■\- -\r ^ I and «□ coincides vvitJi Llui north 

polo (0, 0, 1). Clearl^y, there exists a continuous transformatioji M{C) ~ 
with the followii^ properties: (a) il/ carries the perimctqr of C into the single 
poin^Oo . _(^) M maps the interior of C topologically onto SDJ — . Let us 

gilt T — LM. Obviously, the condiUmis (a), (b), (c) are then satisfied. Siuoo 
T T{F) by 11.1.65, it follows that T{C) = (P* i.s a roprcseiilation of V with 
the desired p]’opertic,s. 

11.3.29. TiiEoiiKM. Let V : T{(P) ~ (P"* he an F-sur/acc of the type of (he 2~cvll 

in the metric space P*, and let T = LM, M(CP) ~ L(^l) = cP* he a monotone- 

light faciorkaiion of T. Then V is nondegenerale if and only iffR is a 2-cell. 

PnooF. If 9)? is a 2-ccll, then V is nondcgencrato II.3.27, Hui]po.so, 
conversely, that V is nondegcncratc. Then V admits of a reproseiilatioii V ; 
Ti(<Pi) « (P*, where Ti is light and (Pi is a 2-colI. Tims 7\ admits of tiro mono- 
tone-light factorization Ti = Till , whore /i is the identity transfornialion on (Pi . 
The middle-space in this factorization is d’l . Since T Ti{F), it follow, s liy 
n.1.28 that SUi and (Pi are horn comor phi c. Thu.s 917 is a 2-coll. 

11.3.30. TiieoueiM. Lei V : T((P) = fP*" he an F-surface of the type of (he 2~aeli 
in the metric space PL Lei Ia{T) denote the collection, of the components of all the 
sets in (P of the form T~\x*), .r*' G 6’’*' (see II.1.13(ii)). Then V is nondegenerale 
if and only if the following conditions hold, (i) T is noi constant on Ihe boundary 
carve of ihe 2-cell (3\ (ii) If y is any continuum of the colledfon Ir(T), then (P — y 
is connected. 

PiiooF. Lot T ~ LM, il/((P) == 9)7, LC^) = l)ca niouotono-light fatdoriza- 
tion of T. By 11.3.29, V is nondegenerale if and only if is a 2-celI, lly 
n.1.19, Jc{T) - liM). By ILL44, 9)7 is a 2-cg11 if and only if the collection 
I(M) = IciT) satisfies the conditions (i), (ii) stated aimvo, 

11.3.31. Lei us return to a general class ^?((Po , P*) (sec II. 3. 1 1). An P-varlety 
V G i?((f’t) , P'^) will be termed topological if and only if V admits of a iX}j)r(‘.son(u- 
tion V : //((P) — (P'*' where E is a homeomorpliism. Since (P is homcomorpbio 
wiili (Po , it follows that the end-space CP'*' i.s also homcomorphie with fl’o • If 
/H.((pt) =- (p+ jg identity transformation on ff''*', then it follows from II. 3. 1 1 
that V has the representation V ; /*((?*) = (P*', The following statements ani 
now obvious, 

(a) A topological P-varioty V G j?(6L , P^) is uni vocally doU'i’iuiiKnl by its 
end-spaco (which is necessarily homcomorphie with (Po). 

(b) If V is a topological P- variety in the class ^((Pu , P’*’), and if (P is any 
Peano space homcomorphie with (Po , then V admits of a ri^ijrcseiitation of tlm 
form V : E(6^) — (P'*', whore // is a homeomorpliism. 

(c) An F-variety 7 G 57((Po , P'*') with end-space tf'** is topological if and only 
if it admits of the representation 7 : !*((?*) = (P'*', wlierc 7* i.s the identity 
transformation on (?■**. 
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11.3.32. Theouem. Let V ; T{(?) — (?■*“ he an avhilrary representation of a 
topological F-varkiy V S > P*)- Then T is 7nonotone. 

PfiooF. By II. 3. 31;' V has the repre.senlation V : = 6^*, Avliere I* is tJie 

identity transformation on <P*. Since I* ~ 1*1* is a monotone-light factoriza- 
tion of P and T I*{F), it folloAV.s (see 11. 1,28) that T has a monotone-light 
factorization of the form T = Avliere M is monotone. Thii.s T = il/, and 
tJie theorem is proA'ed. 

11.3. 33. The com^erse of the preceding resnit is known to hold only in a fow 
vory special but veiy important cases which we shall consider prc.senlly. Lot' us 
fii-.st introduce .some further terminological conventions. 

Lot us consider a lojmlogical .^-variety Y E with ond-.spaec (P*. 

Tlien is homeomoj'phic witJi . Convei'.sel^s if (P'*‘ is any Pcano sub.spaco of 
P* homeojnoiphic Avith cP,, , and /*((?'*') = is the identity ti'ansformation on 
CP*, then V : !*{(?*) ~ (P* is the (unique) topological P-variety in with 

end-s])ace 6^* (sec 11.3.31). Thus there is a hiiuiique correspondence bctAA'ecn the 
topological /'-varieties V E It (d'o , P*) and tiiosc Peano .subspaccs (P* C P* that 
are homcomorphic Avith (i\, . 

If (P* is a Pcano subspace of P* that is homcomorphic Avith , then a continu- 
ous transformation 7'(o0 = 6’* Avill he termed an F-represemiakon of if and only 
if 7’((P) — (P* i.s a representation of the unique topological P-A'aricty in > P*) 
with end-space CP*. 'This definition im])]ie,s that CP is homcomorphic Avith (pL 
In vicAV of IL3.31, avo have the folloAving equivalent Avoiding of this definition. 
A coiilinuoiis transformation T{<S‘) = 6^* is an P-reprc,sentation of (P* if and only 
if T ~ 1*{F), where I* is the identity transformalion on CP*. In yiew of 11.3.32,. 
ever}'' P-representation of (P* is monotone, but the converse i,s knoAvn to hold 
only in a fcAV special cases. 

IL3.34, Tjieokkm. Let CP* be a simple arc in a metric space P*. Then a 
continuous transfoimiation r((P) ~ (P^ fs an F-rcpresenlaiion of cP* if and only if 
(P is a simple arc and T is wonolofie. 

PiiooF. The ncce.ssity follou's from II. 3. 32. Suppose nOAV that (P is a simple 
arc and T is monotone. Let /*(CP*) = (P* be the identity IransformaBon on CP'^. 
Then 1* 1*T{F) bj' II, 1.66 (with 7*, T replacing the T, in 11.1.60), Thus 

I*T = T is an P-reprc\sentation of CP*. 

11.3.35. TiiEonEM. Lei 6^* be a simple closed curue in a metric space P*. Then 
a contmuous transformation T(6*) = cP* is an F -representation of CP* if and only if 
(P is a simple closed curve and T is ^nonotonc. 

The proof is tlic same a.s in II. 3.34, 

11.3.36. Tiieohem. Let 6’* he a ‘2-cell {2-spl\erc) in a metric space PL Then a 
continuous transformation T{(P) ~ (P* is an F-represeniation of (P* if and only if cP 
IS a 2-cell {%sphcre) and T is monotone. 
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Tlic proof is tho .same as in II.3.3J. AVe statetl tlio last tlirro theorems sepa- 
rately for convenience of wording and reference. While the theorems in 11.3.34, 
11.3.35 are ])ractically trivial, the twin theorems of this section lie much deeper. 

11.3.37. Let (Pn he a fixed Pcano space, and P'^ ii fixed metric .space. Let us 
consider in P* two Pcano subsjiaces (i'’f , (P* that are liomeomorphic with ePo . 
Then (Pf , (!’? arc tho end-.spaces of (iinivocally determined) topological P-varic- 
ties Vi , Fa of the class ^^((Po , P*) (see IL3.31). Let us define the Frdchot 
distance cIr{(Pf , (P*) of tho suhspaces (Pf , (Pf by the formula 

(1) d,((Pt = d(F, , TL). 

From IL3.I5 it follows that d/,'((Pf , (Pj) possesses all the properties of a distance- 
function in a metric space (see 1.2.10). On introducing the distance df (d’f , (J‘^), 
tho class of^all those Peano subspacos of P'^ that arc liomeomorphic with (Po 
becomes a metric space. If (P,t , (P* are Pcano suiispaccs of P''’ that arc homeo- 
niorphio witli (Po , and d^■((P^ , 0, then we siiall say that the sequence (P* 

converges to (P** in tho Prdclict sense, . From IL3.16, II. 3. 31 we infer that tho 
definition given by formula (1) can bo restated as follows. Let (Pf*, (P4 lie two 
Pcano siibspaces that are homeoiporphic with (Po . Let — (P| bo a homco- 

morphism. Let us put 6((Pf , (PJ , II) == max p[.rf , //(.rf)], xf E (Pf • Then 
dp((Pf , CP^) == gi’.l.b. , (Pj , IP), where the grcate.st lower bound is taken with 
respect to all homcomorphisms II{6^f) — (P| . 

Imjiortant special eases are obtained by choosing as the Euclidean throe- 
space Ps ) and then choosing (Po as a siin])le arc, a simple closed curve, a 2-celI, 
and a 2-sphero l’cspcctivel5^ Wo obtain thus four metric spaces, tho first one 
being the space of all simple arcs in , whore the distance of two simple arcs 
7, , 72 is defined as their Frdchet distance dpiyi , 72). This important space 
may be termed the Fr(5ohot space of simple arcs in E 3 . Similarlj'', w(! can speak 
in the same sense of the Fr(ichet space of simple closed curves, of 2-cells, of 
2-.sphcros, respectively, in 15;, . In view of the biunique correspondence between 
topological F- varieties and their end-spaces, these Fr(5ohet spaces arc homco- 
morphic with tho spac(} of tojiological /'-varieties of the type of the I -cell, of the 

1 - sphere, of the 2-coll, of the 2-.spherc, respectively, in LL < 

11.3.38. Lot us consider the class j P^)) where (Pp is a 2-coll. This class 
consists of the F-surfaces of the type of tho 2-cell in P* (sec II.3.3G). Lot 
V E } P'*‘)i and let V : P((P) == (P'*' bo a reprc.seniation of F. Then (P is a 

2- cclI. Let C be the boundary curve of (P, and let us denote, for clarity, by To 
the transformation T thought of as operating from C only. Then Tc(C) = (7'^ 
is a representation of an F-curvo T* of tho type of the 1-sphero in P” (see 11.3.23). 
Now let F ; P'((i'’') = be an arbitrary second representation of F, and let C' 
!)c the boundary curve of the 2-coll (P^ Let Tc> denote the transformation T 
thought of as operating from C only. Then Tc'{C') = C'* is a representation 
of an F-curve P'* of tho tjqje of the 1-sphere in PL AVe assert that V* - r^'^. 
Indeed, let e > 0 bo given. Since T ^ T'(F), we have a homeomorphisin 
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//((p) = (P' such thitt p[T(x), T'H(x)] < e for a; G (P. Then H{C) — C is also a 
homeomorphisni, and p[Tc(o:)f Tc'f-Hx)] < e for .r G C. Since e was arbitrary, 
it follows that Tc ~ T'ciF), and hence r* ~ r'*. 

Thus r* is independent of the representation chosen for V. The /'^-eurve r*, 
of the type of the l-sphere, will be termed the boundary curve of V, Thus if V \ 
T{(P) — (P* is an F-surfaco of the type of the 2-cell, then its boundary curve is 
determined by the representation V'^ i Tc{C) — C*, where Tc is T thought of 
as operating from tlie boimdaiy C of (P only. The set (7" is the end-space of 
F'**, and lienee it is independent of the clioice of the representation used. 

11.3.39. Continuation. An important special case arises if the boundary 
curve r* of F is a topological F-curve. In view of IL3.35, this happens if and 
only if is monotone and not constant on the boundary C of (P (cf. ILL3G). 
Suppose that this is the case. Then the ond-spaco C* of F* is a simple closed 
curve (see II. 1.34), and r** is uni'\'’ocal]y determined by C* (see II. 3.31). Bince 
C’*' is independent of the clioice of the representation for V, we can ijiereforo say, 
without danger of misinterpretation, that V is hounded by the si 7 nple closed curve 
C'*’. This .statement serves merely as an abbreviation of the statement that the 
boundary curve of F is the topological F-curve of the typo of the 1 -sphcro that is 
univocally determined by the simple closed curve C''*'. 

A second important siiecial case arises if tlic’^qnd-space C* reduces to a single 
I joint .Tf? . Since is independent of the choice of the representation, wo can 
say in this case that V is hounded by the single point , as an abbreviation of the 
Rtatonient that the boundary curve of V is the F-curve of the type of the i -sphere 
that is univocally detcrinined by the single point .rg* as its end-space. Clearly, 
F : T{(P) ~ (P* is bounded by a single point if and only if T is constant on the 
lioimdary of the 2 -cell 

Summing up: If F : T{6*) — O’* is an F-surfaco of the typo of the 2-cell, then 
F is bounded by a simple clo.se d curve if and only if T is monotone and not con- 
stant on the boundary of the 2- cell (P, and V is bounded bj'' a single point if and 
only if T is constant on the bbundaiy of (P. 

11.3.40. Let V : T(6^) = (P’*' be an F-surface of the type of the 2-ccll that is 
bounded by a simple olo.«ie(I curve C* (see II. 3.39). Tlicn T is monotone and 
not constant on the boundary C of (P. Let now T — LM, il/((P) = SP?, L(9JJ) = 
(P* be a monotone-light factorization of 7\ We propose to investigate the proper 
cyclic elements of iOh The following remarks will be helpful. 

(a) M is not constant on (7. Indeed, if M were constant on C, then T = LM 
would also be constant on (7, in contradiction wth our assumptions. 

(b) M is monotone on C. Indeed, assume that this is not the case. Using 
the notations 7(2’), /(-:)/), IciT) in the sense of II. 1.1, II. 1.13, we would have 
then a continuum y G 7(A/) such that Cy is disconnected. Since I(M) — I c(T) 
by II, 1. 19, wc have then a sot F G 7(F) such that 7 i.s a component of E. Since 
T is monotone on (7, the sot CE is connected, and CE-y 9 ^ 0 since Cy 9 ^ 0 and 
7 C E, Hence CE 4- 7 is connected, and 7 C CE + 7 C F. As 7 is a component 
of F, it follows that 7 ~ CE 4- 7 i and henco CE C 7 . It follow.s that CCE C, Cy, 
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t-hfti ifj, CE C ^'7 • i^inco 7 C jS', Ave obtain finally Cy ~ CE. Since CE is 
connected, this contradicts the assumption that Cy is disconnected. 

(c) In view of (a), (b), and 11.1.34 (applied to the tran.sformation M consid- 
ered on C), it foIloAA^s that the image of C under M is a simple closed curve (Jo on 
SO?, Clearly, any two points of (Jo are conjugate in 91?, and lienee (Jo ia a subset 
of a certain proper cyclic element Vq of SD? (see II. 2. 12). 

(d) The proper cyclic element To of (c) maj'- be the only proper cyclic element 

of 9)?. If this is not the case, let Fi , ■ • • , , • • • bo the remaining proper cyclic 

elements of 9)?. Since (Jo C Fo and PoPn , n > 0, contains at most one point 
(see II. 2. 12), it follows that SoP .. , n > Q, is either omptj'- or reduces to a single 
point. 

(e) Now let ff„(91?) = P,, , n = 0, 1, - • • , be the (unique) monotone retraction 
from 9)? onto r„ (see II. 2. 43). Since £0 C Pn , we have tlion aofy) = j: for 
y (E So , and hence (see 11.2.100) 

(1) «„d/(.u) = dl(a’) for.i’e(7. 

Now consider an integer ii > 0. Since SoPn Is either empty or reduces to a 
single point, it follow.s that So — SoPn i^ connected, and hence So — SoPti 5« a 
subset of a component ©„ of 9)? — Pn . Then fr(<B„) = is a single point (sec 
II.2.44), and (see II.2.40) ive have ci;„(i') = y,, for ^ E = c(©„). Since 

So is contained in c(©„) (note that So “ is empty or reduces to a single 
point), it folloAvs that a!„(So)- = . Henco 

(2) a„M(x) = for a; E (^, = 1, 2, • • • . 

II.3.41. Continuation. Since M is monotone, r„ is cyclic, Qr„ilir((l') — r„ , 
and O’ is a 2-coll, it folloAVS from II. 1.42 tliat Pq is a 2-ceIl, while P^ , n > 1, is a 
2-sphore (II. 1.42 being applied to the monotone transformation a „ M ). Indeed, 
<xoM is not constant on C in view of 11.3.40(1), and w > 1, is constant on C 
in view of 11.3.40(2) (note that (x,M is not constant on O’, since anM (( P ) = r„ is a 
nondegonerate subset of 9)?). 

Summing up: on .setting M(C) — So , So is a simple closed curve, So is a 
subset of a proper cyclic clement To of 9)?. Po is a 2-cell, and all other proper 
cyclic elements of 9)?, if any, are 2-spheres. 

Now lei us consider the cyclic decomposition A(y) of V. Let us put X(r„) = 
(P,f , tt ~ 0, 1, ■ • • , Tn = T I r„ = LanM. Let us denote by y„‘tlie F- variety 
determined by the representation 

(1) : 2U(i’) - (P* , n = 0, 1, 

By delinition, A(V) = (To , ’Pi , • • • , K , * * •]• In view of 11.3.40(1), 11.3.40(2) 
it follows that 


To(x) - LaJI(x) = LM(x) = T(x) 
TM = La„(So) = L(y„) - a:* 


( 2 ) 

(3) 


for x E C, 
for X G C,n > 1, 
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wliere .r? is a single point, since y,, is a single point. Tn view of the definitions 
stated in 11.3.39, the formulas (1), (2), (3) yield the following result. 

Theorem. Let V he an F-surface of the type of the 2-cell in a metric space P*. 
Suppose that V is bounded by a simple closed curve C*. Then the cyclic decomposi- 
tion of V is nonvacuous, and precisely 07ie of the F-siirfaces occurring in A(F) 
is hounded by C*. All the other F-surfaces, if any, that occur in A(I^) are hounded 
by single points. 

II.3.42. From this point on, we assume tliat the metric space of 11.3.7 
coincides with the Euclidean three-spaco E 3 . An F- variety V G can 

then be represented as follows. Let us choose a Cartesian coordinate system xyz 
in E3 , Let V : T{(P} — (?* be a representation of V, If p is a point of (S', then 
its image p* = T(p) is determined by its coordinates x, y, z which are single- 
valued, rcal-v allied, coiitimious functions a'(p), ij(p), z(p) on (P. Then T itself is 
given by the foimulas 

T : X = x(p), y = y(p), z = z(p}, p G (P. 

Since V is completely determined by T and hence by the functions x{p), y(p), z(p), 
we shall wrile 

V :x = x(p}, y = 2/(p}, « = 2(71), p G (P. 

It will be convenient to condense such formulas by using j; to rofev to the vector 
with components x, y, z. The preceding formulas appear then in the form 

(1) T : p G (P, 

(2) F : = i-(p), p G (P. 

If convenient, wc shall use , a’a , ."Ta instead of .r, y, 'z to refer to the Cartesian 
coordinates. As usual, | y { will denote the length of the vector y, and symbols like 
j‘i ± ^2 , Cl -f j and so forth, will be used in conformity with general usage. 

Suppose now that a new,system of Cartesian coordinates Xi ,x<i, lia is introduced 
in Es by means of formulas 

(3) X, = Cl A- a.iXi + a,2a;2 + a, 3 X 3 , i - 1 , 2, 3, 

where (of,) is an orthogonal matrix. . On setting |(p) = [rri(p), x^ip), ^(p)], 
where X{(p) is'derivcd from .'ri(p), Xzip), Xaip) by means of the equations (3), wo 
obtain representations for T, F in terms of the new coordinates. 

On the other hand, wc can interpret the foi'inulas (3) as defining a rigifl trans- 
formation ill jEs . In this case, aii , , riia denote the coordinates of the image 

of the point (.Ti , .a-g , a;3) in the same coordinate system .'Ti , x^, .ra . If |(p) has 
the same nmaning as above, then we obtain a new F- variety F and a new trans- 
formation T given by 

(4) T : ^ = J(p), p G (P, 

(5) F : - l(p), p G (P. 
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NovMct Fi : Tx{(?i) = (Pf bo another T^’-varioty in the class ^((Po , Eih let 
Ti , Fj ho derived from Ti , Fj by mcang of (3) in the same manner as T, V were 
clei-ived from T, F. Since the transfoi;ma4ion (3) preserves Euclidean distance, 
it follows readily that dr{T, 1\) - dv{T, 7',). Hence (see IL3.15) 

(6) d{V, F.) = d(F, F.). 

* 

In particular, if F = Fj , it follows that F = Fi . In other words, if F aii^he 
transformation (3) arc given, then F is univoeally determined (that is, FJs 
independent of the choice of a i-eprcscntation for F). We shall say that F, 
given by (5), is the transform of F under the rigid transformation (3). Two 

varieties related in this manner will ])c termed congruent 

11.3.43. Consider the F-varietics F ^ j?((pQ , ^3), where is the Euclidean 
threc-space. If (P is any Peano space homeomorphic with (Po , then by IT. 3. 11 we 
have for eacli F £ ^{'((Po , a representation F ; T((P) = (9^, In view of the 
definitions and conventions stated in 11.3.42, we have the following notations 
at our di.sposal in the cases to bo enumerated prosen tl3^ 

(a) F-curves of the type of the 1-celL Wc can choose 0^ as an.y linear inteiwal 
a ^ tt S and we liave then for such a curve C a ropi'C.sentation of the form 

C : i‘ = i'(a), a ^ ii ^ b. 

More gcncrall}^ if y is any simple arc, then wc have for C a representation of 
the form C ; y = i‘(p), p G 7. 

(b) F-curves of the type of the \-sphere. Wo can choose (P as any simple 
closed curve 7, and then we have a representation of the foim C \ i = j‘(p), 39 G 7* 

(c) F -surfaces of the type of the 2-celt If E is such a surface, and 9^ is any 
bounded, simply-connected Jordan region in a Euclidean ?/!J'-plane, then we 
have a representation of the fojm 

.S ; i' - i-(u,a), {u,v) G Dl. 

If it is desirable to display the components of x, then we shall write 

S ; ;• = [x{u, v), y{n, v), z{u, v)], (u, i') G 

Using the complex variable w = u iv, wo have representations of the alterna- 
tive form — ^'(zy), w G 9f, >5 : 3; = [.r(w), y{^), z(w)], w G 51^ 

(d) F-surfaces of the type of the 2-sphere. If S is sucli a surface, and <P is any 
2-sphero, then wc have a representation of the form >5 : y = j;(p), p Q <P, 

11.3.44. IFc shall he concerned especially with F-surfaces S of the type of the 
2-cell in Euclidean threc-space. To simplify our sialemeniSy such a surface will he 
termed simply a surface^ loiihoui further qualifications. Thus the class of surfaces, 
in this sense, is a metric space, the distance of two surfaces Si , ^2 being defined 
as the quantity d(F, , Fb) of IL3.16, where the general E-varieties Fi , Fb are 
replaced by the special E-varieties Si , S 2 • In the same manner, we agree to 
use tire term topological surface as an abbreviation for topological E-variety of the 
type of the 2- cell in Euclidean three-space (cf. II. 3.31). 
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The follo^ving remark will be useful. Given a surface 

( 1 ) S : ^ ^ i’(w, v), (ft, <E 

and an e > 0, there exists a simply-connected Jordan region C such that 
the surface 

(2) * : y = !■(«, y), 

satisfies the inequality (see II.3.16) 

(3) d{S, 

Pboof. Case (i). f)i is the circular disc 0 ^ ^ 1. For 0 < /) < 1, 

let us denote l^y Sp the surface 

(4) : j: = 0 ^ -f- ^ p^ 

The formulas u' ~ ii/p, — vfp define then a topological transformation from 
the disc 0 ^ + r® ^ p onto the unit disc. By 11,3.11 we have tliorofore for 8 

the representation 

(5) ■ S i ^ ^ (u/p, v/p), 0 ^ H~ -I- ^ p~. 

In view of the continuity of j(a, v), clearly | v) — i‘(?i/p, u/p) [ < e for 0 S 
id + a® g p® if 1 " p is siilHciently small. If p is so chosen, thou (4) and (5) 
show that d(S, S/) < c. Thus the disc 0 ^ w® -h v~ ^ p® may bn cliosim ns 
if p is snflSciently close to unity. 

Case (ii). In the general case, we have by 1.2,50 a topological transformation 
r that maps 9i onto the unit disc 0 ^ a® + /3® ^ 1 in an auxiliary cr/S-plam;. If 
Ap denotes the disc 0 ^ a® + /3® ^ p®, then it follows readily from our ili.siuiHsion 
in case (i) that the region 91^ = T~'(Ap) satisfie.s our rcquiromonls if p is suilleiontly 
close to unity. 

II.3.45, Let /(a, u) be a real-valued continuous function on a bounded, .simply- 
connected Jordan region 9i in the ar-plane. Lot 3D bo a dojnain (connootod o])on 
set) in the interior 9^ of 9f, and let u.s denote by M, the maximum of /(a, u) 
on c(aD), 3D respectively. Similarly, wt, will denote the minimum of /(?^, u) on 
c(3D), 3D respectively. Clearly m ^ g, g M. If ni = and M = il/” 
for every choice of 3D in 9^, then /(a, y) is tenned Lebesgne monnlonn in 91. 

Iheokem. Lei 8 \ ^ — [a;('u:, y), j/(a, y), z{ii, y)], (a, v) G 91 be a surface (see 
II.3.44), and suppose that the folloioing conditions hold, (i) The coordinate 
functions x{% v), y{u, v), z{u, v) are Lebesgue monotone in 91. (ii) S is hounded 
by a simple closed curve. Then S is nondeejenerate. 

Proof. Let us denote by T the transformation T : ^ ~ [^(w, y), y(u, y), z(ii, y)J 
(u, y) G 91- Let T = LM, ilf(91) = 9)?, L{W) ~ (?=*■ be a monotono-liglit fac- 
torization of T. liC is the boundary curve of 91, then by TL3.40(c) the imago 
of C under 4/ is a simple closed curve (£(, on 9)1, and il/ is monotone on C. Clearly, 


II.8.47 


138 


no cut point of 9)? lies on (So . Suppose that 3K has a cut point fo $ , and put 

7 == Tlicn 7 is a continuum in 5K such that Cy = 0 , and by IU,5 it 

follows that 9? — 7 has at least two components. Since Cy = 0 , it follows that C 
and all points of 9J sufficiently close to C are contained in the same component 
of 9? — 7 ‘ Hence 9t — 7 must have a component 5) such that c(5)) C Then 
clearly /r(JD) C 7 , and since obviously T is constant on 7 , it follows that x(u, v), 
y(u, v), z{u, v) arc constant on //’(©). Since these functions are Lebesgue 
monotone, it follows that they are constant on SD also. Thus T itself is constant 
on JD, and hence on 7 H- 3). Since 7 + 3) is connected, it follows that 7 ID is a 
subset of a component of a .set E S H'i'), and hence 7 -I- 3) is a subset of a set 
F ^ I {M) (see II. 1. 19), Since 7 C 7 + 3D and 7 ^ /(H/), it follows that 7 4- 3D = 
7 , in contradiction with the fact that SD is a component of 9i — 7 . It is thus 
established that SK has no cut. point. By II.3.41 it follows tliat 9)? is a 2-cell 
By II. 3 . 29 it follow.s that S is nondegoncratc. 

11.3.46. Inspection of the preceding proof reveals that wc used only the fol- 
lowing fact: if 3D is a domain in 9f“, and v) is constant on /?’(3D), tlien 

is constant on 3D also This remark yields the following result. 

Theorem. Let jS' : i* = ^ 9i fie a surface such that ihefoUoming condition 

holds: if 3D is any domain in 9t®, and i{w) is constant on/r(3D), then ^( 1 ^) is constant 
on 3D also. Then S is nondeyenerale. 

Hbmark. Tlxc theorems of 11.3.45, 1I.3.4G give rise to various interesting 
questions ref, MeShano [5]). Since we shall use thc.se theorems only for pur- 
poses of comparison, there is no need for us to go into further details. 

11.3.47. Let S : I — [.r(«, y), y{u, y), z{ut y)], (rq v) E 9i be a surface (see H.3. 
44). The given representation of S may or may not possess a certain desirable 
property (P). Tor cxamjjlo, (P) may bo the property: the coordinate functions 
.T(?f, y), y{u, y), z{u, y) arc analytic in 9 f“, and the expression 



is different from zero in 9i”. Incidentally, precisely this property (P) is assumed 
in many texts in IDilfcrential Geometry. 

Let (P) be a property of representations. If S has smne representation that 
possesses the proport)'’ (P), then S itself will be said to possess the property (P). 
For example, wc called a surface (or more generally an F-varicty) nondcgencrate 
if it posscs-scs a nondegencrato representation. If jS possesses a certain property 
(P), then it does not follow that every representation of S possesses the property 
(P); it follows merely that S has some representation with tlie property (P). 
Such a representation will be termed typical (with respect to the given property 
(P)). For example, a surface S will be termed Lipschitzian if it possesses a 
representation where the coordinate functions are Lipschitzian (sec 1.3.14), and 
such a representation will be termed a typical representation of the Lipschitzian 
surface S. Similar conventions will bo used in dealing with curves. 



CPIAPTER lU. THE TOPOLOGICAL INDJ^X 


IL4.1. Ill the Euclidean .ry-plane, lot us introduce the: complex variable 
2 = .r + iy. Tlien x is the real part 9fz and y is the imaginary port of z, vdiih^ 
the absolute value | 2 | of is given by the formula j 2 | - If 2 0, 

then wo have for z the so-called trigonometric representation z ~ \ z \ (cos a -j- 
i sin a), where a is a real number. \i z = x-\~ iy 7^ is giiTii, then a. has to .satisfy 
the equations r cos a — x,r sin a ~ y, where r ~ \ z \, These equatioim have 
infinitely many solutions for a. Indeed, since {x/ry + (y/ry = 1, an easy dis- 
cussion of the functions cos a and sin a shows that there exishs a solution «o suoh 
that 0 g ao < Stt. If 7i is any integer (positive, negative, or zero), tlien clearly 
ao -p 2n7r is also a solution. Conversely, if a is a solution, then we have cos a = 
cos ffo » sin a = sin ao , and hence cos (a — ao) = 1. 'Thus a — an == 2n7r, udiore 
n is an integer. Every real number a that satisfies the equation z = \ z \ (cos a 
i sin a), where 2 0, is temied an argument of z. No argument is assigned to the 

complex number 2 = 0. If at, is an argument of 2;, 0, /1: = J, • • • , m, then 

clearly ai -p ■ • • + a„ is an argument of the product Zt ‘ • 2,,, . 

11.4.2. Suppose that (2) > 0, and let ao be the unique argument of z such that 

0 ^ a, < 27r. Then cos ao = > 0, and hence wo have “7r/2 < ao < 7r/2. 

Thus if z lies in the half plane 9?(2) > 0, then z has a unique argument botwcon the 
Imiits “7r/2 and 7r/2. This pariiculqr argument xoill he denoted by a(z). If 
3(2) > 0, then a{z) is merely the radian measure of the acute angle enclo,sod b^*- 
the positive a:-axis and the segment that joms the points 0 and z. If ^(z) < 0, 
then a (2) admits of the same interpretation, except that a{z) < 0 in this ease. 
If (1(2) = 0, then a(2) = 0 also. Thus a{z) is a single-valued, real-valued, 
obviously continuous function of 2 in the half plane 9^(2) > 0 that satisfies tire 
lelations 

2 = I 2 1 [cos rt(2) + i .sin a(2)], -7r/2 < a(z) < 7r/2. 

Let us note explicitly that a(z) is defined only for dh > 0. Lot now 8 denote a 
number such that 0 < 5 < 1, For 1 2 — 1 ) ^ 6 we have then clearly sin | a(2) [ ^ 
5. Since 0/sin 0 < 7r/2for 0 < 0 < 7r/2, there follows the inequality | a{z) \ ^ 
irS/2 < 28, Plence we have 

I a{z,) - a(2,) I < 45 if I 1 I < 3 j _ I [ < 

11.4.3, Now let (P be a Peano space (see 1.2.33), and lot f(p) denote a con- 
tinuous, complex-valued function defined for p ^ (?. If E is a subset of (P, then 
we shall put 

il/(/,£) = l.u.b, |/(p) I, = gr.l.b. 1/(7,) I, pen, 

o(f,E) = l.u.b, l/(p,) - J(p,) I, 
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Since / is continuous on (P and (P is compact, the quantities iV/(/, i?), m(/, E)y 
u>{fy E) arc clearly finite for every set E C. (P. 

11/(77) 0 on and if there exists on E a single-valued, real- valued, continuous 

function <^>(??) such that 

f(p) ^ I liv) I [cos 0(77) + i sin 0(77)], v G 


then WG shall say that / satisfies the condition (arg, fi), and 0(77) will be termed 
a single-valued continuous argument of f on E. If for every choice of a complex 
constant i*, such that f{p) ~ t ^ 0 for p €: E, the function f(p) — f satisfies 
t-lie condition (arg, E), tlien we shall say that / satisfies the condition (Arg, E), 

11.4.4. Continuation. Let 6 be a connected set in (P, such that / satisfies 
the condition (arg, S). If 01(77), 0^(77) arc two single-valued continuous argu- 
ments of / on (S, then 02(77) - 0,(77) = 2a7r on S, where n is an integer indepen- 
<lent of 77 (the converse is of course obvious). 

Proof. Let us put 0' (77) = [03(77) — 0i(p)]/27r, 77 £ (S. Then 0(77) is single- 
valued and continuous on ©, and 0(77) takes on only integral values, since 02(77), 
0,(77) arc arguments of the same complex number /( t?). Prom 1.2.45 it follows 
that 0 is constant on C, and thus 0(7?) = n on S, where n is an integer independent 
of 77. 

11.4.5. Continuation. If E is a, subset of (P, and dtf > 0 on E, then / 
satisfies the condition (arg, E). Indeed, the function 0(77) = a[/(p)] is clearly a 
single- valued continuous argument of / on A' (sec II. 4. 2). Let us note the follow- 
ing corollary: if | f{p) — 1 I < I on P, then / satisfies the condition (arg, E). 
Indeed, if | / -- 1 ( < I, then clearly *S)t/ > 0. 

11.4.6. CoNTiNUvVTioN. If J? IS a subset of (P, and w(/, E) < m(J, E), then/ 
satisfies the condition (arg, E). Indeed, lot 7^0 be a point of E. Since m(f, E) > 0, 
we liave /(770) 7 ^ 0. Hence the function ^7(77) = /(?7)//(?7o) is continuous on (P, 
and satisfies the inequality 


I \}{V) - 1 


I Kv) " fiVo) I < ^(/. E) 

1 /(?7o) 1 == E) 


< 1 , 


p ^ 


Hence g{p) possesses, by 11.4.5, a .single-valued continuou.s argument 0(77) on E. 
If /9o is any argument of/(77o), then clearly 0 o + 0(?7) is a single-valued continuous 
argument of / on E. 

11.4.7. Continuation. If S is a connected subset of (P, such that f(p) is equal 
to a constant Co 0 on and if 0(7?) is a single-valued continuous argument of / 
on S, then 0(7?) is constant on S (the converse is of course obvious). Indeed, if 
/9o is an argument of Cq , then b3'- II.4.4 wo have 0(77) — /3o = 2 nir on S, where 
the integer n is independent of 77. 

11.4.8. Continuation. Let (£ be a connected subset of (P, such that a)(/, ©) < 
5w(/, S), where 5 is a constant and 0 < 5 < 1. Then / satisfies the condition 
(arg, (J). Purthermoro, if 0(?7) is a .single-valued continuous argument of/ on S, 
tlien w(0, S) ^45. 
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Proof. Tlio firs! assertion follows directly from IL4.C. To ])rove the second 
assertion^ take a point po G Since w(/, (S) > 0, we havo/(po) 0, and hence 
the fiinclion g(p) - f(p) //(po) is continuous on (P and sattsfics the inequality 


I 9(v) - 1 1 = 


I f(p) - J'(Po) I < top', (£) . 

/(Po) I ^ MI, 6) ^ 


ve e. 


Jn view of II.4.2, the function f (p) = a[gip)] is a singlc-valuctl continuous argu- 
ment of (/ on iS and satisfies tlic inequality f ^(^ 2 ) “ ^(Pi)l < i^or evoiy pair of 
points Pi , Pi in 6. If ^0 is an argument of /(po)j then clearly X(p) = /So + ^(p) 
is a single-valued continuous argument of / on (S. If,</>(p) is any singlo-valuerl 
continuous argument of f on (S, then <f>(p) — X{p) is constant on K bj'' II. 4.4, 
and hence | (/^(pa) “ ^(pi) I = ! X(pa) — X(pi) | = j ^(ps) - HPi) \ < 4S for 
eveiy pair of points p, , pa in (S. I-Ienco w(0, S) ^ 45. 

11. 4.9. C!ontinuatjon. Suppose that /(p) satisfies the condition (arg, i?). 

Let H{(5^) - ff** be n homeomorphism, and let us put f*{p*) = f[IC^{p*)], 
E* = Then/* satisfies the condition (arg, E*), Indeed, if <f}{p) is a .single- 

valued continuous argument of f on E, then clenrl^^ ^W~\p^)] ifJ ^ 

.single-valued continuous argument of /'*■ on E*. 

11.4.10. Continuation. Let E be a subset of If every function /(p) 
that is continuous on 6^ and different from zero on E .satisfies the condition 
(arg, E), then wo shall say that E satisfies the condition (arg). 

Let //({P) = (P* bo a homeomorphism, and put E'* — 11(E). If E satisfio.s the 
condition (arg) relative to then clearly E* sati.sfic.s the condition (arg) relative 
to CP'*' (cf. IT. 4. 9). 

IL4.11, (-ONTINUATION. Let El , E 2 be tw^o closed subsets of (P such that 
the iiil.er.scction E 1 E 2 is connected and nonempt.J^ iSuppose that /(?>) is con- 
tinuous on (P and satisfies the conditions (arg, 7^i), and (arg, li'j). Then /satisfies 
the condition (arg, -\~ E^). 

Proof. Let po be a point of EiE^ and let /3o be an argument of /(po). By 
a.ssumption, we have a .single-valued eoutinuous argument (p) of / on Ei , Then 
/3o and ^f/^(pe) arc arguments of the same complex number /(po) 7 ^ 0, and hence 
~ ^i(po) + 2 rt, where n ls an integer. Then <^i(p) = ^i(p) -1- 2mr is a 
single-valued continuous argument of/ on Ei , such that 0i(po) = /3 q . Similarly 
wc liavo a single-valued continuous argument (^^(p) of / on E^ , such that = 

/So . Then </>! , <^>2 arc single-valued continuous arguments of / on the connected 
set E 1 E 2 , and hence (j >2 — is constant on E 1 E 2 by II.4.4. Since 02(po) ” 
^i(Po) = 0, itfollow.sthat^i(p) ^ <t> 2 (p) onEiE 2 . Hence if wo define (^(p) = tfnip) 
on El , and <f>{p) = ^ 2 (p) on E 2 , then ^(p) is single-valued on Ei H- . Since 
0(p) is clearly continuous on Ei -f- i?a as a consequence of the a.ssumption that 
El and E 2 arc closed, 0(p) is a single-valued continuous argument of/ on Ei E 2 . 

II.4.12. Lot <3 denote the unit square 0 ^ r ^ 1, 0 ^ g 1 in the Euclidean 
wf-plane. Then Q satisfies the condition (arg) (sec 11,4.10). 

Proof. Let f(u, v) be a continuous complex-valued function in Q that is 
different from zero in Q. We have to show that / satisfies the condition (arg, Q). 
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liCi us doiiy this. Let us divide Q into two congruent rectangles by a 

vc]’tical segment. From 11.4.11 it follow.s that /fails to satisfy one of the condi- 
tions (arg, R{), (nrg, the condition (arg, Ri). Let us subdhdde R{ into 

two congruent rectangles Rz , R'z by a horizontal segment.. From 11.4.11 it 
follows that / fails to satisfy one of the conditions (arg, Rz), (arg, R”), say 
(arg, RQ. Continuation of this process leads to an infinite .sequence of rectangles 
R'l , ■ • • , R',, , • • ‘ , such that the diameter of R'„ converges to zero and / fails to 
satisfy the condition (arg, Ri), Now since /is continuous and different from zero 
in Q, we have w(/, Ri) < m(f, Q) S w(/, Ri) for n sufficiently large, and hence 
/ must satisfy tlic condition (arg, Ri) for large enough n by II. 4. 6 . Thus we 
reached a contradiction. Hence / satisfies the condition (arg, Q), 

11.4. 13. If (P is a 2-cell (see 1.2.31), then CP satisfies tlie condition (arg). This 
follows directly from 11.4.10 and II. 4. 12. 

11.4.14. If / is a linear interval o ^ w ^ fj, then I satisfies tlie condition (arg). 
The proof is entirely analogous to that in 11.4,12. As a corollary, it follows that 
if (P is a simple arc, then (P satisfies the condition (arg) (ef. 1.2.31, 11.4,10). 

11.4.15. Let 5) be a bounded, .simply-connected domain in the Euclidean 
ny-jrlanc, and let /(iq v) be a continuous complex- valued funcition in 3) that is 
different from zei’o in tO. Then/ possesses a single-valued continuous argument 
in SD. 

Proof. By 1.2.51, we have a sequence of simply-connected Jordan regions 
, • • * > , ' • • , such that C and S = 3D. Let (rq , Vo) i^e an 

inte}‘ior point of Slfi , and let /?o be an argument oif(vo , yo). Since i.s a 2-cell 
(.s*eo 1.2.50), we have by 11.4.13 a single-valued continuou.s argument ^„(a, v) for 
f{v, v) in , Then ^„(«, v) and jdo are arguments of /(»o j Wo), und hence /3o == 
!/'n(uo , Wo) + 2/L*„7r, whei’o kn is an integer. Thus 4>n{ih ^) ^«(w, w) + 2/i:„7r is a 

single-valued continuous argument of /(?q v) in such that (^„(wo , Vq) = , 

R = I, 2, • < • . Let us define in ID the function ^{Uy v) by the formula ^&(a, y) = 

<Anfy, v) if (w, y) E 9f|| . We assert that 0(«, v) is single-valued in D. Indeed, 

if (a, y) E where n > m, then 4 }„{uo , v^) ~ /3o = j ^^o) and hence 

(/>„ = in 9tm by II. 4. 4 (note that 9?,„ C 9t«). Thus tp is clearly a single- valued, 

continuous argument of / in D. 

11.4.16. Let f(p) be a continuous complex-valued function on the Peauo 
si)aco (P, and let D be a domain (connected open set) in (P, such that f(p) 9 ^ 0 
in D. If / satisfies the condition (nrg, C) for every simple clo.sed curve O' C D, 
then/ also satisfies the condition (arg, D) (cf. IL4.3). 

Proof. Let us choose a point po in D, and let Po be an argument of J(po). 
Wc shall keep po and ^0 fixed. Let pi be a point in D different from pg . By 
1.2.41 we have in D a. simple arc 7 with end points po , Pi ■ By 11.4.14 there 
exists on 7 a single- valued continuous argument ^(p) for/. Then lA(pa) and /So 
arc arguments of the same complex number f(po) ^ 0 , and hence /So = ^(po) + 
2 R 7 r, where n is an integer. Then (^(p) = ^(p) + 2 R 7 r is a single-valued continuous 
argument of/ on 7 such thnt^(po) = /do . By IL4,4, 0 (p) i.s univocally determined 
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by the condition «^»(po) = i^o • This univocally dotermincd function <^(2?) will be 
denoted by 4>(p, 7). Then ^{p, 7) lias tlio folloAving properties, 

(i) 4}{p, 7) is a single-valued continuous argument of / on 7. 

(ii) fl>iPo , 7) = /3o • 

Now let 7', Y' bo any two simple ares in 33 wdth end points Po, pi . We assert 
the formula 

(1) (PiPi , 7 ') = <l>(pi 3 y")> 

Indeed, let K denote the set of the common points of 7', 7". Then E is a closed 
subset of Y whicli contains (at least) the points Pa,p\. Wo consider the function 


\{v) = 


<f>(p, y") - (t>(v, 7'J 


PGE. 


Then X{j}) is defined and continuous on E, and assumes only integral values on E. 
Indeed, for oveiy point p ^ E, <f){p, y**) and (f>(p, 7') are arguments of the same 
complex number J{p) ^ 0, and hence X{p) is an integer. We have X(po) = 0 
(sec (ii)). Lot us assume now, in contradiction witli (1), that X(pi) 7^ 0. Let us 
designate by Eo , J?, the subsets of E on which X(p) = 0, X(p) 5^ 0 respectively. 
Then jjq 6 Ea , aiul by nssumjHioii pi G Et . Clearly E^Ei = 0, and Eq is closed 
since X(p) is continuous on E. We assert that Ei is also closed. Indeed, since 
i?o + == E and E is closed, we would have oUicrwise a point qo G E and a 

sequence of points q„ G E sucli that 

(2) X((7o) = 0, X(i7„) 0, q„ “> qo . 

Now since X((2„) is an integer k„ and X is continuous on E, wc have in view of (2) 
the relation l\ 0. Since k„ is an integer, it follows that | X((7„) | = | /c„ | = 0 
for n large enough, in contradiction with (2). Summing up, Eo , are disjoint, 
nonompt}^ closed sets on the simple arc 7'. It follows that we have a suh-are 
7« of 7', such that the on<l points Oo , of 70 satisfy the relations 

(3) tto G ■S'o } G. A'l , Eyo = Oo + Ui . 

For example, wc may choose Wo as the last point of Eo in proceeding on y* from 
Po to Pi , and a, fis the first point of Ei that wc meet in proceeding on y' from 
«o to pi (jioto that Po G Eq , pi G by assumption). These same two points 
Uo , «i arc the end points of a sub-arc 7^' of y", and since 7o7o^ C y'y" ^ F and 
lienee 7070' — ylyliyo C y'aE, wc have by (3) the relation 7^70' = Uo -f ai . Hence 
7o + yo is a simple closed curve C in SD. By assuinp lion/ possesses a single-valued 
continuous argument ^(p) on C. By II.4.4 it follows that <j){p) ~ <^(p, 7O is 
constant on 70 and ^i>(p) — 4>(p, y") is constant on 7^^ Hence 

«^(ao) ~ ^(aa , 7O = - <l*(a\ , y’), 4>(ao) ~ •^(uo , 7") <^(«i) “ '^(«i > t'O- 

Subtraction yields X(ao) = X(a,). This is however a contradiction, since aoG Eq, 
G F, , and hence X(ao) = 0 7^ X(a,). Thus (1) is established, 

Let us now define in 3D a function fi{q) as follows. If Po , then iu(<z) = 
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0 ((?> 7)) where 7 is any simple arc in © with end ])oints Po j <?• For (/ = po ) we put 
ju(po) — ^0 • Then n(q) is simple- valued in ID by ( 1 ), and for every <7 G 2 ), Kq) 
is clearly an argument o! f(q). There remains to show that fi{q) is continuous in 
3D. In verifying this fact, wo shall consider repeatedly situations where two 
given points a, % are to be joined by a simple arc y, but the points a, h ma)’’ 
coincide. If this happens, we agree that y will refer to the single point a - h. 
With this understanding, the continuity of n in SD may be proved as follows. 
Lot Pi bo a point in 2D, and let e > 0 bo given. Let 701 bo a simple arc in 2D with 
end point's poiPi ) and lot 0 oi(p) denote the single-valued continuous argument of 
/ on 7oi that satisfies the condition 0 oi(?>o) ~ ^0 . Since /(pO ^ 0 and /is contin- 
uous, we have an open set G such that pi G C SD and w(/, G) < G/8)m{f, G) 
(cf. II. 4 . 3 ). Since pi is an end point of 701 , wo can choose on 701 a point qi such 
that the sub-arc of 701 with end points <71 , 7^ lies in G, and thereupon we can 
chooso an open sot G such that pi ^ G C. G and G has no point in common 
with tho sub-arc poffi of 701 . Since (P is a Peano space, -wo can assume that Q is 
connected (cf. 1 , 2 . 33 ). Now let p2 be any point in (?. By 1 . 2.41 we have then in 
G a simple arc 712 with end points p\ , P2 > Let pf be the first point of the set 
7 oi7i 2 that is met in proceeding on 712 from p^ to p, , Let us denote by 7^1 , 7f2 the 
sub-arcs popf , pfpa of 701 , 712 respectively. Then 702 = 73*1 -t- 7f2 is a simple 
arc with end points Po , P2 . Lot now 0 o 2 (p) denote the single-valued continuous 
argument of / on 703 that satisfies the condition 0o2(pa) = /So < We have then, by 
definition, 

( 4 ) M(Pi) = <Aoi(Pl)> M(P 2 ) = 0 O 2 (p 2 ). 

By II. 4 . 4 , 001 = <^02 on 7?, , and hence 

( 5 ) 001 (P*) ~ 0 O 2 (pt). 

Since the sub-arcs pf pi , pf pa of 701 , 7o3 respectively are comprised in G (in fact, 
tho second arc lies in G), wo have by II. 4.8 the inequalities 

(6) ’ I 001 (Pl) “ 0 oi(pt) I « e/2) I 0U2(P2) “ 0O2(pt) I ^ €/2. 

From. (4), (5), (6) we infer that [ iiip^) — m(pO i ^ « if p2 G and thus the con- 
tinuity of M at the arbitrary point p^ 6 2D is i)rovcd. 

11 . 4 . 17 , Suppo.se that the Peano space (P occurring in II. 4.16 is a dendrite 
(see II. 2 . 1 ). Then the wording of the theorem and its proof admit of obvious 
simplifioations due to tlic fact that a dendrite contains no simple closed curve. 
Indeed, if (7 is a simple closed curve in (P and p, q are any two distinct points of C, 
then clearly no point of (P cuts between p and (7, in contradiction with the 
assumption that (P is a dendrite. 

11 . 4 . 18 , Lot /(p) be a continuous complox-valucd function on tho Peano 
space (P. Let S be a connected subset of (P, such that f 0 on and / fails to 
satisfy the condition (arg, ( 5 ). Then there exists in (P a simple closed curve C 
such that / 7^ 0 on C and /fails to satisfy the condition (arg, G) (cf. II. 4 . 3 ). 

Pkoof. Deny tho assertion, Since / is continuous and / ?^ 0 on S, we have 
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for every point p G S an open set Gp such that p E Gp and / ?^ 0 in G'p . Since 
(P is a Peano space, wc can assume that each Gp is connected. Then the sot 
so “ S G'p , p E S, is connected since <S. is connected. Obviously, is open 
and/ 0 on 35. Hence, by assumption, / satisfies the condition (arg, C) for every 
simple closed curve 0 C 35. By 11,4.16 tiiere follows the existence of a .single- 
valued continuous argument 4>(p) for p in 35. Then 0(p) is also a single-valued 
continuous argument for / on (J, in contradiction with the assumption that / 
fails to satisfy the condition (arg, G), 

11.4.19. Let f(p) be a continuous complex-valued function on a* subset E 
of a Peano space (P. If (j{p) is a continuous complex-valued hinotion on E .such 
that/(23) = g(p)'' for pE. E, wlierc k is a positive integer, then {j(p) will bo termed 
a single-valued coniimtous kth root of f on E. 

li f 0 on E and if there exists a single-valued continuous argument <^(p) 
for/ on E, then clearly the function 

f/(p) = I I(p) j*^*j^cos ^ -j- fsin ^ 

is a single-valued continuous Ath root of / on E. Howe^'’er, a single-valued con- 
tinuous ^;th root may exist even if these assumptions are not satisfied. For 
example, let E denote the unit disc { z j ^ 1 in tlio complex 2 :-planc, and con.sider 
the function f(z) ~ z\ Then « is a single-valued continuous square root of f{z) 
on Ej even, though /( 2 ) does not satisfy the condition (arg, E), 

11.4.20. Let/(p) be h continuous complex-valued function on a continuum G 
in a Peano space CP, such that (i) / ?^ 0 on G, and (ii) / has a singlc-valucfl con- 
tinuous A:th root ga{p) oci If X is a kill root of unity (that is, — 1), then 
clearly Xffaip) is also a Single-valued continuous kill root of / on G. Conversely, 
let g{p) be any single- valued continuous kth. root of/ on G. Since / ?^ 0 on G, 
wo have then also 0 on G, and thus h — g/go is single-valued and continuous 
on G. Clearly ft* — 1 on G, and hence h cannot assume more than h distinct 
values on G. Bj-' 1.2.45 it follows that h is constant on G, say ft = c on G, where 
c* = 1, and hence g{p) = Cffaip) on G, whci'e c is a /cth root of unity. In imr- 
ticLilar, if gipa) ~ Qaipo) for a single point po G G, then ii follows that g ^ Qq on G. 

11.4.21. Let f{p) be a continuous complex- valued function on a continuum 
G in a Peano space (P. Suppose that f(p) has a single-valued continuou.s /cth 
root g{p) on G. If ca(f, G), u(j/, G) denote the oscillation, s on G of / and g re- 
spectively, then 

(0 o>ig, G) ^ 3a)(/, G/^*. 

Proof. If k ~ 1, then / = g and the assertion is obvious. So let us assume 
that the positive integer k exceeds 1. We can also assume that / is not constant 
on G, since otherwise (1) is trivial. Let M{f, G) denote the maximum of | / [ on G. 

Case (i). Let us first assume that 


( 2 ) 


Af(J, G) > 2a>(/, G). 
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Let po be a point of (S where | /(po) I = S). By (2) we have then the in- 
equality 1 f(p) ~ fipo) I ^ w(/, S) < (l/2)i!f(/, e) = I f(po) I /2. Let us now 

consider the transformation T : z ~ f{p), p S The proceeding inequalities 

express the fact tliat is a subset of an open circular disc D in the 0 -plane 
whose radius is to (/, S) and whose center is /(po) (note that | /(po) j = M(f, S) > 0 
by (2)). Thus 0 = 0 is exterior to D bj'' (2), Now let ^0 bo an argument of /(po), 
and consider the function 

/*(?;) - e'’'^7(p), p 6 G. 

Let T* denote the transformation 0 ~ f*{p), p G S. Then is a subset of 
the open circular disc D* with center at 0 = | /(po) | = Mif, S) and radius 

<o(/, S). Thus D"** is comprised in the half plane 9i0 > 0 by (2), and hence by 

1 1. 4. 2 we have at our disposal the single-valued continuous argument a(z) of 0 
in D*. The function 

h(z) = I 0 I'^'^j^cos^ -h ? sin z £ D*, 

is then a single-valued analytic function of 0 in D'^, and we have the formulas 

( 3 ) l>(zf=i, = \W)\='\Z\‘'\ ^eD*. 

kh{z) 

Now let 01 , 02 be any two points in D*, We ha^'^e then the formula 

z 9 

h{z 2 ) ” h{z\) = J k'(z) dz, 

where the path of integration may be taken as the straight segment with end 
points 01 , 02 • There follows the inequality 

I ftfe) - h(z,) I S 6)'" S »(/, S)'". 

since /c ^ 2. Hence we have for the oscillation w(/i, D*) of in D''* the inequality 

(4) 

Let us introduco the function 

(5) ffo(p) = o'^^''^/i[6-'^V(p)] = P G S. 

Since /*(p) G -D* for p £ (E, it follows that ffo(p) is single-valued and continuous 
on S, and clearly a>((7o , S) ^ w(/^, D*). Plence, by (4), 

(6) w(c(o , (S) ^ a>(/, 

From (3) and (6) it follows that ffo(p)^ - /(p) for p £ (S. Thus ffo(p) is a single- 
valued continuous /cth root of /(p) on (S, If ff(p) is any single-valued continuous 


4 
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kth root of f on d, then g(p) = cgoip), where | c | = 1 (see 114.20), and hence 
*5^) “ <*>(9o , S). Thus (1) follows from (6). 

Case (ii). M(f, d) ^ 2w(/j d). Let M(g, d) denote the maximum of \ g(p) j 
on d. Then clearly 

co(ff, 6) S 6), M(g, S) = M(f, E)'". 

There follow the inequalities 

0>((l, E) s 2/Va, s 5)'" S Mf, S)'", 

since k ^ 2. Thus (1) is proved. 

11.4.22. Let flip) fnip) , ‘ ’ be a sequence of continuous complex- 

valued functions on a Pcano space (P, such that for each n there exists a single- 
valued continuous kih. root g„(p} oifnip) on (P, where A; is a fixed positive integer. 
Suppose that the .sequence f„(p) is equicontinuous on (P. Then the soquonco 
g„{p) is also equicontinuous on CP (cf. 1.2.44). 

Proof. Give e > 0. By assumption llicro exists 5 > 0 such that | /„(p2) “ 
fniPt) 1 < if p(pi , p?) < 5, ft = 1, 2, ’ - • . Since (P is a Poano space, we 
have an 7? > 0 such tliat if qi , Qa are any two points of CP for which p(qi , qa) < Vt 
then there exists in (P a continuum wth diameter less than 5 that contains qi and 
qa . Now take any 'two points <71 , Q-g in (P such that p(qi , q^) < Vt ^od let d bo a 
continuum in CP such that d(d) < d, qi ^ d. Thon co(/„ , d) < (e/S)*', 
and hence co(gn , d) < e by II. 4. 21. Since | g„{qa) - g„{gi) [ S o)(gn , d), it 
follows that I fi'rdgg) — I < € if p ((73 , ffO < v> Since t? is independent of 
Qi 1 Qi ) the equicontinuity of the .sequence g„(p) is proved. 

11.4.23. On a Pcano space (P, let /„(;;) be a sequence of continuous complex- 
valued functions that converge uniformly to a function fip) on CP. Suppose that 
for each 11 there exists a singlo-^' allied continuous /ctli root g^ip) of fn(p) on cP 
where h is a fixed positive integer. Then there exists a single- valued continuous 
/cth root of f{p) on CP. 

Proof. By 1.2.44, the sequence /„ is equicontinuous and uniformly bounded 
on (P. Plence, by II. 4. 22, the sequence gn is also equicontinuous on CP, and since 
I fi'n I* ~ I /» |j the sequence g„ is uniformly bounded on CP. By 1.2.44 there follows 
the existence of a subsequence , Rj < Rg < * ■ • < R, < • • • , which converges 
on (P uniformly to a (necessarily continuous) function g(p). Since g^^f ~ fn, for 
each there follows the relation g^ — f. Thus gf is a single-valued continuous klh. 
root of / on (P. 

11.4.24. Let Y be a simple arc (see 1. 2.31). Then y admits of two orientations, 

and we shall use y and —y to refer to the two oriented simple arcs so obtained. 
Let the end points of y bo denoted a, h in siicli a manner that a is the first and 
h is the second end point of 7, and hence b is the first and a is the second end point 
of —7. lif(p) is a continuous complex-valued function on 7 and/ 0 on 7, then 
f(v) possesses a single- valued continuous argument (j>(p) on 7 (see 11.4.14). The 
variaiion of the argument of f(p) on the oriented simple arc 7 is then defined by the 
formula — <^■(6) — ^{a). If ^*(p) is any single- valued continuous ar- 
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giinioni of/ on 7, then (j> — tj)* \h constant on 7 by 11 . 4 . 4 , and lioncc <l)(h) — 0(ce) = 
(f>*(b) — <}>*(a). In other words, F.j[arg f(p)] is independent of the particular 
choice of <i){p). The following remarks will be useful. 

(a) F^farg/Cp)] == -F_.y[arg/(p)]. 

(b) Let c be a point of 7 different from a and h. Let 71 denote the oriented 
sub-arc of 7 with first end point a and .second end point c, and let 7a denote the 
oriented sub-arc of 7 with first end point c and second end point h. Then 

F ^ [ai'g f{p)\ = Vy , [arg /(p)] + [arg /(p}] . 

Indeed, 4 >{p) can be used on botli 7, and 72 , and thus the assertion is equivalent 
to the formula (l>{h) " [0(c) ~ 0(n)] -f- — 0(c)). 

(c) If /i (p), /2(p) arc continuous and different from zero on the oriented simple 
arc 7, then 

F,[arg/,(p)/3(p)l = F,[arg/,(p)] + F,ai‘g /^[{p)]. 

Indeed, if 0t(p), 02 (p) are single-valued continuous arguments on 7 for /i(p), 
/2(p) respectively, then clearly 0i(p) + 02 (p) is a single-valued continuous argu- 
ment for/i(p)/2(p) on 7, and the asserted formula follows, 

(d) Let /„(p) be a sequence of continuous complex-valued functions on 7, 
such that fn converges on 7 uniformly to a (necessarily continuous) function /. 
Suppose that all the functions /, f„ are different from zero on 7. Then 

F,Larg/„(p)]-> F,[arg/(p)]. 

Peoof. Clearl}'', the functions g„(p) = /„(p)//(p) are continuous and different 
from zero on 7, and — > 1 uniformly on 7. Plenco | !7,t(p) “ 1 | <1 for n suffi- 
ciently large, say n > no - Let us define 

0„(p) = cx.[g„{p)]> p e 7, w > Eo > 

where 01(2) is the single-valued continuous argument of z defined for > 0 in 
II. 4 . 2 . Since a(l) = 0 and g,fp) — > 1 uniformly on 7, it follows that 0 „(p) 0 

uniformly on 7. Clearly 0 „(p) is a single-^'^alued continuous argument of g^ = 
/„// on 7. Hence, if 0 is a single- valued continuous argument of / on 7, then 
0« “ 0n + 0 is a single-valued continuous argument of g„f — /„ on 7, and 0„ — > 0 
uniformly on 7. Hence 

F,[arg/„(p)] = Uh) - 0 „(fl) ->0(6) - 0 (a) = T%Lnrg/(p)]. 

II. 4 . 2 S. Let C be a simple closed curve. Then C admits of two orientations, 
and we shall use C, ~ C to refer to the two oriented simple closed curves obtained 
in this manner. Lot f{p) bo a continuous complex-valued function on C, such 
that / 7^ 0 on C. Let Qo , aj , ■ * • , a„ bo distinct points on C arranged in con- 
formity with the orientation assigned to C, Let 7, denote the oriented sub-arc of 
C with first end point a,--i and second end point a, , f — 1 , and let 7 „h , 

denote the oriented sub-are of C with first end point a„ and second end point Oq , 
where all iliese sub-arcs arc oriented in accordance vdiJi the orientation of C. 
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Then the arcs 71 , • * • ,y,i> r»+i no common interior poinlH. The variaiion 
of (he argument off on the onenled simple closed curve C is defined by tlio formula 


(1) Vc[mf(P)] = n.N’S/(P)J -t- -I- Vy.,,,\nvgf(p)]. 

By 11.4.24(b) this quantity is independent of tlie number and choice of the points 
rto ai , • “ , dn > following statements will bo useful 
'(a) ’Fc[arg/(p)] = - F-c[arg /(p)]. Thi.s follows from 11.4.24(a). 

(b) If flip), f 2 (p) arc continuous and not eepud to 0 on C, Hum 

== F,’|arg /i(?j)] -h VAnrg 


This follows from 11.4.24(c). 

(c) If /„(p), f{p) are continuous and different from zero on C, and /„ — > / 
imifomily on C, then 7c [arg /„(?;)] -> 7c[arg/(2?)]. This follows from ir.4.24(d). 

(d) FcN’g f(v)] is an integral nniltiple of 27r. Iiuleed, let (}>,{v) a single- 
valued continuous argument of fip) on 7; (soo formula (1)). Thun (ef. 11.4,24) 


Fcfarg /(p)J 


( 2 ) — [ 0 i(^i) *^i 0 ^o)l 4 “ 0 a(^q)l H" ' ’ * “H [01111(^0) 0 »iii(U)j)J 

= [0n4-l(ao) “ 0l(tlo)l "I” L0l(»l) ~ 01 !(«|)I T ■ ' ■ + l0..(«-i) “ 0Ml(n„)l. 

Now each pair of square brachots contains the difference of two arguments of tlio 
same complex number. Such a dilTerence being an integral multii)lu of 27r, it 
follows that Fc[arg/(yj)] itself is an integral multiple of 27r. 

(c) Fc[arg fip)] “ 0 if and only if f po-ssessus a singki-vahuid eontiniiouH 
argument on C, Indeed, if sucli an argument 0(p) exists, tlion we ean put, in tlio 
formula (2), 0,(p) - (pip) for each and (2) yields then 7o[arg fip)\ = 0, 
Su])pose, conversely, that 

(3) Fcfarg /(?>)! = 0. 

Using the same notation.^ as in (d) above, let us note that 0i(aj) — <h(^h) T 2/i:,7r, 
where h is an integer, since 0i(ai), 0a («i) ari! arguments of the same complex 
number /(oj). Since 03(2)) T 2/i?|7r is also a single-valued oontinuouH argument of 
f on 72 , it follows that we can assume without lo.ss of generality tliat 0i(ai) = 
02(ai). Repeated application of this remark slunvH that 0i(p), • • • , 0 ,,h(?>) 
be so oliosen that 

(4) 0/(fl,) = 0 ,m(«,), J ^ I, 2, • • • , a. 

From (2), (3), (4) there follows then the rolutlon 

® 0i(«o) = 0«M(nit). 

Let us define on C a function 0(p) as follows: if ;; G 7i' 1 tlion 0(71) == Hy 

(4) and (5) this function <f)ip) is then single-valuetl on C. Once this point is 
established, it is clear tiiat 0(p) is a sin gle-v allied oontinuous argument of / on C, 
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II.4.26. On the oriented simple closed curvo C, lot there be given three 
continuous complex-valued functions /(p), Gif), g{p), such that / - <7 -f- (7 and 
I (j I > \ g \ on C. Then {theorem of RoucM) 

( 1 ) V,lnvgM] = Vc[argG(v)]. 


Pro OF. The assumptions imply that G 0 and / 0 on C. Hence the 

function h(p) = f{p)/G(p) is continuous and different from zero on 0. Further- 
more 


I h(p) - 1 I = 


I fip) ~ G{p) I ^ I g(p) I . . 
\G{p} ! \G(p) I ^ 


per. 


By II.4.5, IL4.25(o) it follows that TT'[arg h{p)] = 0. Since / = hG, the formula 
(1) follows by 11. 4. 25(b). 

11.4.27. Let be a bounded, .simply-connected Jordan region in the complex 
ly-planc with boundary curve C, Let C be oiiicnted in the counter do ckvnse 
sense. Suppose that/(iy) is a continuous complex-valued function of w such that 
f{w) 0 in 9i. Then 7t'[arg/(iy)] = 0. 

i'nooii'. By II.4.13 (of. 1.2,50), f{w) possesses a single-valued continuous 
argument (f){w) in 9f. Then (hip) is also a single-valued continuous argument of 
f{io) on C, and hence 7c[arg/(w)] = 0 by 11.4.25(c), 

11.4.28. Let be a bounded, finitely-connoetod Jordan region in the w-plane. 
The onented howidary B of 9i is defined as the sum of its boundary curves with 
orientations assigned as follows. The exterior boundary curve of 9t is oriented 
in the counter clock wise sense, the others (if anj^) are oriented in the clockwise 
sense. The symliol G Q B will mean that (7 is a boundary curve, oriented in the 
manner just described, of 9b Let then f{w) be continuous, complex-valued in 91 
and different from zero on B. The variation of the argument of / on the oriented 
boundary B of 91 is defined l)y the formula 

F/Jarg/(w)] = i: Fc[arg-/(^a)J, F G H. 


The following facts arc important. 

(a) If/(rc) is different from zero in 91, then F/j[arg /(ly)] = 0. 



PiiooF. If 91 is .simply-connected, then the as.scrtion follows from 11.4. 27. 
So suppose that 91 is multiply-connected, and let B denote the oriented boundary 
of 91. The figure indicates the proof clearly. The auxiliary dotted arcs are 



146 


II.4.28 


introduced to decompose into two simply-connecU'd Jordan regions 9t'i , 9 ? 2 . 
If Cl , Ca arc tlie boundary curves, oriented in the countcrcloekwdso sense, of 
9 ?! , 9 ? 2 1 ‘espectively, (lien 

tV.[arg/ 0 c)] = 0, T>,[arg/('aj)] = 0, 

))y 11/1,27. Addition yields F//[arg /(w)J - 0, .since the contribution of tlie 
auxiliary dotted arcs is zero (cf. I L 4. 24(a)). 

(b) hot G(io), (j(tv) bo continuous complex- valued functions in 9? such 
that/ = G -\~ g in 9? and | f? | > \g \ on the boundary B of 9f. Then V /i[arg /(w)] 
= F/;[Ri‘g Indeed, if X/ denotes summalion over the properly oriented 

boundary curves F 6 (hen by U.4.20 

Fz/arg/Oa)] = XI Fz 7 [nrg /(ia)J ^ X) i^rlarg (?(w;)] = F„[arg (?(ta)]. 

IL4.29. Let Fbe an oriented simple clo.sed curve in the complex 2 -planc, and 
let 2 o be a point that does not Ho on C, Wo liavo Ihon the following statements 
concerning Ft;[ai'g‘(;? ~ ^o)]. 

(a) If Za is exterior to (7, then Fc[ai'g {z — 2 !o)] == 0 . Indeed, if denotes 
the bounded Jordan region determined by (7, then z ~ Zq ^ 0 on and hence 
tlie assertion follows direoily from 11.4.13, 

(b) If Zo is intcrioi' to C\ and ilie orientation of C is counterclockwise, then 
Fc[arg (z ~ Zn)] == 27 r. Indeed, the assertion is obvious if (7 is a circle with 
center at Zq . In the general case, let c be a circle, oriented counterclockwise, 
M'ith center at Za and interior to (7. Let 9? bo the doubly-connected Jordan region 
bounded by C and c, and let J5 be tlio jiroperly oriented boundary of 9i\ Then 
2 — 2 o 5^ 0 in and hence by 11.4.28(a) . 

0_ = FiHarg {z - z,,)] = TT-[arg (z - z^)] + F-.[arg {z - 2o)] 

= Ff.[ai’g {z - 2 o)] “ 27r. 

Thus Ftftai'g (iS “ ^a)] ” Stt, 

(c) If Zo is interior to F, and the orientation of C is clockwise, then Fz;[arg {z — 
Zo)] = — 27r. This follows from (b) and 11.4.26(a), 

II.4.30. Let u be an oriented straiglit segment in the z-plano, and lot, Zq bo a 
point that does not lie on <r. Let j3 denote iho radian measure, taken with the 
positive sign, of Die angle .subtended by cr at the point Zo , Let Zi , Zg bo the 
first and the second end poinl.s of tho oriented .segment a. The points Zo , Zi , Z 2 
dolcrmino a (i-cotilinear) triangle A, Put ^ = 0 if A is degonoraie (that is, if 
Zo , i^i , Zz are col linear), ^ if A is nondcgeneralo and the orientation of A 
determined by the arrangement z^ , Zi , z^j oi its vorticc.s is countcrclookwi.so, and 
A == — (9 if A is nondegenerato and the oriental ion just roforred to is clockwise. 
Clearly F,[arg (z — Zo)] ~ A. This remaiL loads to the following gencralimtion. 

Let 7 bo an oriented simple arc, and let /(p) be a continuous complex-valued 
function on 7 . Lot jh , Pt denote tho first and .second end poinis of 7 . Consider 
the transfoi’matioii T : z == /(p), p t, and ])ut z, = /(pi), Zg = /(P 2 ). Lot Zo 
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be a point in tlio 2 -plane that docs not lie on T{y). Suppose that there exists in 
the 2 -planc a straight line I through 2 o such that T{y) lies in one of the open half- 
planes determined l)y /. Tlxen the oriented segment <r, whoso first and second 
end points arc 2 i and Z 2 , lies in the same open half-i)lane. If \ is defined, in 
terms of the point 20 and the oriented segment a, in the manner described above, 
then ^^[arg (f(p) — 2 o)] = X. Indeed, using a translation and a i-otation, we can 
reduce the general case to the special case where 2 n = 0 and T(y) lies in the open 
half-plane dtz > 0. Then the singlo-x^nlued continuous argument oc{z) of 2 is 
available (see II.4.2). Clearlj'- a ( 2 ) is a single-valued continuous argument of 
2 on cr, and a[f(p)] is a single-valued continuous argument of/( 7 )) — 2 ,, - f{p) on 7 . 
Hence (note that now 2 o — 0 ) 

T^[nrg/Cp)] = a[/(P2)J ” «[/(/>i)] = “ a(2,) *= r„[arg2].= X. 

11.4.31. Lot 7 bo an oriented simple are. Lot h(yi) == 7 be a topological 
transformation from a simple arc 7 , onto 7 . Let 7 i be oriented in such a manner 
that its first end point is carried into the first end point of 7 , and hence its second 
end point is carried ipto the second end point of 7 . Suppose that f(p) is a con- 
tinuous complex-valued function on 7 and / 5 *;^ 0 on 7 . Then 

(1) 

where pi varies on 7 , . Indeed, if (l)(p) is a .single-valued continuous argument 
of f{p) on 7 , then 0 l/i(pi)] is a .single- valued continuous argument of /[/f(pi)] on 
7 i , and the assertion follows. 

Let now C be an oriented simple closed curve, and lot h(Ci) = (7 bo a topo- 
logical transformation from a dimple closed curve Ci onto C. Let C, bo oriented in 
such a manner that while a point p describes C in the sense assigned on C, the 
point pi ~ h~\p) describe-s Ci in the sense assigned on C'l . Suppose that/(p) 
is continuous, complex-valued, and diiforent from zero on C. Then 

( 2 ) Fc[arg f(p)] - F«.[arg /(/j(pO)l . 

This follows, in view of 11.4. 25, directly from the preceding result. 

The formulas (1), (2) hold for .sense-preserving homcomorphisms h. If h is 
sense-reversing, then it follows in the same manner that ( 1 ) and ( 2 ) hold with 
the minus sign inserted on the right. 

11.4.32. I,et be a siinpb'-conncctcd, bounded Jordan region in the w - 
-j- iv plane. Let Wa be a point on the boundary curve of and let f{w) be a 

complex-valued continuous function in such that /(ryo) = 0 and /(u>) 9 ^ 0 for 
E 9t “ • Then for every given positive integer /j, there exists a .single- 

valued continuous kth. root of / in 91. 

Proof. Let us first assume that 9i coincide.s with the region 91 : w § 0, 

0 g -h y® ^ 1 , and Wq = 0. Por cveiy positive integer w, let 91„ denote the 
region 91„ ; y ^ 0, (1/a)^ S w® -j- ^ L Then 91„ is simply-connected, and 
f(w) 7 ^ 0 in 91,1 . bet w* = 1. Then^y* E 91„ for every n, Let a* denote a A’th 
root of f(w*). Since 91„ is simply-connccted and /(ly) 0 in 91» , we have by 
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IL4.13 a singlM'aluecl continuous argument <f>n(^o) of / in 9{„ . function 
uw) = I .m r"[cos + isin 

IS then clearly a single-valued continuous 7ctli root of / in {)f,, . Now rt* and 
are A:th roots of the same complex number, namely of f(w^) ¥■ 0, and hence 
a* ~ where c„ is a kth root of unity. Then g„(w) == c„X„(iy) is also a 

single-valued continuous A:th root of / in 9i'„ , and g„(w^) = a*, a = 1 , 2, • • • . 
If m ^ n, tlien R„, C Rn , and thus^7,„(^w), g„{w) are two .singlo-valiiod continuous 
/I’th roots of / in that agi’ec for w = w*. From 11.4.20 it follows that g,„{w) ~ 
g^(w) for w G if fn ^ n. Let us now define, in 91, a function g{w) as follows: 
g(ii}) = g„(w) if w) G 9t„ , and (7(0) = 0. In view of the preeeoding remark, g(w} 
is clearly a' single-valued continuous /rth root of / in 9t (not(! that/(()) = 0, and 
hence | g(w) \ = | f(w) ^ 0 for j/; — > 0). 

In the general case, we have (cf. T.2.50) a hoincomorphi.sin = 91, wlior<} 

91^ is the region ^ 0, 0 ^ n® -f ^ 1, in the == u^, -\~ iVj^_ plane, and 
}i{G) = Wo * The function = f[hiw^)] admits of a single-valued continuou.s 
kth root (7^ (w^) in 91* by tlie.preceeding di.scussion, and clearly (/*[/r‘(ia)] is then 
a single-valued coutinnoius A’th root of f(w) in 9f. 

n.4.33, Let/(«)) be complex-valued continuous in a bounded, simi)ly-conncc- 
ted Jordan region 9i in the w = u d- iv piano. TiOt Wa bo jin interior point of 9t, 
and let C be the boundary curve of 91, where C is oriented in the counterclock- 
wise sense. Suppose that tlie following conditions are satisfied: (i) /(?«(,) = 0, (ii) 
J{w) 9 ^ 0 for w G 9f “ , (hi) Fc[arg/(w)] = ±2/c7r, wlior<i k is a positive 

integer. Tlien there exi.stsja single-valued continuous Hh root of / in 9i. 

PnooF. A reasoning analogous to that used at the end of TI.4.32 shows that 
there is no loss of generality in assuming that 91 is the unit disc, 9J : 1 ^ 1 and 
Wo = 0 (cf. II. 4.31). Let 91, , 9J2 denote the Jordan regions 9b : 0 ^ ^ 1, 

t) ^ 0, and 912 : 0 $ d- w® ^ 1, « ^ 0, respectively. By II. 4. 3 2 we have then a 
single-valued continuous kth root (/i(w) of / in 9ti and also a single-valued con- 
tinuous kth root gi{w) of / in Ob ■ Let Oo bo a kth root of /(I ). Then au — Ci(/i (1), 
where c, is a A;th root of unity. Hence, replacing gi(w) by Cigi{w), we see that 
we can as.sumc that gi(l) — ao , and similarly wo can assume that (72(1) == Oo * 
In other words, we can select gi(w), g^iw) to .sati.sfy the condition 

W (7i(i) = </2(l) = «« ■ 

Now let Cj denote the semicircle it® = 1, n ^ 0, oriented from w ~ i toward 
jp = jgj; denote the semicircle a® d~ ~ 1, y ^ 0, oriented from 

w ~ ~1 toward w — 1. Let 4>o be an argument of the number no 0. Since 
gi{v)) 7^ 0 on C7i , we have on (71 a single-valued continuous argument Ci) of 
i7i(w) such that0j(l, Cj) = ^0 (cf. 11.4.14, II. 4.4), Similarly, wo have a single- 
valued continuous argument Q of g^{w) on such that <^.a(l, C^) = . 

Thus 


( 2 ) 


^l(l> f'S) ~ ^2(1, Os) — 1^0 . 
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We have then the formulas 

(3) Ffi,[arg‘ ~ ^i) ~ 0t(l> C*i)> 

(4) T^c,[ftrg = <^ 2 ( 1 , C 2 ) - 02(~1, C' 2 ). 

Since giixoY - f(v)) on Ci , and 02 ( 10 )^ ~ f{w) on , we have (see 11.4.24(c)) 

(5) = Ar7o.[arg <7i(^^)], 

( 6 ) 7 ( 7 , [arg /(w)] = k 7 , 7 , [arg (^^(^a)] • 

ITi'om (2) — ( 6 ) we infer the relations (cf. 11.4.25) 

7e[arg/(w)l = 7(7.[arg /(^)1 + 7(7,[arg /(«;)] = /.’[^.(-l, C,) - ^^(-l, C^)]. 

Since 7c[arg/('u>)] = ±2/c7r by assumption, it follows that 0i( — 1, Cj) = ^ 2 (‘“lj 
Ci) ± 27r. Since </>i(-l, Ci), <^2(“7 C 2 ) are arguments of (/i(-l), 
respectively, and [ (7i(“l) | = I (/ 2 (~ 1 ) I =* I /(“I) if' follows that 

(7) ' J7.(-1) == .72(-I). 

Now let Ho satisfy the inequality ~ 1 < < 0. On the segment — 1 ^ w ^ Wo > 

Qi and (72 arc .single- valued continuous Jcih. roots of /that agree for w — —1 by (7). 
By IT.4.20 it follows that gi(uo) = (/ 2 (^<o). Since gi(0) = g^iO) ~ 0 (note that 
/(O) = 0), it follows that gi (u) = gtixi) for - 1 ^ w ^ 0. Similarly, (1) leads to 
the conclusion that (/((?*) “ 02(11) for 0 ^ a ^ 1. Hence, if we define g(w) — 
gi{w) in and g(xo) = gsiw) in , then g(w) is a single-valued continuous hth. 
root of / in 9f. 

II.4.34, Let C be an oriented simple closed curve, and let T = f{p), p ^C, 
be a continuous transformation from C into the complex ^j-plane (that is, f(p) is 
a continuous complex-valued function on C), For each point Zo in the 0 -pIane, 
wc define an index ix{zo , T, C) as follows. If Zo 6 ^(C), then n(zo fT,C)~ 0. If 
00 C ^’(C')? I'fien ix(zo , T, C) = 7 ( 7 [arg {f(p) ~ 0 o)]/ 27 r (cf. II.4.26). Dropping 
the subscript zero, we obtain in this manner a function 74 ( 0 , T, C), defined for 
every 0 . us note the following facts. _ _ 

(a) Lot F be the image of C under T, and let 0 be the complement of F with 
respect to tlie 0 -plane. Then F is a closed bounded set, and hencej? itself is an 
open set. The set (7 may be connected or disconnected, but since_7 is bounded, 
G has a unique unboimded component that wejdenote by Fco (if G is connected, 
then of course r*, *= GO- Each component of G is open. 

(b) Lot r be a component of G (see (a)). We assert that p(z, T, CF) is constant 
on r. Indeed, n{z, T, CF) is clearly a continuous function of 0 on P by 11.4.26(e), 
and (j,(z, T, C) takes on only integral values on V by 11.4.26(d). Since V is con- 
nected, it follows that fi(z, T, C) is constant on r (see 1,2.46). 

(c) n(Zf TyCF) ~ 0 on r„ (see (a)). Indeed, p(z, T, CF) is constant on r„ by (b), 
and hence it w sufficient to exhibit a single point Zo E r«, such that }i(zo , T, 0) = 0, 
Now the set F = T(C) i.s bounded, and hence there exists a real constant .'Tq such 
that 9?/(p) > .To for p E C, Then 9?f/(p) “ ^ 0 ] > 0 on C, and hence there exists 
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a single-valued continuous argument for/(p) - I'o on C II.4.5. By n.4.25((>) 
it follows that (fiv) - = 0, and hence ju(.i’o , T, C) = 0. Since clearly 

.Vo E r„ , the assertion niz, T, 0 = 0 in is established. 

(d) Summing up: ti(z, 3\ C) assume.? only integral values, is constant on_cvery 
component of the complement of the set F ~ T{C), and is equal to zero on F and 
on r» . Thus n{z, Tf C) is clearly Borel measurable (see 1.3.8). 

(e) Let h{0) = (7 be a topological transformation from a simple clo.sod curve 
O onto C, and let be so oriented that h is sense-preserving. Lot ils put 

= f[h(p*)], tf E O, and let T^‘ be the transformation 7’*' : z - 
p* ^ Then ii{Zt T, C) « T*f O), as an immediate consoquenco of 
IL4.31. If h is sense-rev oivsing, then it follow.? similarly that ix(z, T, C) = 
-uiiz, n C*). 

n.4.35. In the = u + iv plane, consider a rectangle Ji : Ui ^ u ^ ih i 
Vi ^ V ^ p 2 • Let C be the boundary of 72 oriented in the couiiioroloclcwiso sense. 
Let f(w} be a continuous complex-valued function on 0 and lei Zo bo a complex 
number such that the following inequalities hold. 


(I) 


- 2ol > 0 

for w = Vo -h iv, v. 

^ V , 

(2) 


- 2q] > 0 

for w = a -f- ivj , u, 

^ ^ ih , 

(3) 


- «(|] < 0 

for w = Hi 4- ii>, u, 

S V ^ Vi , 

(d) 


- 2o] < 0 

for w = iL A" ) iq 

^ ^ Uj . 


Let 3’ denote the transformation z = f(w), w G C. Tiicn fiizo , T, C) ~ 1. 

Indeed, let a;, , denote the images of the vertices (tq , y,), (wa , Vi), (iq , 

V 2 )t (ih , Va). In view of (l)-(4), it follows readily from 11.4.30 that V cr[arg (f(w) — 
^o)] = 27r, and hence }i(zo , T, C) = 1. 

If the signs of inequality are reversed in (2) and (4) (or altorna lively in (1) and 
(3)), then it follows similarly that a<( 2 o , T, C) = —1. 

II.4.36. Let C be a simple closed curve, oriented in the counterclockwise 
sense, in the to = u -L iv plane. Let u>i , • • • , iy„ be distinct points on C, arranged 
ill the counterclockwise sense. We put, for conrcnionco, = w , . These points 
divide C into n oriented simple arcs 71 , without common interior iioints, 

where the end points of ji arc and w, 4.1 in this order, Tn the 2 — ,t + 7;/i)Ian(', 
let tiierc be assigned points r, , • • • , r„ , r„+i = t, that arc not assumed to be 
distinct. If x; 5^ Tk+i , then let cri denote the oriented straight segment with first 
end point t, and second end point ta+i . If r* = r<+i , then lot denote the .single 
point ta = n+i , For each k = I, • • • , n, let us define on 7^ a fund ion r =/ia (w) 
as follows. If o-A docs not rediieo to a single point, tlien hi, is cho.sen in such a way 
that (i) h{W(,) — Xfc, h(Wk+i) ~ Th+i , and (ii) the equation r = hi,{io) defines a 
topological transformation from 7 a onto cr ^ . If o-a reduces to a single point (that 
is, if T, = n+j), then hAw) = constant = ta = ta+i on 7 a . Let u.s now define on C 
the function f{w) as follow's: f(w) = hAw) if w E 7 a . Clearly, f(w) is single- 
valued and continuous on C, and /(«;,) = Tk,k = 1, 2, • • ■ , a. Finally, wo intro- 
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duce the transformation T : t = f{w), w E C, and we proceed to derive several 
simple and important facts concerning the index-function n(z, T, C) (sec U.4.34). 

11.4.37. Continuation. If a* docs not reduce to a single point for a certain 
k, then (he function }h(w) is not univoeally determined. Suppo.se gii(w) is a 
second function satisfying the same conditions as lh{w). From II. 4.30 it follows 
readily that 

ih(w) - z)] = Vy,[arg {g^(w) - z)], 

for every z not on er» . By 11.4.25, II. 4. 34 it follows that fi(z, T, C) is independent 
of the particular choice of the functions }h{w) described in II. 4.36. From 
11.4.34(e) we infer that we could assume, without loss of generality, that C is a 
simple closed convex polygon with vortices w, , • • • , . In this special case, the 

function h (w) may ho chosen, if o-^ does not reduce to a single point, in such a 
manner that the transfoimation t = hkiw), w E jk , maps 7 *, linearly onto cri . . 
Tlien each Jh , and' hence also the transformation T of II.4.36, is univoeally 
determined. 

11.4.38. Continuation. By 11.4.34(c), the index-function fi(z, T, C) van- 

ishes outside of a sufliciGntly large circular disc in the 2 -plane. The symbol 
// fi{z, T, (7) dx dy will denote the integral of n(z, 2’, C) over such a disc. Let 
It , Vk bo the coordinates of n (that is, r* = -|- iiji,). Then 

0) // T, C) dx dz/ “ I E - ’Jilin)' 

Proof. Lot us take in the 2 -plane an auxiliary point to that does not coincide 
with any one of the points ti , • • • , t„ , and let St denote the oriented segment 
with first end point ro and second end point n . Let us define, if <r* docs not 
reduce to a single point, , 

V(z, a-k) = F.itarg (r - 2 )], 

where t varies on o-j and 2 ^ o-* . If cither <rt reduces to a single point or 2 lies on 
(T* , we put 7 ( 2 , o-fc) = 0. By II.4.34, II. 4. 25, II. 4. 30 wo have then 

(2) fi{z, T, C) “ ^ E ^ 1 ) for 2 ^ tTi + • • • + cr,, . 

Similarly, we put 

V{z, Sk) = F.*[arg (t - 2 )] for 2 ^ Sk , 

where r varies on «* . If 2 G s* , then we put V(z, Sk) ~ 0. Clearly 

t <r<) = t. [K(S!, s.) + Viz; cr.) - Viz, s...)] 

i»l 

(3) 

n n 

' for 2 ^ E s* + E • 


For given k, the following cases may arise. 
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Case (i). The triangle with the vertices n , n , is dogeiierato. I'wm 
IT.4.24(a), (b) it follows immediately that V(z, sO -|- V(^, (tO - l U. ■‘‘Vul ” 
for 0 ^ Sa 4- 0-, + . Hence in this case 


00 


/ [ [¥(^, h) + ns, Ti) - ns. si»,)] dx dy = 0, 


where the integratioii is extended over any circular disc. 

Case (ii). The triangle with vertices tq , n , n+i is nondogoncrato. L(5t tlien 
Ta denote the perimeter of this triangle, oriented in the sense n , r,. j j . Hot 
ejt be equal to 1 if r* is oriented counterclockwise, and put €*“ “ i il I’t '•‘i 
oriented clockwise. By II.4.29 we have then 

(5) V(z, Sa) + V(z, a,) - V{z, Sa+i) = Trdni’g [r ~ z)\ = STre* , 
where t varies on Ta , if 2 is interior to the triangle r© , ta , tah j and 


(0) y{z, sj + ~ yi^> = f^rlarg (r - z)] = 0, 

if 2 is exterior to that triangle. Hence, by a well known formula in Analytic 
Geometry, 


(7) 


^ If [ns, Sr) + ns, n) - ns, s.*,)] * # = | 


to V» 1 

til 7)- t , 

t/ + 1 \ I 


where the integration is extended over any circular disc that contains the points 

T’o , rj , Ta+1 . 

Now let us note that the determinant in (7) vanishes if the triangle ru , ta , i 
is degenerate. By (4) it follows that (7) holds for every k = 1, • - • , n. The 
formula (1) follows now froiVi (2), (3), (7) by elementary computation.s (note that 
the set Si 4- • • • + s„ + o-i 4- “ • 4* is of measure zero). 

II.4.3P. Continuation. Take a point So ~ .'To + in tiie ^-plane. Lot a 
be any real number. Then the equations x = .To 4* ^ cos y = 2/0 “h L sin «, 
0 ^ < 4- “ , represent a ray r issuing from Zq . Suppose that r does not pas.s 

through any of the points ta . Let m be the number of tlxoso subscrip Ls k for 
which j’ffA 9 ^ 0. Then 


(1) I , T, C) I ^ m. 

PiiooF. If G TCO == (T, + • . • + , then m(zo , T, C) - 0 (see 11.4.34), 

and (1) is obvious. So we can assume that 

(2) ^ 0"! 4" ' ‘ ’ 4" iTn . 

Let r* be the ray t = To ~ ^ cos a, 2 / = 2/0 ~ ^ sin iv, 0 ^ ^ < 4* *» /. and lot us 
dioose on r* a point ro 2o , r, , • - , r„ . In terms of this point ro , wo dcfiiio 
the oriented segments Sa and the quantities V(z, s*), F(«, o-*) as in 11.4,38. Lot 
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denote summation over those nondogoncrate triangles ro j n , r<,+i that 
contain Zq as an interior point. B}'’ the formulas (2), (3), (5), (6) in 11.4.38 it 
/ollows that 

(i) , 7’, C) = E' , 

(^loaiiy, Zq is interior to a triangle ro , t; , r^+i if and only if the ray r intersects 
^Jio segment Cf. . Hence 2' 1 I “ Thus (1) follows from (3). 

II.4.40. Let us now consider a Frdcliei curve T of the typo of the simple 
closed curve in JSuclidcan ihree-.space (cf. II.3.7). Let T be given in terms of 
^ representation r : T(C) = d’*', whore (7 is a simple closed curve and (P'** is a 
^iibsot of Euclidean three-space, By 11.3. II we can assume that C lies in the 
^omplcx w-plane. Let us now assume that Cl’’" i.s a .sub.set of a plane p. If wo intro- 
^luco in p a Cartesian coordinate system jj, and if we put r = ^ + ii), then T 
^ay bo given in the form T : t ~ f(w), w G C, where f(w) is a complex- valued 
j^ontinuous function on C, Let C be oriented in the counterclockwise sense rela- 
^iVQ to the 10 - u~\- iu plane. There arises an index-function ju(r, T, C), and we 
j 7 j’oposo to determine the manner in wliich p, depends upon the representation 
for V. So lot : t = , be a second representation of T, 

vviicro C* lies in a complex io^ ~ ii^ + plane, and is oriented in the 
counterclockwise sense relative to the w^-planc. We arc to compare the index- 
j^uuctions iJi(r, T, C) and mCt, , C^) (cf. 11.4.34). By II.3.12 wc can choose for 
(jiich n a liomcomoi'phism h„(C) =* , such that the functions /„(w)) = f^[K(w)] 

converge on C uniformly to/(w). Lot us put - +I if K is sense-preserving, 
fjfiid X„ == “1 if h„ is sense-reversing, By II.4.34(o) we have 

CD Kr, ?’n , C) ^ KKr, T, , C\), 

■vvhore denotes the transformation r ~ f,Xw), w G 0. By II. 4.34, 11.4. 25(c) 
■wro have the relation 

C2) /x(r, ,C)^ h(t, T, C) for?i ~>co . 

If X« = +1 for infinitely many values of n, then (1), (2) imply that n{r, T, C) s 
, C^), If X„ == —1 for infinitely many values of n, then it follows that 
>w<T, T, C) 3 ~m(t, Tj. , C^), Summing up: there exists a constant X, equal to 
— J-l or “I, such that ii{r, T, C) s Xju(t, , C^). 
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CHAPTER II.5.- GENERAL COMMENTS ON CURVES 
AND SURFACES 


.11.5.1. In view of the general occurrence and utility of the tcrmn curve and 
surface in varioua scientific fields and in eveiyday life, a detailed sl.ud^'' of (.ho 
psychological and technical coiLsiderations that lead from the pi'imitiv(5 intnitiv(i 
ideas to the precise formal definitions should be a topic of GOiiaidera])Io inten'.st. 
The book of Menger [1] gives a comprehensive picture as far ns tho point sot, 
theoretical approach is concerned. A brief but illuminating account may bo 
found in G. T. Why burn [2]. As regards the concepts of curve and siirfaoo a.s 
used in Chapter II. 3, the reader will find a number of interesting and rohyant 
comments in X W. T. Youngs [2]. We restrict ourselves to remarks meant to 
prevent misunderstandings on the part of a reader who did not make a .special 
study of the concepts curve and surface, even though ho may have used tho.so 
terms extensively in his work in fields like Differential Geometry, Differential 
Equations, Complex Variables, Caleuhis of Variations, and so forth. 

IJ.5.2. Foi a while, we restrict ourselves to curves, and in fact (.o eurves in 
Euclidean thieo-space (onl}^ the real case is relevant for our purposes). Disre- 
garding for the moment highly specialized studies, (,he general inkirpretation of 
the teim curve in mathematical literature may be described as follows, 

(i) Piimaiily, a curve is thought of as a 'poini set with certain properties^ of 
sknderness. Thus a circle is a curve, while a circular disc is not a curve. 
simplify matters, let us consider only continua in Euclidean three-space fUn 
Given then a continuum VCE, (that is, a bounded, clo.sGd, connected sot in IQ, 
m certain simple cases V ivill be classified as a curve, in certain other simple canm 
r will be definitely recognized as not being a curve. From tho point of view of 
most mathematical disciplines, a sharp distinction between curves and non-curves 
IS irrelevant, however. Subject to this vagueness, let us use the term poml curve 
to J*efer to a continuum P C Eg that is admitted as a cuvAm because of its slendm-- 
ness. The term point curve is used in contradistinction to the term path curve, 
to be considered presently. ’ 

the'fimf™” clolcmiinod by cqualionn of 

(1) X = x(u), y = y(u), « = uSI,I :a i u S li, 

whme the functions x(u), y(u), s(u) arc continuous in tlic inlcvval I and possess 
moh further properties of regularity as may bo needed for a particular mnZ. 

m cStiP ’ p"** “ "f ! I>y means of tlio (Kiuatioiis 

betiZ J ^ eorrcspondcueo 

snZ ^ ^ r bHt ill many simple cases a biuniqiio eom- 

mpmZatior “ 
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(2) rr = cos ?/, y = sin z ~ 0, 0 ^ u ^ 2ir, 

is not biimiquo, but is still accepted as a useful representation of the unit circle. 
While (2) presents a niinimum amount of duplication, the representation 

(3) X ~ cos u, y — sin u, z = 0, 0 ^ w ^ 47r, 

is uneconomical from this point of view, since now the unit circle is described 
twice while u increases from 0 to 47r. On the other hand, we may think of a 
representation of the form (1) aS representing not merely a continuum P but 
rather a continuous trip over r. Then (2) and (3) represent two entirely different 
continuous trips ai'ound the unit circle. If we consider a representation (1) as 
describing a continuous trip, then we shall say that (1) determines a path curve, 
where this term will be used for the moment in the same vague manner as the 
term poi 7 it curve was used in (i) above. The formulation of precise formal 
definitions for the concepts point curve and path curve is of course a matter of 
importance, even though it seems that such formal definitions are not absolutely 
necessary in most mathematical fields. In elementary geometry, the term curve 
is used, generally, in the sense of point curve. On the other hand, in applications 
in Analysis the interpretation of a representation (t) in terms of a path curve is 
more appropriate (cf. the remarks in 1.1.6). 

(iii) Given a path cuiwe by a representation (1), the locus of the points (x, y, z) > 
obtained by means of the equations (1) is a continuum V d that we shall call, 
for conciseness, the trace of the path curve. Inspection of a lemiiiscate, for example, 
reveals that a given point curve may be tlie trace of several equally plausible path 
curves. It is then natural to expect that point curves and path curves should be 
related iu the followng simple manner: every path curve determines a point 
curve as its trace, and every point curve is the trace of several path curves. The 
concept of continuous iravei'sihiliiy permits us to condense the preceding state- 
ment. A continuum T C is termed continuously traversible if and only if it is 
possible for a particle, moving continuously according to equations of the form 
(1), to describe precisely V while u (thought of as representing the time) increases 
from a to b, where the particle is permitted to pass several times through the 
same point of P. Using more technical language, a continuum P is continuously 
traversible if and only if it is tile trace of some path curve. The relation between 
the concepts path curve and point curve, stated above, may be reworded as follows; 
point curves are identical with the continuously traversible continua, and the 
continuously traversible continua are identical with the traces of path curves. 
In any case, it is probable that this statement represents, except for terminology, 
the generally accejited viev^ until about 1890, when Peano [1] discovered that 
the square is continuously iraverstble. From the point of view of mathematical 
fields of a classical type, tliis phenomenon is essentially an irrelevant paradox, 
For instance, if a path curve has finite length, then it follows readily that its trace 
is a point set without interior points. Hence, a path curve whose coordinate 
functions a;(n), y( 7 i), z(u) satisfy the assumptions usually made in Differential 
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Geometry, for example, cannot fill a square or a cube. On the other hand, it is 
apparent that in mathematical fields where a precise formal definition of tho term 
curve is indispensable the discovery of Peano creates an issue that must bo thor- 
oughly investigated. 

(iv) Returning to the term path curve, we have already noted that this con- 
cept is more appropriate in situations whore a curve is thought of ns boing 
determined by equations of the form (1). In particular, if tho ropre.seniation ( 1) 
is not known or is not assumed to be biunique, then tho concept of path curve 
is preferable. Hence we shall use the term path curve in referring to disciplines 
like Differential Geometry, even though in the literaUiro of that discipline only 
the term curve is used. Gencrnllj'' speaking, the concept of a path curve (in the 
vague sense just indicated) is used in mathematical literature without any indica- 
tion of the intended meaning. On the other hand, the following information is 
usually given in conection with the use of this concept. 

(a) The class of admissible representations of the form. (1) is described in 
terms of assumptions concerning the coordinate functions 

For example, these functions may be required to be analytic, and usually it ia 
also required that the derivatives x'(u), y'(u), z'{u) do not vanish simultanoouHly. 
In certain cases, analytic! ty is replaced by some les.s restrictive assumjHion. 
In any case, a class K{r) of admissible representations r, of the form (1), is dofinod. 

(b) A rule is given for replacing w by a new parameter w*. For oxamj^lo, u 

may be required to be a strictly increasing analytic function of w***, Again; in 
certain cases analyticity is replaced by some less restrictive roqiuromont. In any 
case, a criterion is given to determine whether two admissible representations ri , ?'a 
belong to the same path curve. Let us write n ~ r^ to state that fi ; belong to 
the same path curve according to the given rule. Then clearly the binary rela- 
tion 7*1 7*2 is an equivalence (that is, it is symmetric, reflexive, and transitive). 

Furthermore, the rule for changing the parameter does not involve the concept of a 
path cwve but is concerned solely with a relation between admissible re])i‘e.souta- 
tions. 

Once the class K(7') and the equivalence ri Vz are given, it is clear that tho 
term curve can be eliminated from all statomonis and proofs. ''J'hus it aj)poars 
that a formal definition of tho concept of a path curve is really unncoe.ssary; 
while of course the class JC(r) and the equivalence ?’i must be idcnlifiocl in a 
definite manner if the subsequent theory is to have a definite moaning. Alterna- 
tively, we may say that the term curve (in the sense of path curve) may bo used 
as an undefined term, provided that the class K{r) and tho oquivalonco I'l ra 
are definitely fixed. The situation is analogous to that arising in an axiomatic 
treatment of geometry where tho term point is iindefincd. In our case, tho 
axioms are represented, in a somewhat unusual sense perhaps, by tho assignment 
of the class JC( 7 *) and of the equivalence 7*1 ra . 

The preceding statements may be intorproied jis a justification of the gonoral 
lack of a precise explanation of the concept of a path curve in many iniithomatioa! 
fields. Strictly speaking, tho use of the concept of a path curve as an undofincul 
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concept should ])o justified b}'- exhibiting a mathemaiical model f as Analytic 
Geometry may be used to show the consistency of the axioms of Euclidean 
geometry. In our case, however, tliis is an entirely trivial matter. Indeed, 
given any class K(r) of admis.sible representations r and any equivalence ri ~ 
in K(r), let us define a path curve 0 as an equivalence class, relative to the equiva- 
lence )•{ I’z in the class 7C(r) (see 11,3.5, 11.3,0). Let us further say that an 
clement r of 7C(7') is a representation of C if and only if r is an clement of the 
equivalence class C. This mathematical model is obviously adequate for the 
purpose. Once the oxistonen of a mathematical model is ascertained, one may use 
this particular model or any other interpretation of the term path curve that is 
consistent with the class K(r) and the equivalence ?’i ~ . 

According to this 'point of view, there are as many different species of path curves as 
there are possible choices of the class K(r) and of the equivalence J’l rz . In this 
flense, we should speak of (K, <-^) path curves instead of merely path curves. 
Inspection of the literature shows that in different fields, and in fact on different 
occasions in the .same field, different species of (7C, path curves are used. 
It also appears that the E-ciu’ves of the type of the 1-cell defined in II.3.7 repre- 
sent merely one particular kind of {K, path curves. 

11.5.3. Rcmark.s analogous to tho.se made in the preceding section appl.y to 
surfaces. We turn pre,scntly to a review of precise formal definitions. The com- 
ments made in n.5.2(iv) suggest that wo may expect a variety of formal concepts, 
each one adjusted to a particular need. As regards point cuitcs, .such flexibility 
does not .seem to prevail. According to the generally accepted view of exports 
(see Monger [1], G. T. Whyburn [2]), a continuum P is a curve (a point curve in 
our sense) if and only if it is one-dimensional in the Mcnger-Uiysohn sense (sec 
Hurewicz-Wallman [1] for an excellent presentation of topological dimension 
theory). The non-specialist should note the fact that a point curve in the sense of 
this definition may lack the properly of continuous traversihility (cf. TI.5.2(iii)), as 
simple examples show. As a consequence, this concept of a general point curve 
will not play a role in the theory presented in this book. On the other hand, 
extensive use will be made of certain special point curves (simple arcs, simple 
closed curves). In this connection, it should bo also noted that topological slender- 
ness, in the sense of the above formal definition of a point curve, does not gener- 
ally imply metric slenderness, as shown by the so-called Osgood curve (simple 
clo.scd plane curve of positive two-dimensional measure). 

11.5.4. As regards the formal definition of a path curve in terms of an equiva- 
lence class (see II.5.2(iv)), it was first used, apparently, by PI. ICne.ser [1] in 1926. 
Stated for Euclidean three-space, his class K(r) of adniksiblc representations r 
consists of all representations of the form .r = x(u), y — v(u), z = z(u), 0 ^ u S 1, 
where .t(iO, 2/(^0j ^^(w) arc assumed to be merely continuous. Two .such repre- 
flonlations arc equivalent if and only if one can be obtained from the other by 
moans of a topological mapping of the parameter interval upon itself. However, 
c8.sontially the same concept has been already adopted by Lebosguc [2] in 1902. 
Lebesgue uses the same class K(r) and the same equivalence ri ra as Kneser, 
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but instead of using equivalence classes, he proceeds as follows. He first states 
that a curve C is mcroly aset of equations x ~ x(u), y ~ y(u), z = ;s(w), a ^ u ^ 
6, where x{ii)y y{u), z{xi) are continuous functions in the indicated interval. Two 
such curves C, , Cz ai'e then termed identical if and only if the corro.sponding sots 
of equations can be derived from each other by a topological mapping of the 
parameter intervals. Thus, ultimately, a curve in the sense of Lebesguo is an 
equivalence class of i*epre.sontations, and hence the difference between the con- 
cepts ])ropo.sed by Lebesguo and Kneser may be considered as purely vorljal 
Such verbal differences will be disregarded in the following brief historical 
comments. 

Analytically, the equivalence r, ~ adopted by Kneser may bo described 
as follows: if the parameter xi is replaced by a parameter such that w is a 
strictly increasing (or strictly decreasing) continuous function of xl\ then the 
resulting representation, in terms of u*, is equivalent to the initial representation, 
and all equivalent representations are obtained in this manner. This wording 
shows that this equivalence conforms to the generally accepted notion of a 
change of tlic parameter, except that only continuity is required instead of the 
more restrictive assumptions usually made. However, the equivalence x\ 
used by Kneser is jstill too restrictive for several reasons. For example, lot ri 
bo defined iia follows: while u increases from 0 to 1/3, the corresponding point 
(x, If, z) travels steadily from 0 to 1/2 along the straight segment with ond points 
(0, Oj 0), (1, 0, 0); while u increases from 1/3 to 2/3, the corresponding point rests; 
and finally, while u increases from 2/3 to 1, the corresponding point travels 
steadily from 1/2 to 1, If one wishes to introduce the arc length of the resulting 
path curve as a new paremotcr, ono finds that the arc length is not a strictly in- 
creasing function of ti, and hence one is prevented from using the obviously most 
favorable parameter because of the too restricted character of the equivalence 
adopted by H. Kneser. Further difficulties arise if one attempts to turn the class 
of path curves into a metric space, an issue of greatest importance from tho point 
of view of tho theory presented in this book. These difficulties disappear if the loss 
ro.strictive concept of F-eqiii valence is introduced (see 11.3.7). This fundamental 
improvement is due to Fr^chet (3], who introduced his -concept of distance in 
1924. The general concept of a vanety relative to a binary relation (see II.3.6, 
II.3.7) was formulated by J. W. T. Youngs [2], 

Let us observe that the concept of F-eqiiivalenco admits of a refinement in 
certain cases. For example, let !ri((Pi) = (P*, ~ (P* be two continuous 

mappings, whore (Pi , (Pa are 1 -cells. Suppose that (Pi , (Pa are assigned definite 
orientations. For clarity, lot us write o(Pi , o(Pa to refer to the oriented l-eells 
(Pj , d’a . The mappings 7'i , Tz ai'O then termed positively F ’•equivalent, in symbols 
2’t Tz{F*), if and only if for every e > 0 there exists a topological mapping 

/i(o(Pi) = o<P 2 ) such that (i) the assigned orientation of o(Pi corresponds to the 
assigned orientation of o(P8 under h, and (ii) p[Ti(a‘i), Tzhixi)] < e for every point 
ajj E (Pi . The relation (F*) leads to the concept of oriented F -curves of the type 
of the l-cell. Similar considerations apply if l-cells aro replaced by 1-spheres, 
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2-cells, 2-spheros, and so forth. Such oriented varieties were introduced by 
MeShano [2, 3, 0], in conneotion with studies in Calculus of Variations. J. W. T. 
Youngs [3] made a detailed topological study of oriented 7^-surfacos of the typo 
of the 2-sphcrc. However, as far as arc length and surface area aro e oncer JiocI, 
the non-oriented /''-varieties seem to be entirely adequate at present. 

II.S.5. We turn now to a more specific discussion of the /^-varieties defined in 
II.3.7. Lot O’o he a fixed Peano space, P* a fixed metric space, and V an P-varinty 
of the type of (Pq in P*. Then V is given by a representation of the form 

fl) y : P((P) = (?•<•, d’-^CP"-, 

where is a Peano space homeomorphic with (Po , and T is a continuous mapping. 
Now V may possess more favorable representations than the initial representation 
(1), where the meaning of the term favorable depends, of cour.se, upon the iDar- 
tieular purpose that one has in mind. For example, in Calculus of Variations ono 
may obtain a minimizing surface in a representation that lacks certain dc.sirable 
properties of regularity, and one may then look for more favorable ropre.senta~ 
tions of the same surface. Generally speaking, it is clear that the following 
representalion problem is of fundamental importance; given V in terms of an miiial 
representation (1), find all the representations of V. In view of the definition of an 
P-variety (see II.3.7), this problem may bo stated in the following equivalent 
form: given a continuous mapping !ri({Pi) = find all the continuous mappings 
= (P* that satisfy the relation T, ^ T^iF) (cf. 11.1.24, II.1.25)'. In this 
statement it is understood that (P, and (P 2 are homeomorphic Peano spaces, and 
then (P** is necessarily a Peano space also (of course, CP* is generally not homeo- 
morphic with (Pi , (P 2 ). 

In this generality, the representation problem seems to be beyond the roach of 
our present resources in topology. From the point of view of the theory of length 
and area, presented in this bo ole, the following four cases are of immediate intore.st. 
In each of these cases, (P* may be assumed to be a subspace of Euclidean three- 
space, a restriction that turns out to be irrelevant as far as the representation 
problem is concerned. 

Case (a), and (P 2 are both 1-cells. 

Case (b). (Pi and (Pg arc both 1-spheres. 

Case (c). and (Pa are both 2-colls. 

Case (d). (Pi and (Pg are both 2-sphorcs. 

For terminology, the reader is referred to 1,2.31. For conciseness, these case.s 
will be referred to as the 1-ce// case, the 1-sp/iere case, the %ceU case, and the 
2-sphere case respectively. In all these cases, ono will naturally ask also favor- 
able representations. While the meaning of the term favorable is of course '^''aguo, 
it has been recognized at a very early stage that a light representation (see IL3,21) 
is very favorable. Thus wo have the additional problem: find a light mapping 
— (P*^ (see 11.1,1) such that Tx ^2(7''). In the following brief historical 
survey, wo shall use pre.sont terminology for conciseness, and in particular we 
shall make use of the concept of a monotone-light factorization (cf. II. 1.18), 
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without in any implying that siich concepts wero cxpli(utly f()rinuln(,0(l 
by all of the authors involved. 

II.5.6. Taking first the l-cell case, it is clear that if the mapping Tj ((P,) = 
where (P, is a 1-cell, is constant on (Pi, then there cannot exist any liglit inai)ping 
TzfCPa) = (P* such that T, TsiF). So let us assume that 7\ is not constant. 
By II. 3. 22 we have then a light mapping TzCcPa) = (P* such that Ti ~ 'J.\{F), 
where 6^2 may be cho.sen as the unit interval 0 ^ ^ 1. Except for terminology, 

tills result is due to Frdchet [1, 5]. As regards the representation problem in the 
1-cell case, we have the following picture. Let 7^1(6’,) == 6’'**, — 6’'^ bo 

continuous mapping.?, where (P, , (P2 are 1-cell.s. Suppose that jf'i ~ ^’2 (/'’)■ Then 
Ti ~ T 2 iK) bj^ II. 1.31. Conversely, if 'I\ ~ l-bon 7', ~ 7*2 (E), as may 

be icadily seen by the following argument. If 7\ is constant on (Pi , then tho 
relation T, Tz(K) clearly implies that is constant on (Pa , and tho relation 
Ti TiiF) is obvious. So let us assume that 7'i is not constant on 6', . By 
a.s.sumption, we have simultaneous monotone-light factorization.s of tho form 

(1) T, = LM, , A/i((Pi) = Lim = 

(2) T, = LM, , il/aCdh) = im) = (P", 


wheie the middle space 91? is a simple arc by II. 1.33. Hence 7’, 'J\{F) by 

II.1.61. There follows the solution of the representation problem by tho follovv- 
ing proce.gs. Given Ti{(Pi) = (?■**, where (Pi is a L-cell, take any monotono-Ught 
factorization (1) of T, . Take any l-cell (P2 , and lot = m ho any 

monotone mapping. Then the formula (2) yields a such that 'J\ ^ 'IMF), 
and conversely, every such that 1\ ^ 1\If) can l^e obtained in this manner 
(cf. 11.1.30). Briefly stated: in the l-cell case, fov given 7\ the general solution 'V<i 
of the relation T, ^ T 2 {F) is obtained by modifying the inonotone factor of 7’i . 

In paiticular, if Ti is not constant, then we can assume, lij^ a pr('viou.s remark, 
that 7', is light. Then M, may be taken as tho identity transfoj'ination, and il/y 
may be taken as any monotone mapping = (P, . The general .solution 

To of the relation T, ^ TsiF) appears then in the form T3 = 7'ii¥2 . In this 
.sense, a light representation T, may be termed a master representation, sineo 
every satisfying the relation T, T^iF) can be obtained from 7’, by tlio 
•simple proce.ss described by the formula Ta = Tjil/a . 

The preceding results, which are due (except for terminology) to Er(ichot 
[1, 5, 7] and j\[arston Morse [1], yield complete aiiswei’s to the representation 
problem in the l-cell case. Analogous results for the 1-spliere ca.so follow ivailily 
rom 11.3 23, II. 1.31, II.1.62, II.1.34. As a coiLSociuenee of such completely 
•satisfactory solutions of the representation problem in the casi* and in fJie 
1 -.sphere ease, the theory of T-curves corresponding to these cases presents no 
topological difficulties, as far as are length is concerned. "J'lie situation is en- 
tirely different in the 2-sphere case and in the 2-cell eas(>, and in fact a signi/icant 
discrepancy seems to exist even between the.se two cases, as wo .shall presently s(‘o 
ii.5.7. Ihe 2-sphere case wa.s first stiidi(‘d )iy Ker(ikjitrtd [1] in 1027. llsing 
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pj-e.scMit. torniinology (t^f. (.lie (‘Oiu’luding I'omurks in 11.5.5), liis msnlts may bo 
staled as follow.s (sei* however 11.5,8). 

(i) (liven a eont.iuuou.s mapping ?’i((Pi) - (P^ wliere (Pi is a 2-splici'e, there 
oxi.sis a light mapping '1\ .such that Ti ~ T^iF) if and only if the middle spaee 
occurring in the monotone-light factorization of is a 2-spliero (cf. IT. 1.28, 

ri.1.20). 

(ii) TiOt 2’i((P]) ™ = (P'‘ bo continuous mapjnng.s, whore (1^ , (Pa 

are 2-spherc.s, .sueji that Ti ~ T 2 (F), 'J’hon ?'i TsiK) (cf. II. 1.25, II. 1.30). 

(iii) Convensoly, if ?^((l^) = (P^ ?’a((P 2 ) = d’'*' continuou.s maiiping.s, 

wlinre (P, , (Pa are 2-splioi'os, and 'J\ then Ti ~ T 2 {F), 

(iv) Lot ii.s .state an Important coroll aiy of the preceding statemonts. Let 

(P, , 1)0 2-sphores and lot iI/j((Pi) = (P 2 be a monotone mapping- Then for 

every e > 0 there exists a homeomorphism //^((P]) = (P 2 such that /)[il/](.Ti), 

< e for every point .I'l G. (Pi ■ Indeed, on defining L and il /2 as the 
identity transformation on (Pa , elcarly Mi ~ Lil/i , L = LM^ > (((’(d thus il/, 
L{K). Hence, by statement (iii), Mi and the (‘xislenee of the homeo- 

morphism'//E follows directly from the definition of /'’-wiui valence (of. TI. 1.26). 
In other words, the fundamcntol approxivmlion theorem of 11. 1.57 fa implied hy 
the Ker6kjdr(6 staiemcnls, 

(v) As a con.sequence of (iii), it follows (as in the 1-eell case, see [1.6.6) that 
tlie general .solution of the relation Ti ^ whore is given, is obtained by a 
modification of the monotone, factor of 'J\ . 

(vi) Lot Ti{Q\) ~ 0^'^, T^itPs) ~ (P** lie continuous light mappings, whore 

(Pi and (!)\ ai’c 2-,si)heros, such that 7’i 7^2 (fO* Then 7\ ~ 7h(fs) (of. II. 1.67). 

II.S.8. G. H. Morrey [2] in 1935, apparently independently of Kei'6kjfiitd, 
took up the .st.udy of the 2-cell case, and .stated a series of results corresponding to 
the statements (i)“(vi) in II. 5.7, where the term 2-sphcro is now to be I’oplaced 
bj^ the term 2-eelI throughout. In particular, both Kerdkjdrid and Morrey asserted 
that Ti ~ TsiK) implies that Ti ~ TziF), in the 2-sphere case and in the 2'Cell case 
respectively. Thus it would appear that in both cases tlie solution of the repre- 
.sontation problem follows by the process of modifying the monotone factor 
(cf. II.5.7(v)). However, in 1940 J. W. T. Youngs discovered that the crucial 
statement 11.6,7 (iii) of KerdkjArto and the corresponding statement of. Morrey for 
the 2-ccIl case were both false. As regards the 2-sphGre ease, the solution of the 
representation problem was given subsequent!}'’ by J. W. T. Youngs [3] in 1944, 
in terms of an appropriate modification, involving orientation, of the relation 
Ti TiiK). In terms of this modified rclalion, the soltiiion of the representation 
problem is obtained by an appropriate process of modifying the monotone factor. 
Since we I’estrici ourselve.s, in this book, to tlic study of surface area in the 2-coU 
case only, wo omit an explicit statement of the beautiful result of J. AV. T, Youngs, 
and we point out only one relevant fact. If 7’i((Pi) == cP'*', = (P'*' are con- 

tinuous mapping.s, wliere (Ih , (P 2 are 2'.sphores and '1% T^iK), and if the com- 
mon middle .space iOl of and is either a dendrite or else lias at most one proper 
cyclic element, then tlie modified relation defined liy .1. AV. T, Youngs reduces 
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to tho relation Ti T 2 {K). As a consequence, we have the I’olloM'iiif? coroIlarioH 
of the principal result of J. AV. T. Youngs. 

(i) Lei 7'i((P]) = (P*, = (P* be coniinuous ma'ppings, where O’, , (Pa nrc 

2-sphercs and Ti T^iK), If the common middle space of Tx , is a simple are, 
then Ti 

(ii) Let Ti , satisfy the same assumptions as under (i), except that the common 
middle space of T, , T 2 is a 2-sphere. Then T, T^iF), 

II.5.9. It slioukl be observed that workers in this field seemed to agree tluil 
the 2-sphere case and the 2-ceIl case should bo entirely analogous, ''flie 2-spiioro 
case seemed to present certain advantages as far as exposition was concoriuKi, 
and for this reason in several instances only the 2~sphero case was explicity 
discussed in the literature. Consequently, tho results of J. W. T. Youngs for ilio 
2-sphere case were apparently first assumed to lead, perhaps after some easy 
adjustments, to an analogous solution of the problems involved in the 2-col 1 case 
(cf. C. B. Morrey [4]), even though J. W. T. Youngs [3] himself indicated variouH 
difficulties that may arise in the 2- cell case. However, tho situation may bo 
more involved than expected, Indeed, T. Ilad6 [28] exhibited simpld exaiuph's 
showing that the statements (i), (ii) in II. 6.8 fail to hold in the 2-cell case. 
More precisely, (i) is false, generally, if cP, , arc 2-cc11h, and (ii) is false, genoi'- 
ally, if (Pi , (Pg are 2-cells while the common middle space of Tx , 2*3 is a 2-sphoro 
(cf. II. 1.31). In view of the extreme simiMicity of tho examples used, it is 
that the situation in the 1-ceIl case and the 1-sphorc case (see II.6.0) 
is wholly unreliable as far as analogy with the 2-5phere case and ilio 2-colI case 
is concerned. The topological complications in. the 2-cell case, suggested l^y tho 
preceding remarks, indicate the desirability of dovolobing methods in surface 
area theory that would not depend upon a complete solution of tho representation 
problem rn the 2-Gell case. This program, initiated by T. Radd [28], is folhrwed 
m this book. 


II.5.10. The development of the program just indicated depends in tho first 
place upon a substantially increased amount of prerequisites with respect to 
metric results concerning surface area, to compensate for the reduced range of 
topological tools. The metric results involved will be discussed in subsequent 
c apters. At tlus tune, we propose to review only the topological issues involved 

^ generally llio 

elation i ~ W; ""e make essential use of the fact that in certain special cases 

T^ff, f “'e due to J. W. T. Youngs [3] and to T, Radd [281. 

of j cases is ihe modijicalion llicorcm 

T W T V The method of proof oinployod by 

fi. ’ applies, after plausible adjustments, to several further modifica- 

were'dorivid by T, Radd [2S| 'jW 
sencral 7 )rnh] certain special cases of tho following 

be a nnnrr, homeomorphic Peano spaces, and let ilf((P,) = (j> 

be a menefone mapping. Show that for eeery . > () 
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' exists a homeomorphism - O’s such that p[M{xi), //^(a;!)] < ^Jor every point 

Xt G (Pi • In this gonorality, the problem seems to be inaocessiblo at this time, 
even tlroiigh tlie fiflirmativo answer would represent merely the converse of a 
well known thcorom (see II. 1.22) of G. T. Whj'-burn. If (Pi , 6^2 are both 1-ceIls 
or both 1-sphcres, tire affirmative answer is practically trivial (see II. 1.60, II. 1.51). 
If (Pi , 0^2 are both 2-sphercs, then the affirmative answer is implied by the state- 
ments of Kordkjdrtb (sco II.5.7(iv)). For the case when O^i and O’a are both 
2-cclls, the affirmative answer is explicitly stated by C. B. Morrey [2]. IIow- 
ever, these results appear in the work of both KeriSkjdrtd and Morrey in a con- 
fusing setting (cf. the remark.s’in II.5.7-II.5.9), and thus the rigorous proofs, 
based upon the modification theorem of J. W. T. Youngs and its extensions, 
seem to fill a definite and serious gap. These proofs, even though compact, 
depend upon advanced tools, including the topological characterization o/ the 
2-sphere, indicating that the results lie perhaps doeper than the work of Ker^k- 
jdrtd and Morrey may suggest, and also indicating that the general problem 
may be .quite difficult even for rt-cclls and ?i-sphcrcs. 

A further important matter is a study of the implications of the relation 
7’i ^ Kerdkjdrtd [1] already stated that in the 2-.sphcrc case the relation 

^ 7^2 (F) implies the relation T, For the case when the Peano 

spaces (Pi , (Pg involved in the mappings 7\((Pi) = = (P*** are any two 

homeomorphic Peano spaces, J. W. T. Youngs [3] established the fact that the 
relation Ti T^iF) implies the relation T, ^ and ho also derived various 

further important inferences. In partieular, the theorem in II. 1. 28 is due to 
J. W. T. Youngs, except for the statement concerning partial mappings which is 
duo to T. Rad6 [28]. This statement concerning partial mappings yields the 
relevant fact that the relation T, ^ 7^2 (F) implies F-eqidvglence oj the cyclic 
decompositions of T, and (see II. 2. 97). As regards details, the lemma of I L 1.9, 

due to T. Rad6 [28], seems to load to substantial simplifications as compared with 
previous literature. 

The cyclic additivity theorem (see II. 2. 113) is partly of metric character, since 
it is concerned with a functional ^{T) where T is a continuous mapping from a 
fixed Peano space (P into a fixed metiic space P*. A first theorem of this type 
has been studied by C. B. Morrey [3]. In the case considered by Morrej'^, (P is a 
2-ccll, P'" is the Euclidean n-space, and $(y) is the Lebesguo area of the .surface 
detoimiped by the mapping" T. Ilowever, the proof of Morrey depends upon lus 
erroneous solution of the representation problem (see 11.6.8), J. W. T. Youngs 
established, on the basis of his results concerning the representation problem, the 
analogous theorem for the case when (P is a 2-sphore and (f'(T) is again the 
Lebesguo area (see J. W. T. Youngs [3]). The verification of the original cyclic 
additivity theorem of ]\'Iorrey, for the 2-cell case, in an analogous manner seems 
however to present difficulties, due to the complications mentioned in IL6.9. 
The cyclic additivity theorem of II. 2. 113, due to T. Radd [28], covers simul- 
taneously the 2-cell case and the 2-sphcre case, and in fact the Peano space 6^ is 
required to possess only a certain property (H) wlxieh is shared by the 2-coll and 



the 2-splici’e. The scope of this property (H) has been determined by Ci. T. Wiiy- 
bnrn who found that for Pcano spaces it is equivalent to unicohereme. Thus the 
cyclic acklilivily theorem covers such potentially impoiiani cases as the n~cell and the 
n-sphere, Furthermore, the functional <!>(?’) occurring in the cyclic additivity 
theorem is required to possess only properties that are common to all lower semi- 
continuous areas proposed so far. In particular, the theorem applies therefore to 
both the Lebesgiic area and the lower area (see part V), an im])ortant feature in 
dealing with some of tlie fundamental problems in surface area theory. In the 
applications to surface area, the functional <h(T) will possess the properly of 
F-invariance. That is, the relation IT, ^ will imply the relation =® 

Curiously, this proper tj'’ i.s not I'equired in the cyclic additivity theorem 
of II. 2. 113. In this respect, the theorem is unnecessarily general; on the other 
hand, this circumstance explains the fact that the solution of the representation 
problem (see II. 5. 5) plays no role in the discussion of the theorem- 

A considerable amount of topology of the plane is needed in the study of the 
modified projection principle of Geocze (see the remarks in 1.1.15). S\ibsequent 
studies revealed that the topological mdex (sec chapter It. 4), a tool not used by 
Gcoeze, is a most efficient device in this connoetton. Chapter IT. 4 is devoted 
therefore to a stiuly of tlie topological index, a topic familiar to Analj'sts working 
in. Complex Variables. Except for material that is obviously known generally, 
most of the topics included are taken from T. Had 6 and P. V. Reichelderfer [17] 
and T. Rad6 [24], The simple and fundamental estimate for the topological 
index, given in IT. 4. 3 9, is due to S chancier [3], From the topological point of 
view, the topological index is of course merely a special instance of the degree of a 
mapping. Ample use was made in Clmpter 11.4 of methods developed in Topol- 
ogy proper, and ip particular results and methods of Eilonberg [1] led to sub- 
stantial simplifications. 

From the point of view of applications in otlier fi(4(ls, esjxjcially in Galculu.s of 
Variations, it is important to discuss the concept of the boundary curve of an F- 
surface of the type of the 2-cell (see II. 3. 38), the case whore the boundary curve is a 
simple closed curve bc'ing of especial intorost, The results discussed in IT.3.39- 
ir.3.41 are closclj'’ related to the im])orlant work of MeShane on the structun* of 
surface,s of minhnum area (see IMcShane [5]). 

While we are primarily interested in patli surfaces (F-.surfacos in our tcnninol- 
ogy), certain items included in Chapter 1 1. 3 be' considered as establishing a 
connoetton with iDoint surface.'^. Refcrciico is made here to the brief study, in 
II.3.31-TI.3.37, of topological F-varieties which may he thought of as the connecting 
link between path varieties and point varieties (of. the remarks in II.5.2 concerning 
path curves and point curves), Furtlicrmore, the topological F-varioties may be 
used to achieve a first insight into the nature of the problems that arise in con- 
nection with general /^Varieties. In this coimoction, it is revealing that the 
representation problem (see II. 5.6) leads to major topological difficulties (tvon 
in the case of topological F-variotios, 

11. 5.11. Tlu' precc'ding brief review of the major issut'.s di.s cussed in part II 
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indicales that a HubsUmtial amount of Topology is involved in Avhat we termed 
the ahalylic tlioory of surface area. To ease the task of the reader, wo included 
in part If a certain amount of well known material to maintain the continuity 
of the presentation. Tims Chapter ILl is, to a certain limited extent, a solf- 
conl-aincd pre.scntation of the theory of continuous mapping.s of Peano spaces as 
far as absolutely needed for our purposes. In Chapter II.2, wo included a 
detailed discussion of cyclic clement theory, subject to analogou.s limitations. A 
rnasterly in’e.sontation of this fundamental theory, in it.s most general a.spccls, is 
given in G. T. Whyburn [3]. Since we only need the very special case of Poano 
spaces, various conceptual simplifications can be achieved in the presentation. 
Tn particular, it is possible in the special case of Peano spaces to base the theory 
upon the binary relation p O q oi conjugac}'^ (.see IT. 2,3), as has been shown by 
G, T. Whyburn and Kuvatowski [I]. The relation p O is rcllexive, symmetric, 
but in general nol transitive. And yet, a proper cyclic clement i.s quite analogous 
to an equivalence class in the study of a reflexive, symmetric, and transitive binary 
relation. In fact, the analog}’’ is not entirely superficial, since the relation p O q 
pos.sesscs a certain weah form of transitivity (see 11.2.5). This observation sug- 
gests an approach that was studied by T. Radd and P. V. Reicholderfer [14]. 
The adoption of this approach in Chapter II.2 may be helpful to the reader wlio 
desires to deepen his itnd(‘rs l anding of the theoiy by comparing various methods 
of prc.senbition. The importance of cyclic olemcni theory in the study of surface 
area was bust recognized b}’’ C. B. Morrey [3]. As far as P-.su rfaces of the typo 
of the 2-ceIl and of the 2-sphere arc concfunecl, the topological information avail- 
able at this tim (5 seems to be adequate. On the other hand, exten.sions to P-sur- 
faeo.s of other topological types, and more generally to P-varieties of higher di- 
mension, .so('m to load to major topological problems. Wo noted in 1. 1.3 that 
the theory of arc length and the theory of surface area may be thought of as 
merely the special cases n = 1 and a = 2 of a general thcoiy involving a general 
po.sitivo integer n. The preceding remarks indicate the topological difficulties 
l,hat may be expected in the case n > -2, 

The writer wishes to express his gratitude to G. T. Whyburn and J. W. T. 
Youngs who coiitri))uted liclpful .suggestions concerning several topics in part IT, 



PART III. ARC-LENGTH AND RELATED TOPICS 


CHAPTER IILl. INTERVAL FUNCTIONS 

III. 1.1. All interval I in. Euclidean w-space ajj.ra • • • ic,, is a point sot deter- 
mined by inequalities of the form a, S •'c. ^ , where a, < &, , i — 1, 2, • • • , n. 

If K is a cla.ss of such intervals, and with every I there is associated a finite 
real number 4>(I), then <^(7) is termed an interval function defined on the class K. 
Many theorems on arc-length, to be considered in the sequel, are special cases of 
general theorems on interiml functions, and the same remark applies, although 
to a lesser extent, to surface area. For this reason, a brief discussion of some 
relevant parts of the theory of interval functions is necessary. The case n = 1 
is needed in the study of arc-length, and the case «, = 2 is needed in the study of 
surface area. However, wc shall discuss explicitly only the case n = 2, since the 
analogous results for the case ?i. — 1 follow by entirely similar arguments (of 
course, considerable simplifications arc generally possible in the case n = 1). 

An interval in Euclidean 2-spaec will bo termed an oriented rectangle (a 
rectangle with sides parallel to the coordinate axes). It will be convenient to use 
w, V instead of .ri , . An oriented rectangle R may then bo given in the form 

72 : a g M ^ c ^ ^ d, where a < 6, c < d. The interior of R will be denoted 

by 72”. In the case n ^ 2 wc shall use the term rectangle function, instead of the 
term interval function. Thus a rectangle function ^(JR) is assumed in the sequel 
to be defined only on oriented rectangles. 

in, 1,2. Let <f)iR) be a rectangle function defined for all oriented rectangles R 
contained in a fixed oriented rectangle 72o . Then ^(72) will be termed BV (of 
bounded variation) in i2o if there exists a finite constant M such that | 0(72,) | 4- 
♦ • • -j- I 0(i2„) I < M for every finite system of oriented rectangles 72, , * • • , 72„ 
which satisfy the conditions 

(1) 72, C 72o , f = 1, ‘ , w, 

(2) 72? 72^ = 0 for^T^ j,7> 0,i> 0. 

If for every € > 0 there exists an ??(e) > 0 such that 1 0(72,) | + • • • -b | 0(72„) | < 
6 for every finite system of oriented rectangles 72, , ■ • * , 72„ which satisfy, in 
addition to the conditions (1), (2) just stated, the condition | 72, | “ 4* 

i I < v(^)} then 0(72) will be termed AC (absolutely continuous) in 72o . The 
symbol | 72, | denotes the area of the rectangle 72, . 

0(72) will be termed continuous in 72o if for every « > 0 there exists a 5(e) > 0 
such that I 0(72) ] < € for every oriented rectangle 72 in 72o that satisfies the 
condition | 72 | < 5(e). 

0(72) will be termed hounded in R^ if there exists. a finite constant K such that 
I 0(72) I < K for every oriented rectangle 72 C 72o . 
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111,1.3.^ If 0 (J?) is AC and bounded in J?o , then 0(72) is BV in Rq • 

Proof. Let ??(€), 7C be the quantities appearing in the definition of absolute 
continuity and of boundedness respectively (see III. 1 . 2 ), and put X = ■j 7 ( 1 )/ 2 . 

p. ake any finite system 72i , • • • , 72,„ of oriented rectangles, wthout common inter- 
ior points, in 72o , 

Case ( 1 ). I 72, I < X, y = . . . ^ Divide the system 72i , * • • , 72„ into 

groups Cl , • • • , in such a way that in each group the sum of the areas of the 
lectangles in that group is less than ri(l) = 2X. This is possible, since ) 72, ) < X, 
i ” 1, • • • , m. Clearly, there exists a grouping of this type v^here the number i 
of the groups is a minimum. If C, , ■ • - , C* is such an extremal grouping, then 
there is at most one group where the sum of the areas is less than X, since other- 
wise two of the groups could be combined into one group, in contradiction with 
the extremal property of the grouping Ci , * - • , C* . Hence 

m 

(h - l)x ^ E 1^/ I ^ liBo I, 

/-I 

and consequently 

(0 A; g 1 + |72o l/X. 

On the other hand, the summation ^ | 0(72,) [, extended only over the rectangles 
of a single group C, , is less than 1 by the definition of t?( 1). Hence, in view of (1), 
tve have 

m 

<2) E U(K,) I S 1 + |iJo lA. 

f - 1 

Case ( 2 ). j 72, [ ^ X, 7 == I, * • • , m. Then clearly mX S I ^0 L and hence 
<3) E k(i2,) \SmK^ K [72o |/X. 

1-1 

Case (3). In the general case, the system 72, , • • • , 72„ can be split into two 
subsystems which satisfy the assumptions made in case ( 1 ) and case ( 2 ) respec- 
tively. Hence, by ( 2 ) and (3), 

m 

E I I S 1 + I flo lA + I l/x, 

Since | 72o |, X, K are independent of the choice of the system 72i , • • • , 72„, , it 
follows that 0(72) is BV in 72o . 

III.1.4. Let 72 be an oriented rectangle in 72o . By a subdivision D{R) of 72 
we mean a finite system of oriented rectangles r such that 

Ylr, |72 I - 2 IH, re T>(72). 

The symbol r 6 D(72) is used to state the fact that r occurs in the subdivision 
D{R). The maximum of the diameters of rectangles r S D(72) will be denoted 
by !| D(72) ||. 
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III, 1,4- 


A special (or restricted) sidjclwision oi R : a ^ u ^ h, c ^ v ^ d arises if wc 
takenum])oi's Un — a < Ui < ' • - < u„-i < = b, Vq ~ c < Vi < " • < v„, = d, 

and .‘!iil:)flividp R into the nm rectanf^lcs ?<,_i g a ^ , r,-i ^ v ^ v, , i — 1, 

• • • , n, j = 1, • ’ • , m. Let us note that unless the contrary i.s explicitly .stated, a 
snljclivision D(R) is not assumed to l^o of this special type. 

III. 1.5. 4>(R) is a rectangle function defined in Ro , then we put (of. III. 1.4) 

<nm)i = E ■;>('■). e m)- 

(piR) is said to increase (decrease) by subdivision if (p{R) ^ (f)[D(U)] ((piR) ^ 
0fD(2?)]) for eveiy choice of R C Re, and of /)(7i!). If 0(7?) == 0[77(7?)] for every 
clioice of R. C 7?o and of 7) (7?), Ilien 0 is termed additive in /?„ . We define furtbor, 
for /? C /?n , 

f/(/?,0) = 1.11.1). 0[7J(/?)1, 

where the h‘ast upper bound is taken with respect to all subdivisions i>(7?.) of 7?. 
Of course, 77(7?, <p) may be -j- ®. If 77(7?, <p) is finite for every 7? C 7?o , then we 
shall say that <p has a finite 77-fnnction in 7?„ , Then 77(7?, p) is again a rectangle 
function wliicli clearly decreases by sul) division. If 0(7?) itself incr(‘ase.s b.y sub- 
division, t hen obviously 77(7?, 0) (assumed to be finite) is additive. 

Ill, 1.6. bet there' he given two rectangle functions 0(7?), 0(7?) in 7?o . Lot 
us put 

<^{R) - wtf + 0(7?)1'''^ 

'rhen w(/?) is a non-negative rectangle function in R (, . The following staieincnts 
are obviou.s. 

(i) If 0(7?), 0(7?) arc both non-npgntiv{> and ineroasc by subdivision, then 
a)(/?) also inereasns liy subdivision. 

(ii) If 0(7?), 0(7?) are botli non-negative, and both liavo finite 77-f unctions, 
then w (7?) also has a finite t7-function, 

III.1.7. Jjet0„(7?), 0„(7?), ?i. ” 0, 1, 2, • • • , be a sequence of pairs of rectangle 

functions in 72o satisfying the following conditions: (i) 0„(7?), 0„(7?) arc non- 
negative, 71 = 0, 1, 2, • . . , (ii) lim inf 0„(7?) ^ 0o(7?), lim inf 0„(7?) ^ 0^(7?) for 
every 7? C 7?,, . "JlK'n 


(0 

lim inf a)„(7?) ^ wo(7?), 

(2) 

lim inf 77(7?, 0„) ^ 77(7?, 0o), 

(3) 

Jim inf 77(7?, 0„) ^ 77(7?, 0o), 

(4) 

lim inf 77(7?, w„) ^ 7/(7?, wo), 


"for every 7? C Ro , where = (0* + 0,^)‘^^ The proofs are obvious. 

111,1.8. Given 0„(7?), 0„(^), a»„(7?) as in III. 1.7, suppose that the following 
additional conditions are satisfied, (iii) 0„(7?), 0„(7?) increase bj'’ subdivision, 
n — 0, 1, 2, • < • . (iv) 0„(7?), 0„(7?) have finite 7/-functions, = 0, 1, 2, ■ • • , 
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(v) Urn , wj = V(Ri, , toa). Then lim V(R, w„) = V{R, wo) for every 
RCRc. 

Piioop. Ciivtm <Z Ro , th(!i'o exists a subdivision /l(7?o) sucli that R^ E 
/J(i?o). Lei us no(,e lb at U{Ry w„) is additive bj’' conditions (i), (iii), (ivj and by 
III. I.fi, ITT.]. 5, bh’oin the condition (v) wc obtain therefore, in view of TIT. 1.7(4), 

(^(Ru , Wo) = bin U(Ro , a>„) = lim X) U(r, w„) ^ X w«) 

(J) 

a E = U(R„,o,o), 

where the suinmations arc extended over all rectangles r E R(Ro)- In view of 
111.1.7(4), it follows from (1) that lim inf U(r, w,,) = U(r, wn) for every r E 
D(R„). In particular 

lim inf U(R*,o},d - 17(7?*, wo). 

If < fii < • • ‘ is any infinite sequence of positive integers, tben the sjime 
reasoning applies to tJie .sub, sequence w„t(7?), and hence 

(2) lim inf 7/(7?*, w„,) = 17(7?*, wo). 

.Since (2) holds for every subsequence , the relation lim f^(/?^ a>„) - 77(7? ^ 
Wo) follows. 

111.1,9. Given 4>„(7?}, \J/„{R), u>„{R) in 111.1.7, siip])ose (hat the conditions 
(i)-(v) stated in 111.1.7, 111.1.8 hold. Then 

lim 17(7?o , = 77(/?„ , 4*n), bm 77(7?,, . ^7„) = l/(7?o , -Aa). 

Pitoop. IjCt 7? be an oriented rectangle in 7?o and let 7^(7?) lie any .sulxHvision 
of R. We have then, in view of the conditions (i), (iii), 

Mixm’ + ui<)T‘ s wxn)f + unmy s «.["{«)] s 

Since D{Ii) is arbilrniy, there follows tlic iuoqiiftlity 

A,)’ S V(R, <».f - Ulif- 

l''oi‘ n — >« wc ohl'iiin, in view of Jll.1.8 iind condition (ii), 

[lim sup V(Ii, 0.)]” S V(lt, «„)' - UK? = U(H, + 0.®'. 

Since wgCff) S U(I{, oio), we .conclude that 

lim sup £/(/i:,0.) S lU(R,wo)’ - 0«{R)T" + *o® 

(1) _ = [V(R, 0 , 0 ) + oiMV'WiR, Co) - oioffe))''* + 00® 

s 2'"t/(ff,<Oo)'"[®i:,Oo) - 1-.®]'" + 00®. 

Now take any subdivision D(7?o)- Since 77(7?, <?!>«) i^ additive by III. 1.6, we 
obtain from (1), in view of the inequality of Schwarz, 
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limsup C/(/?o ; 4>n) = Hm sup U[D{Ro), 

^ 2‘/^Z7(i2o , o^oy^'[U(Ro , co„) ~ -h U(R, , 0o). 


Since the difference U{Rq , wo) - wo[Z>(72o)] can be made arbitrarily nmall hy 
proper choice of DiRo), it follows that lim sup U(Ro , 0„) g U{Ro, 0o)* In view 
of 111.1.7(4), thfe relation lim U{Ro , 0„) = U{Ro , 0o) follows. Tlio relation 
lim UiRo , 0f.) — U(Ro , 0o) is established in the same manner. 

ni.1.10. Let a„(R), ^niR), yniR), w " 0, 1, 2, • • • , bo a sequenoo of irijjles 
of rectangle functions defined in Ro . Set X„ = (/3* + iUn - (?« “b 
v„ = {ccl 4- ffn = {otl + Assume that tho following conditions 

are satisfied. (1) The rectangle functions a„ , , 7 „ arc non-negativo, n = 

0, 1, 2, • ■ ■ . (2) lim inf a„{R) ^ (Xo(R), lim inf ^„(R) ^ ^,(R), lim inf 7„(/i:) ^ 
yo{R) for every RQRq, (3) , /3„ , y„ increase by subdivision, w = 0, 1, 2, • • • . 

(4) a„ , i3„ , 7r. have finite 17-functions, 7i = 0, 1, 2, • • • , (6) lim U{Uo , o-„) = 
V{R(i , (To). Then the followng relations hold. 


( 1 ) 

( 2 ) 


lim UiRo , a„) = U(Ro , ao), lim U(Ro , p„} = U(Ro , ^o), 
lim U(Ro , 7„) = 17(Ao , 7o), 

lim U(Ra , X„) = U(Ro , X„), lim U(Ro , = U(Ro , uo), 

lim U(Ro , P„) = U(Ro , ro). 


PflOOF. Since (al + X')"''" = (r„ , clearly the assumptions mado in HI. 1.9 aro 
satisfied if we set 0„ ~ - X„ , w„ — (r„ . The same remark applies to /3 „ , 

ti„ , o-„ and 7n j r„ , ffn . Thus the relations (1) and (2) follow directly from 
111.1.9. 

“» I /3» , Y. satisfy tho assumptions (l)-(5) olatotl in 
HI 1 10. In view of III.I.8 applied wiUi = X„ , a.. = , it follows 

ttat the sanie assumptions (l)-(6) hold if R„ is replaced by any oriented rcolanglo 

t mR 

a reotanglo function defined in B, , and lot R bo an 
fo^ila ® ^ integral of 0 over B is defined by tlio 


j 0 “ 1 . 11 . b. limsup0[Z)„(f2)], 

fl W) suchTatTn «To‘‘ “ subdivisions 

foua to + L « " .7 " "*”■ “PP°‘' S'®'*"” may bo 

q al to + », Similarly, the lower Burhill integral is defined by the formula 


/ = gr.l.b.liminf0[H,(B)], 


m.1.15 


I 
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If the upper and lower Burlcill integrals are finite and equal, then <f) is termed 
Burkill integrahle over R, and its Burkill integral is equal to the common 
(finite) value of its upper and lower Burkill integrals over R 
III. 1.13, Suppose that 0 is Burkill intograble over i?o . Then for every 
€ > 0 there exists an = j?(e) > 0, such that 

't'lDiRo)] I < e if II 0(Ro) II < U. 

lio 

This is an immediate consequence of the definition of the Burkill integral. 

Suppose that <f> is Burkill integrable over Ro . Then ^ is Burkill 
integrable over every oriented rectangle R QRo, and / is an additive rectangle 
function wliich will be termed the indefinite Burkill integral of <j!' in Bo . 

Proof. Let Bibo any oriented rectangle in Bo , and let D{Ro) be any subdivision 
of Bo such that Bi 6 I>(Bo). Let Bi , Bo , * • • > B« be the rectangles occurring in 
D(Bo), and for each ^ = 1, 2, • ■ • , w, let B„(Bf) be a sequence of subdivisions such 
that II Z)rt(B,) II — > 0 for w “^co. Then the rectangles occurring in i)„(Bi), • ► • , 
L)„(Bm) constitute, for given n, a subdivision D„(Bo). Clearly j| Ai(Bo) || “^ 0 
for w — ^ooj and 

(i) ^[L>n(Bo)] * <^.[B,.(Bi)] 

Give e > 0, and let rt correspond to e in the sense of III. 1.13, Since || || — > 

0, i = 1, 2, • • • , m, we have a positive integer N such that || Z)„(B,) j| < r/ for 
n ^ N. By III. 1.13 there follows the inequality 

I J - <j>[D„iRi)] - «^[Z)iv(B 2 )] ~ - (l>[Df^(R,n)] < e forn ^ N, 

lio 

I^eeping N fixed, and making n — it follows that the upper and lower Burkill 
Integrals of <j) over Bi are both finite and differ by not more than e. Since e was 
•arbitrary, the existence of the Burkill integral of 0 over Bj is established. Thus 
0 is Burkill integrable over every oriented rectangle in Ro . The additivity of the 
indefinite Burkill integral follows now from (1) for n 
III. 1.1 5. Suppose that 0 is Burkill integrable over Bo . Then for every « > 0 
there exists ad ~ 5(e) > 0 with the following property. Let Bi , • • ■ , Bm be any 
finite system of oriented rectangles, without common interior points, in Bo , 
such that the diameter of each Rt , i - 1, ■ • • , w, is less than 5. Then (cf. 
III. 1.14) 

{1) E (<^>(^.) - / I ^ 6. 

ii{ 

Proof. Given e > 0, we have by III.1.13 an ~ v(^/^) > 0 such that 

/ * - ,*[D(fl,)] < I 

Ro 


( 2 ) 


if II DiBo) II < n. 
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NdW let Ri . • • ‘ be any system of oriented rectangles, witlioui common 
interior points, in such that eacli 72. , f =* 1, • • • , m, lias ji diameter hvss tlian 
ij, . Clearly, we can choose oriented rectangles , • • ■ in Rn , such that 

the rectangles 7?, , ‘ , Rn^i constitute a subdivision of Rn Ji-nd each of Uioko 

rectangles has a diameter loss than tji . For each^ = 1, ' ■ * j /iJj let , ,) he a 

sequence of subdivisions .such that || D„(R,„^,) || ^ 0 for w ->oo. Ch'arly 
II D„{R„,^,) \\ < Vi for every n, j. By (2) wo have therefore (ef. TIT. l.M) 


(3; 


JTJ ^ jL ^ 

i: U + Z *- )l 

1 = 1.1 j = l.^ i-l 


< 6. 


By III. 1.14 we have the relations 


<f)[D„iR ,. .,)] ^ / 4>, n ->«>,./= 1 

itm +y 

Thus (3) yields, for the inequality (I). In other words, tlui (luantity 

(5(e) = 7j(e/2) satisfies our requirements. 

III. 1.16. In the special case when the difference 


^ 0(72.) - j 4> 

n, 

i.s either greater than or equal to 0 for 7 = 1, • • ■ , ?ji or less than or eipuil to 0 for 
1 = 1, < • * , m, the inequality 111.1.15(1) can be written in the form 

m p * 

E I m.) - / .#. I < 6. 

I (3> 1 J 

Ry 

Since the geneial case may be considered as a combination of two suoli special 
cases, we obtain the following theorem. 

If0isBurkillintogrableon72o, then for every e > 0 there exists a tr = a{i) > 0 
with the following property. Let 72i , • • • , 72„ bo any finite system of oriented 
rectangles in 7?o , ivitliout common interior points, such that each R, has a diam- 
eter less than o-. Then 


in p 

E I m,) - j 0 


< 6, 


Rt 


(see III.1.2) and Burkill intcgrablo in R , , llien 
ts mdefinite Bui-kill integral fi{R) = is also continuous in R„ 

. in H?»T' f!,” “■ «®(>ciato,l with 

n UP^ T . “ ‘ ■" If ® rectangle in % , tlion 

he 1 Silrv f If,. ^ “'teso.' P tliat satieiies 

I -Pt j 1 VP It ) 72 I < X(e). Now take any oriented reotanglo 
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C Rat such that \ R^ \ < \{e). Lo(, Dp(R*) denote the subdivision of R* into 
p’* congment oriented ree tangles. Then clearly |I Dp(R*) || S d(iii!o)/?^ < 5(e), 
and hence by III. J. 15, 

(1) \<l>[Dt.(R*)] ~ ^\D,.(R*)1 I <^. 

If R is any rectangle of tlie .subdivision D„(R*), then [ 72 | < | ^’‘ | < X(e), and 
Iioncc I <I)(R) I < e/p®. There follow.s the inequality 

(2) ( <^. 

Since /5[D„(/^‘’’)] ~ IS(R*) by III.l.M, we obtain from (1) and (2) the inociuality 
I I < 2e = j/. Since this hold.s for every R* C sucli that | 72* | < XCe) — 
X(ij/2), the continuity of /?(72)^ is proved. 

111.1.18. Suppose that <I>{R) is AC and Burkill integrablc in Rq . 'Then its 
indefinite Burkill integral /?(72) = is also AC in 72o . 

Proof. By assumption, we have for every c > 0 an = ir}(e) > 0 such that the 
following holds. If 72, , • • • , 72„ is any finite system of oriented rectangles in 72o , 
witlioiit common interior points, such that | 72, | ■ 'f- | 72„ ( < ■»;, thou 

I 4>{Ri) I 4- • • • + I 0(72„) I < e. 'Now let 72? , • • > , 72?, be any sy.stcm of oriented 
rectangles in 72# , without common interior points, such that 

I 72? I + * ' ■ “h I R* I < v(^/^)- 

For each j = 1, • • • , m, let Di,{Rf} be a sequence of subdivisions such that 

II Dk(Rf) II 0 for 7; -^co. Then ^[7)fc(72f)] /3(72?) for k and hence 

wo can choose a positive integer K such that 

m in 

(1) E I ^(« ■!) I < r I -HiMim I +- 1 

,=1 " 

Let r, , • • • , rw denote the rectangles occurring in the subdivisions 7)x(72?), • • • , 
Dk(R^). Then | r, | + • • • + | | = [ 72? | + • • • 4- | 72? | < v(e/2), and hence 

m 

(2) E I I s E l< 

(1) and (2) yield e > j /3(72?) |, 7 = 1, • ■ ■ , and the absolute contiiuiily 
of /3(R) is proved. 

111.1.19. Let <^(72) be a rectangle function in 72o with the following properties, 
(i) <f>(R) is non-negative, (ii) ^(72) increases subdivision, (iii) ^(72) is 
continuous, (iv) (^(R) has a finite f7-function in 72o (see III. 1.5). Lot R^ be 
given by 

72o : a ^ g 5, c ^ r ^ d. 

Lot Wo satisfy the inequalities a < Uq < h. The segment w = Uq , c S d will 
be termed a light vertical segment if for every e > 0 there exists a 5 = 5(t, i^o) > 0, 
such that t/(/2^, 0) < e for every rectangle 72' ; a' < u ^h',c S v ^ d for which 
d' = Uo ^ b', f>' — a' < d. Otherwise the segment will be termed heavy. Light 
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and heavy horizontal segments arc defined in a similar way. Since V{Rf (f) is 
additive (see III. 1.5) and non-negative, it follows readily that the class of the 
heavy segments is countable (possibly empty). 

ni.1.20. Given 4 >{R) as in 111.1.19, let 22, , J ?2 be two oriented rectangles in 
Ro , without common interior points, having one side in common, say a vertical 
side. Then Ri , Ra are given by formulas 

Ri \ at ^ u ^ Ij c ^ a ^ d, 

/ 2 a : 2 ^ w ^ 62 , 0 V ^ d. 

Let It , U be two numbers such that a, < /i <Jl < h < Z >2 , and let r, Ri , RL 
denote the rectangles r : h ^ i ^ L j c ^ v ^ d, Ri: Ui ^ u ^ k ,c ^ v ^ d, 
Riih ^ u ^ hi fC ^ V ^ d. Given > 0, we assert that 

(1) <i*{Ri) H" <^(^) + ^(/^O > 0(/?i) H- 0(/?2) — Vt 

if It , I 2 are close enough to^ 1. Indeed, if we introduce Idie auxiliary rectangles 
Tt :lt ^ ^ I, c ^ V ^ dyVi :l ^ u ^ li fC ^ df then we have by the 

properties (i) and (ii) 

fi>{Ri) + + <i>{Rs) ~ fi>(Ri) + ^(J’l) ri- 0(222) ri- 4 >i'f' 2 ) ^ (^O’l) ri- 0O2) ~ 0 (?’)) 

^ 0(22i) + 0(222) “ (0O'l) ri- 0(?’2) — 00')). 

Since 0 is continuous, wo have 0(ri) — > 0, 0 (^ 2 ) 0, 0(j‘) — > 0 for h I, U —> I 

and the inequality (1) follows. 

III.1.21. Given 0(22) as in 111,1.19, let s be a light segment, and let D„{Ro) bo 
a sequence of subdivisions such that || 21„(22o) 11 0. Let X„ denote the summa- 

tion 2^0(22) extended over all rectangles 22 such that 22 G 22«(22o), sR 0. 
Then —*• 0. Tills follows immediately from the fact that U (22, 0) is non-negative 
and additive, and 0(22) ^ 1/(22, 0) for every oriented rectangle 22 C 22o . 

in.i.22. Given 0(22) as in III. 1.19, and an « > 0, we have by definition a 
subdivision D(Ro) such that 0[Z)(22o)] > U{Ro , 0) — {e/2). If we extend the 
sides of the rectangles of 2)(22o) until they meet the sides of Ro , wo obtain a 
refinement D'(22o) of D{Ro ) . Since 0 increases by subdivision, we have 0[2)^l(22o)] 
^ 0[2)(22»)]. Repeated application of the remarks in III, 1.20 yields a modifica- 
tion D"(22o) of D'{R(,) such that 0[2)"(22o)] > 0[D'(22o)] ~ (</2), and such that 
none of the sides of the rectangles of D'^(22o) lies on a heavy segment. Thus 
D'^(Rfi) has the folloiving properties. 

(i) 4>W"(Ro)] > U(Ro , 0) " 

(ii) If Hs a side of a rectangle 22 G D”{R^j such that I is not a sulbset of a 
side of 22o , then I does not lie on a heavy segment. 

Now Jet 2)„(22o) be a sequence of subdivisions such that (] i)„(22o) H 0. Let 
L)*(22 d) be the subdivision obtained by superposition of -D„(22o) and 2)"(22o). 
Since 0 increases by subdivision, we have 0[Z)^(22o)J S 0[22'^(22o)] and hence 

(1) > U{Ro , 0) - 
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Lei a„ denote the summation '^(f){R) extended over all rectangles R such that 
R G Dt{Ro)t R ^ X>n(^o). Since (f> is non-negative, we have 

(2) 0[D*(72o)] ^ <i>mRo)] + «« . 

In view of (ii) above, repeated application of HI. 1.21 yields 0. Thus we 
obtain from (1) and (2) the inequality lim inf ^[D„(I2o)] ^ U(Rq , *- e. Since 

c was arbitrary, it follows that 

(3) ^ U{Ro,<f>)> 

In view of the definition of f7(7iIo , <p), obviously 

(4) lim sup 0[i)„(72o)] ^ U(Ro 

Since D„{Rq) was any sequence such that jj D„{R(i) I1 0, (3) and (4) imply that 
(j) is Burkill integrable in Ro and 

j (j) = U{Ro t (f). 

111.1.23. If ^(R) satisfies the conditions (i)-(iv) stated in II 1. 1.19, then 
clearly ^(J?) satisfies the same conditions relative to every oriented rectangle in 
Ro . Hence 111.1.22 yields the followng theorem. 

Suppose that (i) 0 is non-negative, ,(ii) 0 is continuous, (iii) 4> increases by 
subdivision, and (iv) ^ has a finite H-f unction in Ro . Then <f> is Burkill integrable 
in Ro and (cf. 111.1,6) 

I <jf, - UiR, 

B 

for evory oriented rectangle R C. Rq . 

III. 1.24. Given a rectangle function <f)(R) in Ro , let (uq , «o) he an interior 
point of Ro . The upper derivaim of (fi at («o > Vo) is defined as the least upper 
bound of all those numbers I (including ± « ) for which there exists a sequence 
of oriented squares s„ such that (uo , t'o) G s* j | Sn I 0? ^(Sn)/| s„ [ Simi- 
larly, the lower denvaiive i^defined as the greatest lower bound of these same 
numbers 1. Wo shall use J)(uo , Vo , 0), M(ua , Vo , d>) to denote the upper and 
lower derivatives respectively. These derivatives may be equal to ± «> . If the 
upper and lower derivatives are finite and equal at a point (ua , Vo), then their 
common value is denoted by H(«o , Vo,<i>) and is called the derivaiive of 4> at (uq , Vo)> 
Note that in defining these derivatives, we use oriented squares, and that we require 
the inchision {uo , Vo) G Sn , and not merely the inclusion (uq , Wo) G Sn (the symbol 
s" denotes the interior of s„). If the rectangle function ^ is clearly identified by 
the context, then we shall use the notation D(u, v), with similar conventions for 
the upper and lower derivatives. 

The upper and lower derivatives are Borel measurable. Let us verify this state- 
ment for the upper derivative. Give an}^ real number a. Let s be a generic 
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notation for an oriented square. For every pair of positiv(3 intoi'(!rH m, n, we 
define the set by the foimula 




sc/?o\ 


< 


s m 


If /i’o denotes the set whore D(u, v) > a, then it follows readily that 

CO CO 

m= 1 n= 1 

Since E<,„„ is open, it follows that Ea is a Borcl sot, and honoo D(u, v) is Bort^l 
measurable (.see 1.3.8). 

Let us note that according to our conventions, the upper and lower derivatives 
are defined only in the interior of . As regards the derivative D(u, v), tlio 
set E on which it is defined is the set on which the following conditions hold 
simultaneously 

- CO < Dill, a) < + CP , — CO < B(u, v) < -f- “ , 7)(u, v) == l)(u, y). 


Thus E is a_j)roduct of three Borel sets and hence E is also a Borel sot. Hiiuio 
D(u, v) ~ D{u, v) on E, it follows that D(u, y) is Borel measurable on EJ (so(3 
1,3.8). Of course, the set E may be empt.y. 

III. 1.25. Suppose that 0(72) is non-negative in 72o and the derivative D(u, v) 
of 0 exists a.e. (ahnost everywhere) in Rl . Let us put (see TV.2,3) 


E 0(s), 


» c «;! , » e IK. ■ 


If tr, —> 0 for j -^00^ then T>(w, y) == 0 a.e. in Rq . 

Proof. For each j, let us define a function g,(u, v) in R'^ . If {u, v) is an 

intenor point of a squares such that sC 72", then f;,(w,y) - 0(s)/ | s |. 

Othenvise ff,(R, v) = 0. Clearly 

ljy,(u, v) du dv = <7, , y,(v, v) ^ D(h, y) a.e. in 72,1’ . 

By 1.3.10 it follow.s, since 75(w, y) ^ 0, that D{u, v) is sunnnable in 7215 and 
(1) Og//D(w , y) du dv ^ lim inf o-, = 0. 

AqO 

Since D{y, y) ^ 0 a.e. in 72^ , (1) implie.s that D(u, y) = 0 a.e. in 72,1 . 

Ill, 1.26. Let/(u, y) be a summable function in 72o , and let us put 


^(E) ~ JJ fill, y) du dv, 


R C 72., . 


an mimecuate consequence of 1,3,13. 


IS 
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III.1.27. Suppose that 0(7^) iw Jkirkill in(,ogra)ilo on Ha , and lei f^(R) (l(UK)f,o 
its indcrmito Biii’kill integml Then (ef. III. 1.24) 

D(u, V, (})) - DQi, V, /?), n(H, V, 0) = J2(u, V, 13) 

a.c. in 72n • In particular, if one of the derivatives D(ii, v, (/>), D{u^ y, /?) exists a.e. 
in R » , then the other one also exists a.o. in Jio and D(u, v, == D(u, y, /3) a.c. in 

K. i __ 

ritooF. Let E be the subset of 77 o whore D{u, v, 0) > 7)('«, y, 0), Suppose 
that 1^1 >0. TliOT wo ’should have a positive integer k such that the set 
where 7)(w, v, 0) — D(u, y, j9) > {]/k) is also of po.sitivejfiioasure. If (wo , Wo) G 
El , then wo have, ns a consequence of the definition of D(uo , Wo j 0)i a soquoncG 
of oriented squares such that (uo , Vo) G s„ C 72“ , | s„ | 0, 0(s,.)/| j — > 

Diuo , Vo , (f)). For this same sequence wo have thon lim sup j8(s„)/| | ^ 

D{tio , Vo , /?), There follows the incqualitj'- [0(5„) - /8(s,.)]/l [ > (l/k) for n 

sufficiently large. Now letJ7, denote the family of oriented squares s that satisfy 
the conditions s C 72“ , [0(s) -- 0 (s)]/\ s | > (l//c), | < rj, whore tj is a given 

positive number. In view of the preceding remarks, tho squares of the family 
cover the set Ei in the manner required in the Vitali covering theorem (see 1.3.3). 
Ilencc the family {?,, contains a finite system of oriented squares c, , • • ^ , 

such that o-?o-? == 0 for i 9 ^ j and | ci i + • • ■ -j- | a,,, \ > | 7i\ |/2. Wo liavo tlien 

the fol|owing inequalities and inclusions. 

(0 I O'* I n", C 72n , f “ Ij • ■ ■ } VI, a-',V*i' ~ 0 for i ^ j. 

(2) ‘ ^ [0(o'.) “ ^ S I »■' I 

Since [ El I > 0 and^ is arbitrar^^tlK'se relations contradict III. 1. 15. ’'J’hus 
it is esiabli^iod that D{ij^ v, 0) ^ 77(w, y, /3) a.c. in R \\ . Tho oomplcmontary 
inequality D{v, w, 0) ^ D{u, v, /3) is proved in tho same manner, and tho aatno 
argument applies to the lower derivatives. 

III.1.28, We shall say that 0(72) is of type A in 72o if tho following conditions 
arc satisfied, (i) 0 is non-negative, (ii) Lot 72, , • ■ • , R,„ , 72 bo oriented rec- 
tangles in 72o , such that 72f72, = 0 for i 9 ^ j and /2i -H • ■ * -h ^2,™ C 72. Then 
<^(72,) -h • • • -|- 0(72„,) ^ 0(72). If 0 is of type A in 72o , tlum clearly 0 is of typo 
A in every oriented rectangle in 72o . 

TiiEoiuojvr. 7/0 is of type A in Ro , then its demativc 77 (w, y) exists a.c. in Ro 
and is summahle in Ro . Furthermore, for every oriented rednngln R C, Rn we have 
the inequality 

IJjHu, y) du lb ^ 0»(72). 

R 

The proof is based on several preliminary statements, 

(a) Let a be a positive number, and let E^ ho the subset of 72 S vvhoro 77(?/, d) > 

a. alien « | 7i?„ | ^ 0(72o). 
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Proof. Let CF be the family of those oriented squares 8 that satisfy Oho 
foUowiig conditions; s Q Ro,i(s)/\ s\> a. Clearly, the squares of fT cover 
in the sense required by the Vital! covering theorem (sco 1.3.3). Heuco fF 0(^1*- 
tains a (finite or infinite) sequence of squares s, , • • • , s„ , ■ • • , such that Si.i, — 0 
for i 7 ^ J and | ~ I " 0- Since 0 is of type A, ihero follow.s for every 

poAtive integer k the inequality 4>{Ro) ^ + • ■ • + > nrd a’i ) + • • • -b 

I s* J), For k we obtain the inequality i 

^ a £ I Sn i ^ « I I . 


(b) Since 0 is of type A in every oriented rectangle R C Ao akso, (a) imjfiios U lo 
inequality « j RJt | g 0(it!) for all such rectangles R, 

(g) Let E* be the subset of Rl where E{u, v) *= -f "phon E'^ for 

every « > 0, and from (a) it follows therefore that ) 7?-“ ] = 0. Thus D(u, y) 
< + 00 a.e. in i?o . _ 

(d) The subset of Rl where Mu, v) < D(w, v) is of measure zero, 

Proof. If the assertion is denied, then we shouhl have numbcis x, y, siudi 
that 0 <x <y and the subset of Rl where v) <x <y < D{u, v) is of 
positive measure. Choose then any e > 0. Since is measurable by ni.L2d, 
we have an open set G such that C f? C and 1 (? | < | A'*, | + e. Now 
let (F denote the family of those oriented squares s in Q that satisfy iho condition 
0(s)/j s 1 < ^. Clearly, the squares of <r cover F,, in iho manner roquived^by tlio 
Vitali covering theorem. Hence 9^ contains a (finite or infinite) sequence of 
squares Si , ■ • • , s„ , • ■ • , such that s<S( =* 0 for i ^ j and | J «= 0, 

There follow the inequalities 

£ 0(0 < .^£ 1 I ^ I C 1 < .^*(| E,„ ) + e). 

On the other hand, by (b) above we have 


E, 


Since 0 < a- < y, Uii« 


Z^HSn) ^ = y I 

Since « was arbiti-ary, it follows that x\B^,\-^y\E 
contradicts the assumption that ] ] > 0 . 

Clearly, (c) and (d) imply that Z)(w, v) exists a.e. in Rl (of. 111.1.21). Now 

I rl o7fh!:f^' T all squares 

^ C Ro of the form (t ~ i)/n g w ^ i/n, (j ~ l)/n g ^ j/n, whom i j am 

integers (positive, negative, or zero). For given n, the collection K, is finite 

V s rephice each square s'* e K by a somewhat smaller oriented square 5'‘ 

™ re V I »: - r I, .xtondc/ovor 111 

C- G -i n S “ op® «‘®vly 

i, < r/< r “ of positive imoBcl 

,u1 fr f ‘'-I: ~ ft. U = 1, 2, . . . , is eonyorgtnl, 

" II 1 1 " Vi) '/R “b I, • • • Then eloarlv ( 7? l? l v n i? 
M^co, Xow let HR rJAfinrx fry 1 , . cioauy j 0 for 

os define, for each positive integer i, a function ft(a, t,) in /f„ 
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as follows. If (w, v) is an iiitorior point of some square s"* (see above), Mmn 
g,(u, v) = 0(0/1 s’* |. Otherwise j 7 ,(w, y) = 0 in . Clearly, sinco 0 is of typo 
A, 

W Ifffd-x, u) da dv ^ 0(f^[)) . 

«0 

Let ? 7 i bo a positive integer, and lot (u, y) bo a point of F such that D{Ut v) 
exists. Then {u, v) ^ Gn^ for k ^ m, and henco gt.Gi} a) is equal to a quotient of 
the form 0(s)/j s [, where s is one of the squares s"* and (n, v) is interior to a. 
Hence (juGh ^(w, v) for k Since D('n, v) exists a.e. in Fq , it follows 

that OiGi, v) ^ D{u, v) a.e. on , ?7i = 1, 2, • • • . Since ) Rq — F„ \ — > 0 for 
w — > 00 , it follows finally that 

(2) ( 7 a ( w, v) ~> D{u, v) a.c. in Ra , 

A,-.™ 

As ( 7 a(w, v) ^ 0, the relations (1) and (2) imply, by the lemma of I’atOu (sen 
1.3. lOX the summabilitj’’ of X)(u, v) in Rq and the inequality 

(3) // D(u. ») da dv ^ 0(ffo)- 

fti, 

Since 0 is of type A in every oriented rectangle R C. Rq also, wo can replace, in 
(3), Ro by any such rectangle R, and the proof is complete. 

III.1.29. As matter of fact, most of the rectangle functions 4>(R) that occur 
in the sequel satisfy a stronger condition than that required in the definition of 
typo A, namely the condition <fi{Ri) d- • • • 4- 0(72,,,) ^ 0(72) as soon as 72i 4 
' • • 4 72„ C 72, 72j72“ = Ofovi?^ j (all these rectangles being oriented). Impor- 
tant special cases of rectangle functions of typo A include the following ones 
(many others \vill occur in the sequel). ^ 

(a) 0(72) is non-negativo and additive in 72o . Then 0 is dearly of tyiJo A In 
72o. 

(b) Let (^(JS) be a non-negative, completely additive function of Borol sots 
B C Ro (cf. 1.3.16). Then gives rise to a roclanglo function 0(72) = 'I'(72) 
^at is clearly of typo A in i2o , Wc define in terms of 0(72) the derivatives 
D(u, V, 0), D{u, V, 5’)> 7)(w, V, fh) as follows; 

D(u, V, <Ii) = D(u, y, 0), D{u, v, = D(u, y, 0), B(tc, v, <I») = D(n, 7% 0). 

However, 0(72) is defined also for arbitrary non-orionlcd rectangles R in 72© , 
and this fact leads to several important remarks. For clarity, l(5t us use 72'*' to 
refer to arbitrary, not necessarily oriented, rectangles, while H will < lone to, ns 
before, an oriented roc tan glc. Then 0 (72 is a f line ti on of arbitra ry, n on-orion led 
rectangle.^ in 72o . If we use arbitrary non-oriented rectangles and square.^ in the 
definitions of type A and of the derivatives (sec III. 1.28, IILL2d}, thmi vt' 
obtain concepts that will be referred to as A'** and derivatives l)*(u, v, 0), 
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V, f^), D'*(u, V, ‘I>). Clearly, j^(u, v, ^>) S v, 1’) ^ D(ih i>, ‘I’) ^ 
V, *J»), Hence, if D^(Uf v, *I>) exists at ji point ( 22 , v), then D{it, v, <I») also' 
exists and D(u, v, 4») == Since clearly is of type ^■1 a reasoning 

entirely analogous to that in III 1.28 jdclds the result that D*(u, v, «h) exists a.e. 
and hence is equal to D(n, v, ^I>) a.c. in Ra . 

111.1,30. Let 0>(7?) be a non-negative, completely additive function of Borol 
sets B C jBo . As noted in III. 1.29, i>(B) gives rise to a rectangle function 
(it(R) — From this poi^ on, R will j;cfer again exclusively to oriented 

rectangles. As before, wo put D(u, v, ‘I’) =* D(u, v, 0), D{v, i», <I>) = ^(u, v, 0), 
D(^i, V, <10 = D(u, V, 4>) (cf. ITU. 24). As noted in TIL 1.29, 0 is of typo A in Ro . 
Hence the derivative D(ii, v, <10 = JD(u, v, 0) exists a.e. in Rq and, is summablo 
in Rq . Wo proceed to complete for thi.s special situation the general theory of 
additive set functions (cf. 1.3. 16). We shall use D(u, v) to rofei* to D(u, v, <!>) == 
Z>(«, Vi 0) if <I> is clearly identified by the context. 

III. 1.3 1. Given <&(J5) as in HI. 1.30, suppose that“<f i.s singular in Rq . Then 
its derivative D(u, v) vanishes a.e. in Rq . 

PnooF. Since <I> is .singular, we have two Bor(4 .sots 1£, e such that E e ~ Rq, 
Ee ~ 0, <I'(i?) = 0, I <? I — 0 (see 1.3.16). Let E* be the subset of ERo whore 
D(Uj v) > 0. The proof will he made if wo can .show that | /?"* | = 0. In turn, 
this last fact ^viIl be proved if we can show that for each positive integer n 
the subset E^ of E* wliorc D(u, v) > (1/a) is of measure zero. Now E^ is a Borcl 
sub.set of E and hoiicc - 0. Given e > 0, we have therefore (sec 1.3.16) 
an open set G such that E^ <ZG C and <!>((?) < e. Let denote the family of 
those oriented squares s in G that satisfy the condition <I>(s) /| s | > (l/n). Clearly, 
the squares of S' cover E^ in the manner required by the Vitali covering theorem. 
Hence £F contains a (finite or infinite) sequence of squares Si , • • • , s* , • • • , such 
that s,s, — 0 for i j and | I ”0. There follow the inequalities 

( A’,t I ^ X) ( Si I < 2 ‘^(sa) ^ ni>(G) < /?€. 

* f > 

Since n is fixed and t is arbitraiy, it follows that ( | = 0. 

III. 1.32. Given #(B) as in 111,1.30, wo have (see 1.3.16) for <!» a univoeally 
<letermined Lebosgue decomposition 

(1) Mb) » + <I>,(B) B C R. , 

where <I>a , <!>, are non-negative, completely additive functions of Borel sets 
B C, Roi and <&a is absolutely continuous and ‘h, is singular. By 1.3.17 we liave 
in Rq a non-negative, Borol measurable, sumniablc function /(w, ti) such that 

(2J ' %{B) = jj.!{<hn) (hi dv 

n 

for every Bore) sot B CL Rn. In view of III. 1.26, there follows from (2) the for- 
mula 


(3) 


l){Ui V, <I>„) = Jill, v) 


a.e. in Ii\ 
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On tko otlici’ hand, D(«, i>, <[>,) = o a.e. in 72n by III. 1.31. We obtain therefore, 
from (1) and (3), the formula v, ^>) = /(n, v) a.e. in Ro < It follows now 
from (1) and (2) that 

(4) <HB) = JJ '!*) d// da + 

for ovGiy Borcl set Ji C iJo . 

III. 1.33, Given as in III. 1.30, <P(7?) is singular if and only if its deriva- 
tive Z)(w, v) vanishes a.e. in Bo . Indeed, tlio condition is nccessaiy by III. 1.31, 
Conversely, if Z)(w, a) ~ 0 a.e. in Bo , then s'* by 111.1.32(4), and thus 
4' is singular. 

III.1.34, Given 4>(5) as in III. 1.30, «1>(7^) is AC if and only if the rectangle 
function ^(B) ~ i’(B) is AC (see 1.3. JO, 111.1.2), 

PnooF. Suppose first that (I>(B) is AC. Then s 0, and hence by 

TIT. 1,32(4) we have, in particular, 

m = m) = //«{«,'’, <I>) (hi (Iv 

H 

for every oriented rectangle BC.Ro- Hence 0(1?) Is clearly AC (cf. 1.3.13). 
Suppose, conversely, that <i>{B) is AC. Let e be any Borel set of measure zero 
in Bo . Give t; > 0. 'I''hcn we have a set G, open relative to Bo , such that e-C G 
and j (? I < ?;. There exists then a sequence 7?i , •••,!?„, • • • of oriented rec- 
tangles such that R^iB!l — 0 for i 9^ j and G —^B^ (cf, 1.3.2), Since is non- 
negative, there follows the inoq\iality 0 g g 52 4>(7?„). Now since 0(1?) = 
4‘(7B) is AC by a,ssumption, for given e > 0 the ij of the preceding argument may 
be chosen so that <I>(ri) -j- . . ■ q- < e for every finite' system of oriented rec- 
tangles ri , • ■ ■ , Vk in J?o suclr that ?'"?’“ = 0 for i j and I ri | -H • • • + 1 ] < )?. 

In particular, we shall have then <I>(7?„) < e for every n, and 

hence <h(7?j) -h ■ * • T i^(Bn) + • • • ^ e. Hence 0 ^ <I>(c) S «. Since e is 
arbitrary, it follows that <I>(c) = 0 for every Borel set c C I?q of measure zero, 
lienee 4> is AC in 7?o (see 1.3.16). 

III. 1.3 5, Given in Bo a rectangle function 0(/?), wo shall say that 0 satisfies 
in Ro the condition (C) if the following statements hold, (i) 0(7?) is non-negative, 
(ii) Let ?’i , • • • , be a finite S 3 ^stem of oriented rectangles in 7?o such that 
~ 0 for i j, and lei 7?i , • • • , 72„ , - • • be a (finite or infinite) sequence of 
oriented rectangles in 7 ?q such that n -f • • • +■)’;(, C 7?i -f • • • + 7?>. 4* * • • • 
Then 0(?*,) -j- . . . -f- g 0(7?i) + • • ' + 0(7?„) + • • • , for every choice of the 
systems /’i , • , jy , 7?i , • • • , 7?„ , - • • . 

ni.1.36. Given 4>(B) as in III. 1.30, the rectangle function 0(7?) =* 0(7?) 
satisfies the condition (C) in 7?o . Indeed, given .systems r, , • • • , n , 7?, , - • • , 
7?„ , • • • as described in III.1.36(ii), let us put = 7?i , B 2 = 7?2 — 7?i , • • • , 
7?„ 7?n ““ (7?i q- • • • q- 7?fl_i), • • < . Then 



182 


111.1.8(1 


O'l) + • • • + 0‘t) 

= $(?’, + • • • + >’/) ^ ^(^^1 + ' • ' + /j’-l + ■ ' ■) 

= $(5, ■+• • • + + ■ ’ ■ ) 

= + - ‘ -h ^m) + • • • ^ ^m) + • • ' + <iw -f- • • • . 

III. 1.37. Suppose tlmt the rectangle function ^(B), given in Bo , Iiuh Uio fol- 
lowing properties, (a) <f> is non-negative, (b) ^ is additive (.hco 111.1.5). (o) 

(f) is continuous (see 111.1.2). Then <}> satisfies the condition (0) of 111.1.35. 

PnooF. Choose systems i\ , > • > , n , Ri , > B„ , • • • as doscrihod in 
III.1.35(ii). 

Case (1). The system Bi , • • • , i?„ , • • • is finite. Then tlie in(Kiiudi(*y 
Hh) d- ‘ ■ + 0(^*) ^ 0('Sj) + ' • • + <f>(Rn) + • • ’ is an immodiato consequonoo 
of the properties (a) and (b) of 

Case (2). The .sj^stem i?i , • < • , f?„ , • • • is infinite, Give tlien c > 0. For 
^eh n, let Bt bo an oriented rectangle thaj^ contains B^ in its interior, and lot 
B„ be the oriented rectangle BoB* . Then B^ is the sum of B^ and of not moi’o 
than four oriented rectangles, comprised in Bo , each of which is contaiiujd in 
J?* — and hence has an area less than | Since 0 is contimiouH, 

non-negative and additive, it follows that B^ can be so eho.sen that < 

4>(B„) + (6/2"). Now the rectangles Bf , > " , R* , • • - cover the cloaod Hot 
ri -h • • • -f- )•* in the manner required in the Borel covering Ihoorom. IIonc(5 
we have a finite sequence of positive integers ni < Wg <•--<%, such tliat 
ri + • • • + n C iBn* + • ■ • + . Since 7’i_+ • • • + r, C fBo and B„ ^ BoB‘^, 

it follow’s that ri -f- ••'+?’* C ifn, + •••-{- B „„ . By case (1), wo have thoroforo 

0(r,) + • ■ ■ + ^ 0(^,J d- . ■ -j- 0(^„ J ^ < H- E 0(/B«). 

N “ I tl " 1 

Since e was arbitrary, the inequality 0(r,) -f- ■ ’ • + 0(?*) ^ 0(7^.) -I h 

0(7?„) -f • • • follows. 

III. 1.38, Suppose that the reetanglo function 0(72) .satisfies tho condition 
(C) in Bo . Let B : a ^ u ^ h, c ^ v S dho oriented rectangle in 72o . Lot « 
be a number such that a <!. x <C. b, and let us denote by 72* , 72* the roc tangles 
a^u^x, c^v^d and x^u^b, c^u^d re.spcctivcly. ^Idion wo can 
choose X to satisfy the conditions 

(1) * - 0 < 3(6 - a)/i, b-x<S(b - a)/-l, ,1,(1},) + 0(/e.) =J,(J{). 

A similar statement liolds, of course, for subdivisions of R into two roctanslos that 
have a horizontal side in common, 

PaooF. For a < x ^ b, the quantity 0(72*) is a iion-ncgaiivc, nondooixtusing 
functmn of a;, since 0 .satisfies the condition (C) . Honce the points of discontinuity 
0 this function constitute a countable (possible empty) sot. Wo can chooHO 
^lerefore an .r such that the inequalities in (1) hold and 0(72*) is continuous at 
iNow give 6 > 0. Since 0(72*) is continuous at x, we can determine a nurnbor // 
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suc]i that a <y < z and — j. Since tlio rectangles and are 

disjoint, we have then 0(72) S <t>{Rv) 4- > ^{Rx) + ^^'(7?*) e. Since e is 

arbitrary, it follows that ^{R) ^ 0(72,) + 0(72,), wliile the complementary 
inequality follows directly from the fact that 0 satisfies the condition (C). Hence 
0(72) = 0(72J + 0(72,). 

III. 1.3 9. Suppose that 0 satisfies the condition (C) in i2o , and let 72 be an 
oriented rectangle in 72o . Tlien there exists, for given 5 > 0, a subdivision -D(72) 
of 72 .such that H D{R) (I < 5 and 0(72) = 0[7)(72)] (of. 111.1,4, III.1.6). 

This statement follow.s by repeated application of 111.1,38. 

III. 1.40. Let 0(72) be a non-negative rectangle function in 72o (see III. 1.1). 
Given a sot C , let 72, , • • , 72„ , • ■ ■ bo a finite or infinite sequence of 
oriented rectangles in 72o such that C X) define 

r(7?,0) == gr.l.b. 20 ( 7 ?„), 

where the greatest lower bound is taken with respect to all Bequences , • • • , 
72„ , • • • that cover B. For the empty sot 0 we define r(0, 0 ) — 0. The following 
atatements arc obvious. 

(a) r(72, 0 ) g 0(72) for every oriented rectangle R QRo . 

(b) 0 ^ r(F, 0 ) ^ 0(72o) for every set F C 72o . • 

(c) If 01 , 02 are two non-negative rectangle functions in J?o such that 
01 (72) ^ 02(72) for every oriented rectangle 72 C 72o , then T{E, 0 i) ^ r(^, 02 ) 
for every set 75 C 72o . 

(d) If 0 satisfies the condition (C), then r(72, 0 ) == 0(72) for every oriented 

rectangle 72 C 72o . Indeed, in this case 0(72) ^ 0(72rt) for every sequence 

72i , • • ‘ , 72„ , • ■ - that covers 72 and hence 0(72) g r(72, 0 ), while the comple- 
mentary inequality 0(72) ^ r(72, 0 ) holds by (a). 

in.1.41. Let 4>(H) be a non-negative, completely additive function of Borel 
sets C 72 o . Then 4> gives rise to a non-negative rectangle function 0(72) ~ 
a?(72). We define r(F, 4>) ~ r(75, 0 ). Wo proceed to verify two preliminary 
statements concerning r(^, 4>). 

(a) ^^{B) S r(B, 4’) for every Borel set B C. Rq . Indeed, let 72i , • • • , 

72„ , • • • be any (finite or infinite) sequence of oriented rectangles in 72o , such 
that 7? C £ 72„ . Let us put ~ 72i , - 723 — 72, , • • • , - 72„ — (72i + 

. . • -f- 72„,.,), • • • . Then ^B) ^ 4>(£ jS„) = £ <D(H„) ^ £ $(72„). Thus 
always 4>(B) ^ £ 4>(72„), and the inequality 4>(B) ^ V{B, 4)) follows, 

(b) 4>(72) r(72, 40 for every oriented rectangle 72 C 72o . This follows 

directly from HI. 1.36, HI. 1.40(d). 

Ill, 1.42. Suppose that the rectangle function 0(72) satisfies the condition (C) 
in 72o . Then r(75, 0 ) is a Carathdodory outer measure in 72o (see 1.3.18). 

Proof. We have to show that r(7?, 0) satisfies the conditions (C,), ( 02 ),' (<^ 3 ) 
stated in 1.3.18, Conditions (C,), {0%) are obviously satisfied. As regards 
condition (Cg), let F, , be any two sets in 72o such that p{F, , E^) > 0 (see 
1,2. 10), Give e > 0. By the definition of V{Ex + , 0) we have then a sequence 

of oriented rectangles 72, , • • * , 72„ , • • • in 72o such that 7?, -+• -Sg C £ 72„ and 
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hi view of III. 1 . 39 , we can replace each R„ by a limtoHy«Unn r,', , r,u • • • of ch’U!uUhI 
lectangles such that = rl + ? « H- • ‘ • j uiid 

such that the diameter of each K is less than p(Ei , E2). Lot ii.s urrangt! l-ho roe- 
tangle.s K , associated in this manner with the rcetanglca H,, , it *= 1 , 2 , • * • , 
into a single sequence r, , •••,?*, • • • , Then Ei + Ji'2 C X) j 2 - 

^<fi{Rn) < r(I?i 4- , i^) + 6, and d(i\) < p(Ei , /i'3) for every k It followH 

that no rectangle n intersects both and E ^ . Heiieo, if donoto HiUT\nvii- 

tions extended over those rectangles n that intonsect Ei , En reHj)e(!liv(‘ly, then 
n ^ E% C 2 * n , and hence , </d ^ 0 (nh ^(A’a , d») S 
2 ^ Furthcmiore, since no i\ occurs in both of tho summations 
we haveE* 4 >{n) +2V(n) ^ E ^(n) < T{E, + , </») + c. 4 'lu‘re follows 

the inequality r(Fi , <^) + V{E^, cj,) S r(Et + E, , 0) 4- e. Sum' c was arbitrary, 
it follows that V{Ei , 0 ) -j- r(^2 , 0) g r(jBi -Sa j 0). Since the 001 11 [) I (sn unitary 
inequality rfi?, , 0) + TtFg , 0) ^ r( 5 i -j- /i/2 , 0) ia obvious, th(5 rohition 
^(E \. , 0) + rfFa , 0) ~ r(jS'i + ^2,0) follows. 

III.1.43. Let 0(fi) be a rectangle function and $(/?) a coniplotoly additivo 
function of Borel sets in Ro ■ If €»(^) ~ 4>{R) for every oriented ro(}tanglo li C 
Ra , then we shall gay that $ is a completely additive extension of 0 to Jlorol sets 
mI?o. 


THEonEXf. Lei ^{R) he a rectangle function in lio . Then 0(ii') (uhniin 0 / a 
completely additive, non-negative extension lo Borel sets in Ro if and onh/ if 6 
the condition (C) fa I?o . u j 

Proof. Condition (C) is necessary by 111.1,30, Supposo, convoraoly, Hint 
« satisBes the condition (C) in B. . Then r(B, is a CarallKiodoiy oiitor 

Clearly r IS non-negativo. Jiy 1.3,18, 1’ is m)m|)lnl,oly 
mlditivc in the class of Borel sets in «<, . Hence 1>(B) = r(/?, M is n non-ncisaavo 

completely addition extension of ^ to Borel seta in B,. ’ *' 

additive, non-negativo function of Horol 
and hence br^S is’ rfB oi'hu’ moasuro in 

C fl. , Hence, if B is any Boiel set in B, have 

w = r(B. , $) = t(b, <t) -t- r(/f„ - li, -b). 

On the other hand, III. 1.41 yields 

(2) r(B, 4.) a 4(B), r(B. - B, 4.) 4 4 (,j.„ _ 

In view of ( 1 ), these hiequalities lead, by addition, to tho inequalities 

<■(«.) - r(B, 4) - 1 - r(8. - B, 4) a 4(B) + 4 (B, - B) = 4 (B.). 



IIT.L48 


185 


It follows that the sign of equality must hold in (2), and thus the relation “ 
r(^, «!>) follows. 

IIL1.4S. If chi (5), ‘h(^) arc noii-ncgativc, completely additive function.s of 
Borcl sets in Eo , and cl>i(i?) ^ <f’a(i2) for (jvery. oriented rectangle E CZ Ea , then 
^i(5) ^ ^hiE) for every Borcl sot B Q lU ^ 

Proof. Clearly r(B, ^ E(B, i\). Hence, by III. 1.44, w (3 have 4>,CB) == 
r(5, $i) ^ T{B, <h) = ci,,(js). 

111.1.46. Tf cI'i(P), ^h(B) are completely'' additive fiinction.s (of arbitrary .sign) 

of Borcl sets B C Eq , and ^ ^Jh{E) for every orienlod I'ectanglo R C Ea , 

then 4'i(7?) ^ ^h(B) for every Borcl set B C. Eo • 

Proof. By 1.3.10 we have <Pi “ cpji “ ‘I’i 2 , ePa = cpai “ cji^g ^ whore fpu j ‘I’la i 
4*21 , ‘p 2 z are non-negative, completely additive functions of Borcl sets in Ea . 
By assumption we have <Pii (72) — ‘Pi 2 (72) ^ ‘p2i(72) — ‘p22(72) and hence ‘Pi 1 (72) -h 
^ 22 ( 72 ) ^ ‘P2i(72) 4“ ^hziE) for every oriented i-cctangle 72 C 72o . By 111.1.45 
it follows that ’‘I>„(jB) -f ‘p 22 ( 7 ?) ^ ‘p 2 i( 7 ?) + and hence ‘Pi(B) = 'Pii(/7) — 

^, 2 ( 7 ?) ^ 4 ? 2 i(P) — # 22 (^ 5 ) — <p 2 (-B) for every Borel set C 72o . 

111.1. 47 . If ‘P(77), 'P(i5) are completely additive functions (of arbitrary sign) 
of Borel sets B C Eo , and 4>(72) = 4^(22) for every oriented rccitangle 72 C 72o , 
then ‘P (B) = 'i'{B) for every Borel set B C 72o . This is an immediate consequonco 
of III. 1.46. 

III. 1 .48. We shall discu.ss presently an important special kind of sot functions. 
Let iJt(B) be a function of Borcl sets B (Z Ea with the following properties, 
(i) g is non-negative, (ii) /x is completely additive. (Hi) fx is continuous (Jir 
oriented rectangles. That is, for every e > 0 there exists a 5 ~ ^(e) > 0 such 
that juC72) < € for every oriented rectangle 72 C 72o such that | 72 j <5. In tiro 
following discussion of g, the letters 72, r Avill denote oriented rectangles in Ea , 
and Pf wll denote the center of r. Let us note the following facts. 

(a) If O’ is a hoiizontal or vertical segment in 72o , then fx((r) = 0 (note that cr 
may be a subset of the perimeter of 72o). Indeed, we have in 72o a sequence of 
rectangles 72„ such that o- is a side of 7?„ and | 72„ | — ? 0. Wo have then 0 ^ a* (o') ^ 
fi(En) — > 0, and hence ju((r) = 0. 

(b) Since g is non-negative and completely additive, it follows that if 7? C 72o 
is a set of the form 7^ = ci + • ’ ' + o-„ -f- * - • , wlioi’o each o-„ is a horiKOiital or 
vertical segment, then ix{E) ~ 0. 

(c) Let G be a subset of 72o that is open relative to 72o (cf. 1.2.26). Then wo 
have a (finite or infinite) sequence of oriented rectangles 72i , • • • , 72„ , • • • 
in 72o such that = X) 72„ , 72"72" = 0 for i ^ j. From (b) it follows that fji{G) — 

(d) fi is additive on oriented rectangles. That is, if D(E) is any subdivision 
of the oriented rectangle 72 C 72o , then g(72) = /x[7)(72)]. This is an immediate 
consequence of (a), 

(e) By 13.17, g gives rise to a yLt-inicgral in 72o , tliis integral to bo used only 
for Borel measurable functions. Let /(n, v) be Borcl measurable and M-siimmablc 
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in 7?o . We assert that for every € > 0 there exists a continuous function (/(w, v) 
in ^0 such that 

(1) / I / - < e. 

Ro 

Peoof. C'ase (a). /(«, v) is the characteristic function of a closed set F Q 
(that is, J{u, v) = 1 for (», v) ^ F and /(w, w) = 0 for {% v) G K ~~ F). If 
F - Ra, then the assertion is trivial. So we can assume that iiJo — F 0. Then 
G ~ Ra- F iso, nonempty set which is open relative to R ^ . Ilenco, by 1,3.10, 
we have a closed set F* Q 0 such that pIf^) > p{Q) - e. We Imvo then the 
relations 


(2) FCR,~ F*, pIR, - {F + F*)] < e. 

Thus F , F* are disjoint closed sets in Rq , and hence they have a positive distance 
piF, F*) > 0. Let g{u, v) be defined as follows in Rq . If (w, y) 6 F, then 
g{u, y) = 1; if v) 6 F*, then g(u, v) = 0. If (w, y) e ™ + /''*), then 

g(,, = niin{p(F, F*), piiu, 

P{F, F^) 

where p1(ii, v), F*] is the dialanoe of (u, v) from F*. It follows readily lliivt 
g{u, 0 ) IS continuous on i?„ . Clearly 0 < g(u, v) g 1 for (u, ii)eRo- (F -1- F*) 
Hence I / 7 d I = 0 on i? + f?*, and | / - j |< l on IS. - (I? + /,’•). Ilo„co ( 1 ) 

holds m view of (2). ' 

Case (^). /(w, y) is an arbitrary Borel measurable, ^-summablo function in 
ito . By 1.3. 17, we have then a function h{u, v) in Ro of the form h ^ c, A -j- • . . 4- 
c4„ , where c, is a constant and /, is the characteristic function of a closed sot 
< j « = 1, ' ■ > , such that 


(3) 


J I f ~ ^1 I dp < 


tobv li'f f (1 0. 1+ ■ • • + I C. I), < (c/2). For each i, wo have 

then by case (a) a oontmuous function ?,(«, c) in , such that 


(4) 


I I f.~g. 


Ro 

j ^ ^ -h • • . -j- c„gr„ , then g is continuous in iSn and fn rlnniOv 

holds as a consequence of (3) and (4). ’ ^ ^ ^ ^ 

(p If /(w, «) is Borel measurable and u-summable in R. nnrl n(J?\ « u 

division of an oriented rectangle R Q Ro ^Ln ' ^ ^ 

j f di> = Z J f d^, 

R r 

This follows immediately from (a). 


y e D(R). 
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(g) Let g{% v) be a continuous function in Rq , Lot Z)(i?o) be any sub- 
division of Rq . For r G 7)(i?o), lei be the center of r, and let , nir clenoto 
the maximum and the minimum respectively oi g(u, v) in r. By (f) avc havo then 
the inequalities 

23 w,/iOO ^ j g dfi ^ G 

llo 

Z ^ E uiPrMr) ^ E r G n(R„), 

There follows the iiieqizality 

I /(/</(<- E (/(PMr) S E (^>4 - mMr), r E lKli„). 

/fo 

Hence, since g is uniformly continuous in i2o ; it follows thnt if D„{Ra) i.s a soziiumco 
of subdivisions such that t| D„(i?o) |[ -^ 0 and 23" denotes .summation over the 
rectangles r G Pni^a), we have the relation 

E" oQ\Mr) -> f 0 <<«. 

111.1.49. Given ^ as in 111.1.48, let y), l/tiu, v), i = 1, 2, 3, denote Boi’cl 
measurable, ;x-summable functions in Ro such that 

[ 1 y* f d/i < e, f - 1, 2, 3. 

Then wc Imve the inequalities 

J + a'fl + dfi < j {y\ Vi -p dn 4- 3<, 

flo , Bo 

E _(/ *. i)) + (/ a-, di^ + (I X, dn) ] 


E (/ !/i dfi'^ + (y y, di^ + 1/3 j 


H- 3^3 


where in the second inequality’' the summation is taken over the rectangles r 
of any subdivision Z)(i?n) of ifo . The proof follows immediately from the inequal- 
ities in 1.3.10. 

III.l.SO. Given /z as in III.1.48, let/i('w, tz), v), fsiu, v) bo Borol measur- 
able, ^i-summable functions in Ro . Let D^(Ro) bo a sequence of subdivisions 
such that II P„(Ro) |[ — > 0, and let 23" denote summation with respect to the 
rectangles r G P,>(Ro)’ Then 
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E” [(/ /, d^J + (/ /, + (/ /3 *)’]'" -*[(f, + n + /,;)'« d^. 

r r r 7J<> 

Proof. By 1.3.10 and IJI.1.4S(f), we have 

E" [(/ /. d,J + (/ A *)’ + (/ A 

r r r 


s E" / (/? + A“ + /S'" d^ = I (/; + A + llY" d^. 


Hence it is sufficient to establish the inequality 


li.n inf E" (/ /. + (/ A + (/ A d^J ' 


fe / (/! + A + A)‘" 


Cose (1). Ji tfi , fa are continuous in !?□ . For each n, lot the functions /i„ , / 2 « , 
fs„ be defined in Jia as follows. If («, v) is interior to a rectangle r G 
thcn/i„(«, a) = /, (Pf), where is the center of r. If (w, v) is not interior to any 
rectangle r £ then/,„(ri, v) — 0, The functions / 2 „, fan arc defined in the 

same manner in terms of fa , fa < Clearly, since /i , /a , /a are continuous in Ra , 
the quantity 

<. = / I A - /.. + / I A - A. I + / I A - A« I rfM 

Ita No No 

converges to zero for “^* 00 ^ in view of IH.1.4S(b), By HI. 1,49 we have the 
inequality 

E" [(/ /.. df) + (/ A. dff + (/ A. dfj‘Y 

r r r 

( 2 ) 

< E" (/ /. df*)" + (/ /. + (/ /. + 3 .,, . 


On the other hand, clearly (cf. III. 1.48(a)) 

E" [(/ d^J + (/ /,. rf„)' + (/ A. dfj 

r r r 

( 3 ) 

= E" [/.(/".)“ + A(/’.)’ + A(A.)'']'''VW- 
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Since/, , fz , fa continiioiiK, we have by 111.1.48(g) 

(•i) Z" iMn’ + ,/■=a^)' + / a; + /i + jT’ dn. 

Ito 

Since Cn 0 , the inequality ( 1 ) follows from ( 2 ), (3), (4). 

Case (2). General case. Give £ > 0. By III.1.48(o), we liavo then contin- 
uous functions , f/g , f/a in such that 

I I/, - ff, IrfM < 6, j = l,2,3. 


By III. 1.49 wc liavc the inequalities 

(6) J (A + fl + flfi < j (j7i + 4“ f/ay^~ (h + Sf, 




(/ (h dfx) 4“ ( 

/ + (/ ^ 

\2“|l/2 

li (Ifi J 

(«) 


r 

< E" 

r ^ r 

[(//.<?»<) +( 

/ ^ 

J fz rlfi^ + ( J J.i dfij 


r r 


Since g\ , Oz , 9a are continuous, wo liave by ease ( 1) 


(7) 


lim inf 


Z)” (/ l/i + (/ l/a + (/ 0,^ fin) 




^ j (f/i + ^3 4" 


Since e is arbitrary, ( 6 ), ( 6 ), (7) imply tho inequality (1). 

III.l.Sl. Lot MB), MB), M^) functions of Borol sets B C Ra , with the 
following properties, (a) (pi is non-negative. (^) 0 , is continuous on oriented 
rectangles in Ro , in the sense of III, 1.2. ( 7 ) 0 , is completely additive on Borel 
sets in Ro {i == 1, 2, 3). Let us define, for oriented rectangles r C 72o , a rectangle 
function 0 (?') by tho formula 0 (?‘) = [ 0 i(r)^ 4 - 02 O’)* + 0 a(r)T^* Then 0 (r) 
is Burkill integrablc in Rq . 

Pkoof. Olcarb'-, 0 is non-negativo. Since 0(?') ^ 0 ,( 7 ') H- 02 (r) 4- Pah'), 
clearly 0(?*) is continuous on oriented rectangles in Ro . Let now R be any 
oriented rectangle in Ra , and let D{R) bo any subdivision of E. By 111.1.48(4) 
wc have then 0 .( 12 ) = P,W{R)], i = Y 3, and hence by 1.3.10 
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= ium)? + <i>2iD{R)r -h 

^ z + uy 'h = i: Hr) = nm)], 

whore tho sumraailon is ext.cndecl over all rectangles r (E D{R). Thus 4' inoroascs 
by subdivision. Finally, since 1 /' ^ </)i + <^2 + <^ 3 , wc have g 0i[7)(ig)] + 

UD(R)] + 03(£>(/2)] = MR) -I- MR) + MR) S MRo) + MRo) H- MR<>). 
Thus 4f has a finite tZ-funciion in y?o (bcc IIT. 1 .5). By 111,1.23 it follows that 
is Burkin intcgrablc in Rn . 

III.1.S2. Ah noted in Ill.l.i, the preceding theory applies to interval func- 
tions in dimensional Euclidean space. Of eon use, in the case 11 = 1 tho dis- 
cussion can bo considerably simplified. 

In the sequel, wo shall have to work with functions HR) of oriented rectangle.s 
R that are defined not in a fixed oriented rectangle Rt , , but rather for all oriented 
rectangles in a given bounded domain SD (connected open set) in tho tiy-plnno. 
The terms BY, AC are defined tlmn exactly ns in I [Li. 2, whore 7So is replaced by 
D. The derivatives of </» arc defined iuh in TIL J .24. Tho type A is defined now as 
follows: 4 > is of type A in ID if it is of type A, in the sense of HI. 1.28, in every 
oriented rectangle R C 2D. Many of the results obtained in the preceding tlieory 
remain valid, witii obvious modification .s in the proofs. To illustrate: if HR) 
is AC and bounded in ID, then it is BY in D. The proof is the same as in III. 1.3. 
Similarlj', if HR) is of type A in D, then the derivative Z)(u, v, H exists a.e. in D, 
is summable on every oriented rectangle 72 C SD and its integral over 72 does not 
exceed HR)> follows immediately from 111.1.28, Furthormorc, the results 
stated in 111.1.46, IIL1.46 arc readily seen to apply to completely additive set 
functions defined for Bor cl sets 7? C SD. 



CHAPTER 1IL2. BOUNDED VARIATION AND 
ABSOLUTE CONTINUITY 


111,2.1. Lot f{u) be a continuous (real-valued) function in a fundamental 
interval h : ao ^ u ^ h , If u is an interior point of h , and if the limit of the 
difference quotient [f{ii -f- Aii) — f(u)]/Au, for 0 Aw — > 0, exists and is finite, 
then this limit is termed the denvative f {u) oif{u). Consider now a subinterval 
I : a ^ ti ^ 6 of 7o , and put 0(7) «= /(6) /(a). Then 0(7) is an interval func- 

tion defined in 7o . If the derivative of 0(7) (cf. III. 1.24, III 1.62) exists at an 
interior point w of 7o , then it will bo denoted by D{u), or by D{u, 0) if explicit 
reference to 0 is desirable. 

Lemma. If f(uo) exists at an interior ’point Uo of U , then D(un) exists also, and 
/'(Wo) “ D(t<o)' Conversely f if D{uf) exists at an intenor point wo of I o, ihenf*(ua) 
exists alsO) andf{nf) = D(wo)* 

PnooP. (i) Suppose that/'(wo) exists at an interior point 2<o of 7o . Take 
any subinierval I \ a S u ^ h oi h such that a <110 <h. Then 

0(7) ^ 7(6) - /(g) ^ f{h) - /(wq) ^ h ~~ Uq fja) - f(uf) ^ Up - a 

(7( h ~ a 6~Wo h ~ a a ~ h — a’ 

Give e > 0. Since /'(«o) exists by assumption, wo have a 5 = §(e, Uo) > 0 such 

that 


/'(«■>) - ‘ < /'("•) + 

V un 

/'(«,) - , < z < /'(««) + <, 

Cl Uo 

if 1 7 1 “ 6 “ a < 3. Since 

h - n,) „ Uq — a . „ b - Uq . Un - a _ , 

b ^ a b — a h — a o — a 

it follows that 

- < < ^ < /'(«o) + < if I / |< «. 

As fi > 0 V'as arbitrary, there follows the existence of D{uq), n§ well as the relation 
D(Wo) - 

(ii) tSupposc that D(uq) exists at an interior point Wp of 7o . Take in Iq any 
sequence such that > tio , 6„ z<o . Since f{u) is continuous, wo have for 
each n a point a„ in 7o such that 
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(3) 


I f(h„) - f(uo) J(h„) - /M 


Since D(vn) exists by assumption, we liave the relation 


0 < Va — «„ < 


J 


( 2 ) 

(1) and (2) show that 


b„ ~ a„ 


( 3 ) ^ ^ D(u,). 

h„ - Ua 

4k 

An analogous reasoning shows that (3) holds also if h„ < Uo > K 'J<o • Tims (3) 
liolds if Ho h„ — > Hq in any manner. IlGnco/^(?<u) exists and is equal to D(wo). 

111.2.2. Lct/(i«) be given as in 111.2.1. A great deal of the following discus- 
sion remains valid if the assumption of continuilj'' is dropped, but this is irrelevant 
for our purposes. Let 0(/) have the same meaning as in 111.2.1. 

Definition. f(ii) is BY in h (of hounded varialion in /o) if and onlj’' if the 
interval function 0(7) is BY in I a (see 111,1.2). 

Definition, /(w) is AC in /o {ahsoluicly conlinuons in 7o) if and only if the 
interval function ^(7) is AC in 7o (see 111.1.2). 

Remark. Since /(w) is continuous in Iq , clearly <^(7) is continuous and 
bounded in , in tho sense of III. 1.2. By III. 1.3 it follows that if/(«) is AC in 
I a , then J{xi) is also BY in 7o (cf. III.1.C2), 

111.2.3, Given /(?f) as in III. 2.1, let w(7) denote the oscillation of /(w) in the 
subiiitorval I oHq. That is, w(7) = il7’(7) — wi(7), whore il7(7), m{l) denote the 
maximum and the minimum, respectively, of J{u) in 7. Lot 0(7) luivo tho same 
meaning as in IIL2.1, Then we have in 7 an interval 7* such that w(7) = 

I 0(7*) ]. Indeed, if /(?*) is constant in 7, then we can choose 7* = 7. Otherwise, 
we have in 7 two distinct points w', xi'* such thai/(t/) — wi(7), /(w") = M(7), 
and we can choose then 7* as tho interval with end points u", Tho following 
statements arc immediate consequences of the preceding remarks (cf, IIL1,2). 

(i) f{u) is BY in 7o if and only if the interval function «(7) is BY in 7o . 

(ii) f{u) is AC in 7o if and only if the interval function w(7) is AC in Iq . 

IIL2.4. Given /(li) as in 111.2.1, wo introduce the transformation T :x ~ • 

f{xi),xt ^ 1 q, where .t is thought of avS a point on an .'r-axis (tho number lino — oo < 

,v < -b t»). iPor given a’o , the symbol !r"^(.To) denotes the set of all those points 
w G 7o, whose imago under T is Xo . If ^ is a set in h , then T{S) denotes the im- 
age of S under T, and S) denotes the number of distinct points in the sot 
Thus N(x, S) may be infinite. If explicit rcfoi'onco to,T is desirable, 
we shall write N(xfT, S) instead oi N(x, S). U : x = f^{xi), xi ^ Iq , is n 
second continuous transformation, then p(Ty , S) denotes the least upper 
bound of I f(u) - f^{u) \ on the subset jS of 7o . If T„ •, x = fXxi), w G 7o , is a 
sequence of continuous transformations such that p{T, T „ , 7o) — > 0, then wc shall 
write T„ — > T. Thus T„ T ii and only if f„(x() — >/(i0 uniformly in 7n . 
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Let S be a sub.sct of h and lc(. d be a positive mimbc]’. 'Then w(6, will 

denote the least upper bound of [ /(wa) — /(w,) | for all pairs of points Ui , Wa such 
that Ui ^ S, U 2 G S) ) Wa — Wj I ^ 8. 

III.2.S. Continuation. The transformation T, assoeinted with J(u), will 
enable us to expres.s a number of statements concerning f(u) in a geometrical 
form, A few simple facts, useful in the sequel, will be discussed presently. We 
define a subset Emax of h as follows: a point t^o G U belongs to Atr.nxif and only if 
the following conditions hold, (i) an < Uq < &o • '(ii) Tlicre exis<-s a .sub- 
interval / : a ^ w g 6 of To such that a < Uq < h and /(«) ^ /(ko) for u G /. 
In other words, Emax is the set of those interior points of /o at which /(«) has a 
weak local maximum. We assert that the set T{E,»nx) is countahle (po.ssihly 
empty). 

Proof. Lct.ro G T{Emax). Hy the definition of En,n< , tiiere exists Ukui a jq, 
and a positive iniegei' n, sucli Dial 

flo < Un - I 'h < 1(n < (In + V/l < K , /(Un) = .r« , 

f{u) S /(«o) = .ro fora,, — l/n ^ a ^ -f I /a. 

Lei us denote by I(xo), I*(xo) the intervals 

(1) I(xq) '.Uti — l/n ^ u S no T 1/n, 

(2) /*(*To) ; ?/u “ l/3ft ^ II S Wn + l/3n. 

With each point a'o G T{Emax) there are associated in this manner two intervals 
/(.To), /■*‘(to). Clearly I*Ixd) ^ l'^{x{') if To ^ t"; indeed, if Uc , ul/ are the mid- 
points of these intervals, then fiuo) =. To ^ ~ /(wqOj ^ind hence Ua ^ Uq. 

Thus it is sufficient to prove that the class IC'' of Ihc intervals /’•'(to) associated 
with the various points of T(Emcix) is countable. Since the length of each P (xn) 
is a number of the form 2/ ( 871 ), where a is a positive integer depending upon .to , 
it is sufficient to prove that the class K„ of those intervals /*(td) wlioso length 
is equal to 2/(3n), for fixed a, is eountable. Ifi fact, we shall see presently that 

the class K„ is finite (possibly empty). Indeed, let /*(to) G /C , G K„ , 

where .To .To^ Let Uo , Un be the mid-points of /’’'(.To), 2‘^(xo) respectively. 
We assert tliat /"(to), Pixa) have no common, point. Suppose indeed tliat we 
have some point u'^ G /*(to)/*(t^'). Then 

I n* ~ Uo I ^ 1/3?7, I u* — ni' I ^ l/3n, 

and hence' I Ua — Un \ < l/n. Consequently (cf. (1)), G /(-ToIj G /(ic//). 
Hence /(7 <o0 ^ /(uo) = Tq , J{iin) S f(uo) = •To^ Theso relations imply that 
xh = t", while by as.su mption Xn t^'. Thus K„ is a sysicm of disjoint in- 
tervals, with llie same length 2/(3n), in Iq . Hence K„ Is finite. 

III.2.6. Continuation. Similarly, if'JJminis the sot of those interior points 
of Zo at wMch f(u) has a weak local minimum, then the set T(Em\^ is countable 
(possibly emptjO. The proof 'follows by applying the preceding result to the 
function —/(?<)• 
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in.2.7. Givon T as in 111.2.4, wu .hIuiU .sny that tin interval 7 : a ^ ii g h 
is an interval of constancy of /(u) if f{u) is constant, on L Let us dolino a subset 
• j®c of Ja as follows; a point Uo belongs to Jio if and only if (i) ao < Un < bo , and 
(ii) there exists nn int(3rval of eonstanoy tliat contains t/„ . We assort that T(}iJ7) 
is countable (pos.sibly empty). 

Pjioop. Lot .To G 7'(7J<,)> by definition, lli(‘r(3 exists then a point Ho and 
an interval I, such that Co < < bo , «« G 1, , With oaeh point 

xo E T(E,) wo associate ’an interval I{xo) in thi.s nuiniuir. Tiion clearly /(.-ko), 
l(x!7) are disjoint if Xo ^ x’o'. TIonce it is siifTicient to verify that the cla.ss /C of 
the intervals /(.ro), associated with the various points .to E is countable. 

But this is obvious, since li is a class of disjoint, non degenerate intervals in U . 
III.2.8. Givon T as in 111.2,4, let us put (cf. 111.2.5, TTT.2.0, 111.2.7) 

(1) li do ^>0 'I" A’mn* H" /i’lniu An , 

where «(, , bo arc interpreted as points. In vic5W of tlio preceding results, T{ri) is 
countable. Lot us now define a subset of lo ns follows: a point no belongs to 
E* if and only if for every € > 0 there exist two i)oints Ui , with the following 
properties, (i) flo < Ui < ^<0 < ho . (ii) Wy ~ ih < e. (iii) [/(ay) ~ /(mo)] 

•(/(tti) - fM] < Wc assort that 

(2) A’* - /o - 

Pro OP. Clearly li* C /o - E, 'L'hus it is miflicient to show that 

(3) ’ h-li(ZE*> 

Lot us take any point «o G /o E> Then «o Ih an interior point of lo (of. (1)). 
Given « > 0, wo have thcroforo two points «, /8, such tliat Uo < a <Uo < ^ <bo ^ 
(3 - « < €. Since UoE: U - E C h - A’..mx , wo have a point y such that 
^ a ^ ^J(r) > f(no). Since Uo S h - E C h - , wo have a point 5 

such that a ^ 5 ^ /9, f {5) < /(«o)« Clearly y ^lo , d Uo , y S. 

Case 1. y and 5 lie on cUIToront sides of Uo , sayy < zio < 8, Then the points 
Ui = Y, Wa 8 clearly satisfy tho comlitionH (i), (ii), (iii). 

Case 2. y and 5 Ho on the same side of -Wo , finy y < Uq , 8 <Uq, Since 
tto S Iq E Q Id — Ec i wo liavo a point u* such that Hq < u* S 0) /(w*) 
/(i^o). If/(w*) > /(ih), wo put«, “ 8, th = < /(wo), wo put =• 7 , 

U 2 = w*. In eithov case, the points w, , Uz satisfy the conditions (i), (ii), (iii). 
Since e > 0 was arbitrary, tio E E*. Thn.s (3), and hence (2), is proved. 
TtEWAnK. Inspection of tho proofs reveals that the results of 111,2,5-111.2.8 
remain valid if the a 5 .sumption of tho continuity of/( 2 <) is dropped. Tho result of 
tho present section may l)o restated in tlie form: tho set 2’(^o ■®*) countable. 

IIL2.9. Given T as in 111.2.4, lot 7', : a; = Mu), u G lo , a sequence of 

_ continuous ti'an.sformatious such that T„ — > 7’. Wo a.ssort that 

(1) N(x, T, h)'^ lim inf N(x/r„ , lo) 

with tho possible exception of a countable sot of points .r. 


for n — > 00 , 
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Pnoop, In view of the remark at the end of III. 2.8, it is sufficient to show 
that (1) holds for every point .^•o such that .To ~~ j®*)- Then T" ‘(.To) C 

and hcncc 

(2) , 2’, h) - N{xn , r, i?*). 

To treat the cases N{xo , T, E*) < « and iV(.To , T, ^*) = simultaneously, let 
us take any non-negative integer k such that 

(3) k^N{x,,2\E*), 

Wo assert that 

(4) k ^ lini inf N{X(i , 'I\ , lo) for n. — > «> . 

If k - 0, then (4) is obvious. So we can assume that k > 0. In view of (3), we 
can choose then k distinct points Ui ,U 2 f • •• , w« in E*T~ \xo). By the definition 
of (see III. 2.8), wo have then for cachy == 1, 2, • • • , two points u' , u'/, 

such that the following conditions hold (note that/(t</) — To fory = 1, 2, • ■ • , A;). 

(i) ao < ttj < u, < 2i'/ < bo . 

(ii) u'/ — ui is less than half of the minimum distance between any two of 

the points Ui , ti 2 , • •• , . 

(iii) f/(wn “ .^’o]f/(«;) - < 0. 

Now since T„ 7\ we infer from (iii) that 

(iv) f/„(wn ” a’o]f/„(wO — .To] < 0 for n sufficiently large. 

Lot us denote by If the interval w} ^ w ^ By (i) and (ii) the intervals 
Ii , h , • ' ’ , Ik are then disjoint. By (iv), if n is sufficiently large, /„(w) — Xo 
changes its sign in each one of the intervals Ij , Is , •••, Ik . Hence, for n 
sufficiently large, each interval I, contains a point w" such that /„(u") ~ Xq . 
Thus W(.To j I'n } lo) ^ k if n is sufficiently large, and (4) follows. Since k was any 
integer satisfying (3), the inequality (1) follows now from (2) and (4). 

111.2.10. Given T as in 111.2.4, let / : a ^ a* ^ h bo a subintorval of Ig . Then 
the image T(I) of I is either a single point or else an interval with the end points 
m(I), M(I), and thus | T(I) | = «(/) (see III.2.3). Hence, by III.2.3, we have 
the following statements. 

(i) /(at) is BV in lo if and only if the interval function ( T(I) | is BV in lo . 

(ii) /(at) is AC in lo if and only if the interval function j T(I) | is AC in lo . 

111.2.11, Given T as in III. 2.4, the image 2\Io) of Jo is comprised in a certain 
interval - JC ^ x ^ K, since /(at) is bounded. For | .t | > Jf, the multiplicity 
function W(t, Jo) is clearly equal to zero, By 1.3.9, N(.t, Jo) is Borel measurable. 
Since N{x, Jo) = 0 for | t [ > JC, it is clear that summability of N(t, Jo) on the 
interval —K^x^K is equivalent to summability on the whole line — <» < 
a; < 03, and 

K « 

J E(x, Jo) dx = J N(x, lo) dx. 
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To simplify notations, we agree to mite / N(:v, h) dx for tlio integral taken from 
— CO to 00 (or, equivalently, from — /C to K). The statement that N{x, 7o) is 
summahle will mean that jV(;r, Jo) is summahlc on the whole line — <» < .r < t» 
(or, equivalentlj'', on the interval -‘K ^ x S JJ). The same agreements will be 
used in connection with any function j7(a') that vanishes outside of a certain finite 
interval. 

ni.2.12. Using the terminology of 111,2.11, we have the following siaioment. 

Tiieorew. fill) is BV in h if and only if Nix, Jo) is simmahh, 

IhioOF. (i) Suppose that /(it) is BV in Jo . If J : a ^ a ^ /ms a subintorval 
of Jo , then we shall denote by g{x, 1) the charaotoristio function of the set !r(J). 
That is, gix^ 1) = 1 if .t:: G T(J), and g{x, J) = 0 if x ^ J’(J). Clearly (see 
III.2.3, Iir.2.11, 111.2,10) 

(1) J (,(x, I) (h = M(I) - m{J) =■ <o(/) = I m i, 

Bet be a positive integer. We subdivide Jo into n equal parts, and wo denote the 
resulting subinteiumls by J" , Ja , • • ^ , J" . Lot us put 

(2) Qni^xi) ^ S ^")- 

<,■=1 

Let us take any point .‘To , If m is any integer not exceeding N (.-to , Jo), ihon clearly 
m g (7n(^i)) for n sufficiently large. Ilcnce m S Hm inf g„ixo) for — >«>. Since 
m was any integer not exceeding N{xo , Jo), and Xa was aibitrar}’', it follov^s that 

(3) N(x, In) ^ liin inf p„(.r), < .r < «>. 

On the other hand, .siiieo w(J) is BV in Jq (see 111,2.3), we have a (finite) constant 
G such that 


n=l,2, 

/."I 

In view of (1), (2), it follows that 

(- 1 ) jg,(x)dxiO, «= 1 , 2 , 

By the theorem of Fatou (see 1,3.10), (3) and (4) imply that Nix, la) is summable. 

(ii) Suppose that N(x, la) is summable. Let J, , • • * , J„ be any system of 
intervals such that I°ll = 0 forj k. Using the notations gix, J,) in the sense 
explained above, we have obviously 

E »(»,/,) S 2iV(.c, J„), 
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Integration yields the inequality 

E 0,(1,) S 2 I Nix, /„) (lx. 

By III.2.3 it follows that/t?^) is BV in Iq . 

IIL2.13. Let f(u) bo given as in III.2.1. Lot a- bo a generic notation for a 
finite system of intervals in Iq without common interior points. The total varia- 
tion V{Io , f) of f(n) in Iq is defined by the formula 

y(7, ,/) = l.u.b, £ U(7) 1, 7G<r, 

a 

where has the same meaning as in 111.2,2, and the least upper bound is taken 
with respect to all systems ff. It follows from III 2. 2 immediately that V{Iq , f) 
is finite if and only if f(^l) is BV in Iq . 

If 7 : a ^ ^ is a subinterval of Iq , then the total variation 7(7,/) of /(w) 

in 7 is defined in the same manner. Instead of 7(7, /) we shall use the symbol 
7(a, &, /) if it is desirable to display the end points of I. If the function /(w) is 
clearly identified by the context, then we shall write 7(7), 7(c!, b) instead of 
7(7,/), 7(a, !>,/). 

111.2.14. Continuation. From tho remarks made in 111.2,3, III. 2. 10 we 
infer immediately the formulas 

y(7o) = i.ti.b. 2;«(7), 7e<r, 

a 

y(7„) = l.u.b. i: I 7'(/) I, le'X. 

111.2.15. Continuation. V{Iq , /) is a lower semi-continuous functional of / 
in the following sense. If f„{u) is a sequence of continuous functions in Iq con- 
verging uniformly to /(w), then 

(1) 7(7fl , /) ^ Jim inf 7(7o , /„) for n-^co . 

In fact, it will be apparent from tho followng proof that (1) holds under more 
general conditions, but this is irrelevant for our purposes. 

Proof or (1). Case (i). 7(7o , /) < ». For given € > 0, we have then 
in Iq a system 7, , • • • , 7„ of intervals, without common interior points, such that 

m 

(2) V(h ,/)-.< E I *(!'!) I, 

where the interval function 0 has the same meaning as in I II. 2.1. If 4>n has the 
analogous meaning relative to /„ , then clearly 

m m 

(3) E I 0^,) I = lira El *,(?()!■ 

n-tcu ;al 

By the definition of the total variation we have 
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(4) E I I ^ Vih , 

)>=J 

Since e was arbitrary, tlie preceding relations imply (1). 

Case (ii). V(To , /) “ For given G > 0, -vve have then in /„ a system 
■^1 ' ,•?’«. of intervals, without common interior points, such that 

(6) 

; «1 

The relations (3), (4) hold ns before. Since G was arbitrarv, (1) follows from 
(3), (4), (6). 

III.2.16. Given /(w) as in 111.2,1, suppose that there exists in la a system of 
points Uo ~ Uo < Ui < • ‘ ’ < Uf-i < Ui < • * • < u„ - ha , such that/(ti) is 
linear in each one of the intervals rt/-, ^ w ^ Ui . Thcn/(w) will be termed quasi- 
linear in 7o . Clearly, wc have then the formula 

nh.i)= E I I . 

y**! 

, III.2.17, Given /(«) as in HI. 2.1, let bo a sequence of subclivisioas of h 

such that II /)„ II 0 (see 111,1.4). Wo assert that 

(1) = Urn EU® I, /eOn, 

n—*® 

Avhere 4>{1) has the same meaning as in III. 2.1. - 

Proof. For each n, let/„(w) denote the quasi-linear function in Jo that agrees ’ 
with SCA at the end points of the intervals of D„ and is linear in each interval of 
Z)„ , By II 1. 2. 16 we have then 

(2) F(/o,/j - /eA. . 

Clearly, /„(w) unifoimly in la . Hence, by III 2.16, there follows from (2) 

the inequality 

(3) 7(Jo , /) g lim inf E I I, f G J)„ . 

On the other hand, by the definition of F(Zo > /) we have 

(4) ■' Ei^wi, 

Clearly, (3) and (4) imply (1). 

111,2.18. Continuation. The preceding result implies the foimulas (cf, 
III.2.3, ni.2.10) 

(1) = lira E"®, /6 15n, 

/ n-*«o 

v(h , /) = lira e: I y® I, 


( 2 ) 


j e A ■ 
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Indeed, by 111.2.3 we have the inequality 

(3) • n/. ,/) g I ED.. 

On the other hand, since w(/) ^ ( ^(/) 1, it follows from 111.2.17 that 

(4) V(/o , f) S lim inf E «(/), /££>.. 

n-to} 

Clearly, (3) and (4) imply (1). Since | T{J) | == w(/), (2) follows from (1). 

111.2.19. Given f(u) as in III. 2.1, the interval function | <^(7) | is clearly 
non-negative, continuous, and increases by subdivision (cf. 111.1.2, 111.1.5, 
III. 1.62). Furthermore, in view of III. 1.6, III. 2. 13, F(7) is the C/-fimction of 
the interval function | 0(7) f. 

Suppose now that f{u) is BV in h . In view of the preceding remarks, the 
general theory developed in III.l yields the following facts. 

(i) The interval function | 0(1) ) is Burkill integrable in 7o , and its indefinite 
Burldll integral coincides with V{J) (see 111,1.23, III. 2. 13). 

(ii) 1^(7) is an additive interval function (see III. 1.5). 

(iii) F(7) is a continuous interval function (see 111,1,17). As a consequence, 
V (flo } u) is a continuous, and clearly nondecreasing, function of u in 7o . 

(iv) Since 7(7) is additive and non-negative, it possesses a.o. in 7o a deriva- 
tive (see III. 1,29 (a)) that we denote temporarily by g(u). By 111,1,28, g(u) 
is then summablo in 7o and we have the inequality 

/ 0{u) du ^ 7(7) 

. I 

for every interval I C. do • 

1X1.2.20. Suppose that/(w) is continuous and nondecreasing in lo Qq ^ u ^ 
ho . Let 0(7) have the same meaning as in 111.2,1. Then 0(7) is clearly non- 
negative and additive, and hence, by III, 1.29(a), the derivative D{u) of 0(7) 
exists a.e. in 7 q . By III. 2.1 it follows that/'(w) exists and is equal to D{u) a.e. 

in7o. 

111.2.21. Suppose that/(w) is continuous and BV in 7o : no ^ ^ 6o • Then 

7(ao , u) is nondccreasing and continuous in To (sec III.2.19). Let us put 
h(u) = 7(ao , u) uEilo’ If ao ^ Wi < «3 ^ &o , then clearly (cf. 111.2,19) 

hius) ~ h(ui) = 7(ao , Wa) “ 7(«o , ih) ~ Ui^h) - ,f(wi)J 

= V(Ui , Uz) - [/(Wa) - /(Wi)] ^ 0. 

Thus h(u) is noudecreasing and continuous in 7o . For/(-M) we obtain the fonnula 
f(u) ~ 7(ao j u) — h(u). Since 7(ao > u) and h(u) are continuous and nonde- 
creasing in 7o , both of those functions possess a derivative a.e. in 7o by III. 2.20. 
Hence /'(w) also exists a.e. in 7o . 

111.2.22. Theohum. Suppose thatf(u) is continuous and BV in To do ^ u ^ 
ho . Thenf(u) exists a.e. in lo and is summahlc in h , and 
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(1) / I /'(«) I du g V(I) 

I • 

for every interval I C h - The derivative of the interval function 7(7) exists a)id 
is equal to If'in) \ a.e. in Tq . Finally we have, a.e, m U , the formula 


( 2 ) 


= I f'{u) 


Pkoof. (i) f(u) exists a.e, in Jo by III.2.21. By II 1. 2.1 it follows that the 
deiivative of the interval function exists and i.s equal to f(u) a.e. in 7o , 
and hence clearly the derivative of [ ^(7) | exists and is equal to ) f{u) \ a.e. in 7o . 
Since V{1) is the Burkill integral of | cfi(I) \ (see III. 2. 19), it follows by III. 1.27 
that the derivative of V(l) exists and is equal to | f'{u) \ a.e. in Iq . The inequality 
(1) appears thii.s as a direct coiiscqueuce of III.2. 19(iv). The formula (2) follows 
directly from III. 2.1, applied to the function V(ao , u), 

111,2.23. Tiiuoiiem. Suppose thatf{u) is continuous and BV in Jo Qo ^ a ^ 
^ 0 , Then wc have (he for7}uda (cf, 111.2.12) 

(1) K(/.) = / A^Ct, /,) rfir. 

PiiooF, Using the terminology introduced in the coiinsc of the proof in 
1II.2.12, let us finsj; ob.sGrvc that the constant G appearing there may bo obviously 
chosen a.s 7(Jo) (sec 111,2.14). The relations (3) and (4) in IIT.2.12 yield then, 
by the theorem of Fntou (see 1,3.10), the inequality 

(‘^) j £ V(h). 

\ 

Now let iS denote the .set of all the end points of all the intervals Il,k ~ I, • - ■ , n; 
= I, 2, • ■ ■ , introduced in III. 2. 12. Wo have then the obvious inequality 

(3) ^ Ff(x, /o) for X 2’(*S). 

Since S is countable, 'T(S) is also countable and lienee of measure zero. Thus (3) 
yields by integration 

By III. 2. 18 we have 

(5) lim £«(/;)= n/o). 

jI-1 

Clearly, (2), (i), (6) yield (1). 

Corollary. If f(u) is continuous and BV in I q , then we have the formula 
^{I) ~ S F! (.r, 7) dxfor evej'y intewal I C 7o . hideed, f{u) is then continuous and 
BV in I also. 
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111.2.24. Suppose that/(z<) ifc continuous and BY in Iq : Uq S u SK > Then 
V{I) is a finite-valued, non-negative, additive and continuous interval function 
(see in.2,19). B}'- III.1.37, III.L43, 111.1,52 it follows that r(7) admits of a 
non-negative, completely additive extension to Borcl sets in Iq . This extension, 
which is unique by 111.1.47, 111.1.52, will be denoted F(i?, /), where B is a 
generic notation for a Borol set B C. lo . If / is clearly identified l\v the context, 
we may write V{B) instead of V(B, /). 

111.2.25. Continuation , We assert that (see 111,2,4) 

(1) . V(B) - I 2 Y(x, B) dx 

for every Borel set B C h ■ 

PnooF. By 1.2.46, N(x, B) is a measurable function of .t, and clearly N{x, B) ^ 
N(x, 7o). Since N(x, Iq) is summable by 111,2.12, it follows that N{x, B) is also 
summable. Let us put g(B) = J N{x, B) dx. Let Bi , • • • , B„ , • ■ • be any 
.sequence of disjoint Borel sets in 7o , and let B = ^ B„ , Since N{x, B) is 
summable, we have on the a-axis a set e of measure zero such that N(x, B) < <» 
foi* X ^ e. Clearly 

N(x,Ii) = y,N(x,lK) tovx^h 

By 1,3.11, termwise integration is permissible, and wc obtain tlie formula 

= n vW- 

It 

On the other hand, by the corollary in 111.2.23 ive have, for every interval 7 C 7o , 
the formula F(7) == g{I), Thus F(B), g(B) arc non-negative, completely additive 
functions of Borel .sots whicli agree for every interval I C. fa < By 111.1.47, 
III. 1.52 V{B) = <y(B) for every Borel set B CL Iq , and (1) is proved, 

111.2.26. C'oNTiNUATioN. By III. 2. 22, the derivative of the interval function 
F(7) exists and is equal to | /'(w) | a.e. in Iq , By 111,1.32, 111.1,62 there follows 
for V{B) the Leljcsgue decomposition 

ym. .0 = J i n<‘) I + yvi, /), ' ncu, 

li 

where F“(B, /) is a non-negative, completely additive, singular function of Borel 
sets B C 7o , which will be termed the singular variation of f{u). If / is clearly 
^ identified by the context, we may write F”(B) instead of F“(B, /). The Lebesgue 
decomposition yields the inequalitj'^ 

m) 6 / I /'(«) I favBCh. 

a 

111.2.27. Continuation. /(«) is AC in Iq if and only if the interval function 
F(7) is AC in 7« (ef. 111.2.2, III.1.2, 1111.62). 
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Proof. If I : a ^ u ^ his any subintorval of lo , then | (f>(I) | = j f(b) — 
f(a) I ^ V(I). Hence if 7(7) is AC in Jo j tlicn clearly f(u) is also AC in 7o . 
Conversely, suppose thal/(w) is AC in /o . By III. 2. 19, 7(7) is tlio indefinite 
Burldll integral of the interval function | g5'(7) |. Since | <p(I) [ is AC in 7o by 
assumption, it follows by III. 1.18, III. 1.62 that 7(7) is AC in 7o . 

111. 2. 28. Continuation. f(ti) is AC in 7o if and only if 7 (j 5) is AC in 7o . 
Proof. By III. 1.34, HI. 1.62, 7(7?) is AC in Jo if and only if 7(7) is AC in 7o , 

and thus the assertion follows from 111.2,27. 

111.2.29. Continuation. 7//(w) "is AO in Iq , then 

(1) F(B) = J I /'(«) I du 

li 

for evenj Borel set B C h > The converse holds in the stronger fonni if f(u) is BV 
in 7o , and 

(2) V{h) = / I /'(«) I du, 

It 

then f(u) is AC in h . 

Proof, (i) Suppose lhat/(20 is AC in lo . By 1.3.16 and III.2.28 it follows 
that the singular variation 7“(B) vanishes, and tlius (1) is a consequence of 
IIL2.26. 

(ii) Suppose that (2) liold.s. By III. 2. 26 it follows that 7°(7o) = 0, and 
hence V^{B) = 0 for every Borol set B C 7o . By 1.3.16, 7(7?) is thus AC in 7o , 
and hence, by 111.2.28, f(u) is also AC in Iq . 

P.BMATIIC. The preceding results yield directly the following statements. 

(a) f(u) is AC in U if and only if f(u) is BV in 7o and (1) holds for every 
Borel set B C. lo . 

(b) f{n) is AC in 7o if and only if /(«) is BV in 7o and (2) holds. 

111.2.30. Continuation. If f(u) is AC in la , then 

(1) / I /'(w) I du = I N(x, B) dx 

It 

for every Borel set B C 7<i . The converse holds in the stronger form', if /(«) is BV 
in 7o , and 

(2) j \f'{u)ldu= j N(x,I„)dx, 

It 

thenf{n) is AC in la . 

Proof. The first part of the assertion follows directly from III.2.29, III.2.2, 
III. 2. 25, The second part follows directly from III. 2. 23, III. 2. 29. 

Be MARK. The preceding results yield directly the following statements. 

(a) /(«) is AC in 2 a if and only if f(u) is BV in Iq and (1) holds for every 
Borel set B Q lo . 
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(b) f(u) is AC in U if and only if f(ii) is BV in I 0 and (2) holds. 

111.2.31. Continuation. f{u) is AC in Iq if and only if | T{e) | = Ofor euery 
Borel set e (Z 1 0 of measure zero (cf. III. 2. 10; recall that/(w) is continuous and 
BV by assumption). 

PiiooF, (i) Suppose fchat/(w) is AC in h , and let a be a Borel sot of measure 
:zero in h . By III, 2.30 we have then 

0 = J I f'(u) Idu ^ j H(x, e)dx ^ | T(e) (. 

Hence | 2\e) | = 0. 

(ii) Suppose fliat | T(e) [ = 0 for every Borel set a C .^0 of measure ssero. 
By III. 2. 25 we have then, for every such set a, 

7(a) = J Nix, a) dx - j Nix, a) dx - 0, 

Tit) 

since j Tie) | = 0. Thus 7(e) — 0 for every Borel set a C /o of measure zero. 
Hence 7(B) is AC in Iq by 1.3.16, and consequently /(-w) is AC in Jo by III.2.28. 

111.2.32. If fiu) is AC in lo Oq ^ u S h , then \ Tie) | = 0/or every set 
0 C. Iq of measure zero. ' Furthemore, for evenj measurahle set F C.I 0 , the image set 
TiE) is measurable (cf. III. 2.4). 

Proof, (i) Let a be a .set of measure zero in h . By 1.3.7 we have then a 
Borel set a* of measure zero, such that e C. e* C. Iq , By 111.2.31 it follows that 
0 ^ I Tie) I ^ ) Tie*) \ == 0. Hence | T(e) | = 0. 

(ii) Let B be a measurable set in Jo . By 1.3.7 we can write E = E* e, 
where E* is an and | a | = 0. Since TiE) ~ TiE*) + J'(e), and | J'(e) | = 0 
by (i), the measurability of TiE) follows (cf. 1.2.46), 

111.2.33. Suppose tlmifiu) is continuous and BV in Jo : cto ^ w ^ 60 , and let 
Bo be a Borel set in Jo . Then/(w) will be termed AC on Bq (absolutely continu- 
ous on Bo), if and only if 7(B) is AC on Bq (see III. 2.24, 1.3.16). In case Bq 
is an interval, this definition is equivalent to that given in III, 2. 2, in view of 
III.2.28. 

111.2.34. Given fiu) as in 111.2.33, suppose that fiu) is AC on a Borel set 
Bo C Jo . Then 

(1) vm = 1 1 f'(u) I du 

I) 

for every Borel set B C Bo . The converse holds in the stronger form; if /(w) is 
continuous and BV in Jo : Uo ^ w ^ 5o j and Bo is a Borel set in Jo such that 

(2) V{B.) = / I J'iu) I du, 


then fiu) is AC on Bo . 
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Phoof. By ni,2,26 wc liavc* the formula 
(3) ■ F(fi) = [ I /'(-/) I flu + !-•”(«) 

II 

for every Borel set B C 4o • Since V°(B) is singular on Zo j it is also singular on 
Bo , and Urns (3) yields the Lebesgue decomposition of V{B) also on Zin . 

(i) Suppose that/(«) is AC on Bo . Then^ by definition, V{B) is AC on Bq , 
hence the singular variation V°(B) vanishes on Bo . Thus (1) follows from (3). 

(ii) Suppose that (2) holds. Comi)arison with (3), for B = Bq , shows tliat 
= 0. Thus V (B) is AC on Bq , and hence, by definition, /(w) is AC on Bo . 

RojiAitK. TJ)c preceding results yield the following st.atoiilents, where it is 
assumed that fiu) is continuous and DV in Zo , and Bo is a Borel set in Zo . 

(a) /(w) is AC on Bo if and only if (1) holds for every Boi ol set' B C. Bo > 

(b) fin) is AC on Bo if and only if (2) holds. 

111.2.35. Suppose that/(u) is continuous and BY in Zr ; «o ^ u ^ fio , and 
let Bo lie a Borel .set in Zo . If/(r«) is AC on So j then wo assei't. that, 

( 1 ) f if'(u)ld?i=^ I N(x,B)(h 

B 

for every Borel set B Q Bq , Tlic convorse holds in the stronger form: if 
C2) / J /'(K) I (lu = / N{x, li,) (k, 

n q 

then f{u) is AC on Bo . 

Proof. The first statement follows directly from 111.2.34 and 111,2,26. Tire 
.second statement follows directly from III. 2. 25 and 111.2,34. 

Rbmauk, The preceding results yield the followng statements, where it is 
assumed that fiu) is continuous and BV in Iq , and Bo is a Borel sot in Iq . 

(a) fiu) is AC on Bo if and only if (1) holds for every Borel set B C Bo ■ 

(b) fill) is AC on Be if and only if (2) holds. 

111.2.36. Suppose tliat fiu) is AC on Zq : eto ^ R ^ 5n • Tlien 

b 

(1) / /'(«) du - m - /(a) 

n 

for eveiy interval Z : a ^ w ^ 6 in Jo . 

Proof. Note first that f(u) is in Zo by IIL2.2, and hence the integral 
appearing in (1) exists by 111,2.22, 

Case (i), fi^l) is nondecreasing in /□ . Then (1) is equivalent to the formula 

/ I /'(«) ] du = V(I), 

1 

which was established in 111,2.29, 



III.2.38 


205 


Case (ii). In the general ease, we use the auxiliary function h{it) ~ 7(ao , w) — 
/(w), introduced in 111,2,21. As noted there, h{u) is continuous and noudecreas- 
ing in Jq . Since Viflo , u) i.s AC in Iq by III. 2. 27, clearly /i(w) is also AC in Jo . 
Hence, by case (i), 

b b 

j /*■'(«) dll = m - /i(a), J b) - V(a, , a), 

^ ft 

and (1) follows. 

111.2.37. Conversely, suppose that (a)f{u) is continuous in Jo J «o ^ w ^ ^>o , 
W) f'iu) exists a.e. in Jo and is summable in Jo , and (7) we have, for every 
interval J .* a ^ g 5 in Jo , tho formula 

6 

(1) ■ j /'Mdii = m - /(a). 

o 

Then f(u) is AC in Jo . 

PnooF, (1) yields (cf. III. 2. 2) 

b 

U(/)l = I /(b) -/(a) IS / !/'(«) I 

n 

Hence the interval function | ^(J) ] is AC on Jo by 1.3.13, and thua/(w) is AC by 
definition (see 111.2.2). 

111.2.38, Let/(w) be continuous in Jo : Aq ^ w ^ 5o . We choose a number 
0 < 8 < bo — Uq , and we denote by Jj the interval Oq ^ w ^ l>o — 8. For 
0 < /i < 5, we introduce the integral mean 

h u + A 

(1) Mu) = jjf(.u + v)dv = l j m dv. 

0 , u 

For fixed h, the function is dearly continuous in Jj , and for h —*0, clearly 
fh(ii) /(w) uniformly in Ja . We proceed to discuss the derivative of fh{u), 
for fixed h, wth respect to w, in J^ . For Aw 5?^ 0 we have, if w is interior to 7 a 
and Au is sufficiently small, 

A(a + A«) - ^ I [ / f(v)dv - j fiv) dy J 

U + i II II 

* u + A + iti u + Au 

== I [ / f(v)dv ~ j f(v) dy j . 

n + A t* 
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Now since f(u) is continuous, we have for -> 0 the relations 

o + A + <Su l4 + ,iu 

lim^ / f(v)dv--f(u + hX ^ / Kv)dv^f(u). 


u + A 


It follows that fi(u) exists and 

( 2 ) 


fi(u) = / (« +, 


Thus f^(u) has a continuous first derivative in. the interior of U . 

III.2.3P. Continuation, Suppose now that f(u) is AO in Jo . By III.2.36 
there follows from 111.1.38(2) the formula 

A u'h A 

fi(u) = I / /'(« + I / 

0 u 

In particular^ is continuous, it follows that f'/(u) exists and is continuous 

in the interior of 7^ , and so forth. 

ni.2.40. Continuation. Suppose that f(u) is continuous and BV in Jo . 
Then we have, for every intei'val J : a ^ it ^ & in J* , the relations 


( 1 ) 

( 2 ) 


V(a, h, U) S F(a, & + 3, /) 

F(fl, &, h) F(a, h, f) 


foi’O < /i < 5, 
for 0 < /i — 0. 


Proof op (1). Let o- denote a finite system of intervals J; : ^ it ^ 6, , 

y = 1, ■ • ■ , It, wthout common interior points, in J ; a ^ w ^ h. Tlien 


(3) 


A 

E I m.) - /.(a,) I = E I f / UQ>, + >;) - /(«. + »)] dr, 


A 

I / 2 I + 7?) ~ J[(li + 1?) ij dr}. 


Now clearly the intervals a, 4* ^ w ^ “ 1, 2, • ■ • , n, have no common 

interior points and are comprised in the interval a ^ it ^ + 5. Hence 

(4) E I /(&; + V?) - !{a, 4- ^) f ^ V(a, b + S, /). 

(3) and (4) yield the inequality 

E I Ml>,) - A(a,) I £ V(a, b 4- S, /). ' 

» “1 

Since the interval system cr was arbitrary, the inequality (1) follows (see HI. 2. 13), 
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Prooi? op (2). The inequality (1) yields lira sup V(a, b, ^ V (a, h -h S, f) 
for h -> 0. Since 7(a, h d, f) V{a, b, /) for 5-^0 (see III.2.19), 

(5) lira sup F(a, h, f^) ^ V(a, h, /) for /i — > 0. 

A8/ft(w) “->/(«) uniforinly in a ^ w ^ we have also (see 111.2,15) 

(6) lira inf V(a, b, /„) ^ V(a, b, /) for A -> 0. 

Clearly, (6) and (6) imply (2), 

111.2.41. Let us return to IIL2.38. Lot ilL be the maximum of | f(ii) \ in Iq . 
For fixed A, wo have then by 111.2.38(2) the inequality 

[ /{(«) I ^ • tta < u < b(, — 5. 

Let now I : a S u ^ bhe any interval such that Qq < a < b < bf, ~ d. Since 

I is then interior to an interval in which fi(u) is continuous, we have 

b 

fh(b) - fh(a) = J fi(u) du, 

a 

and hence 

I /*(!>) - A(a) I g lov a, < a < b < b„ - S. 

By continuity it follows that 

I m) - hia) I g for a, ^ a < b ^ bo - S. 

Thus fh{u) is obviously AC in Jj (cf. 111.2,2), By III. 2,29 there follows the 
formula (cf. 111.2.38(2)) 

V(I, /.) = / I /««■) I du = / 1 M au, 

r I 

for every interval I , 

111.2.42. Suppose that/(w) is continuous and BV in Jo ; cto ^ ^ Ao , and let 

I I denote again the interval Oo g u g ho — 5, where 0 < 5 < bo “ ao • Then 
we have, for every inteival 7 : a g w g b in /j , the relations 

b 

(I) . J j Z fa . + .. /‘) - /fa) !i + 5, /) for a <k< i, 


(2) J ’'I — ^ du -» y(o, b, /) 


for 0 < A 0. 
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Proof. In view of III. 2.41, the integral appearing in (1) and (2) is equal to 
V(a, h, /a), and thus (1) and (2) follow directly from III. 2.40. 

III.2.43. Continuation. By III.2.19, the total variation 7(ao , w) is a 
continuous function of u in Iq, Applying the results of III. 2.42 to the function 
7(«o ; w)} and noting that 7(ao , u) is clearly nondecreasing, we obtain 

b 

I IllbJidJbJl g V(a, h + 5, /) for 0 < h < 5, 


» J 7(k, . R + hj) ^ 0 < /t -> 0, 

a 

where a ^ u ^ & is any subinterval of (note that since 7(ao , u) is non- 
decreasing, its total variation on any interval is equal to its increment on that 
interval). 

For the singular variation 7''(ao , u) we have by III. 2. 26 the formula 

u 

K“(a. ,«)= V{a,,u)- f | /'W | *. 

Thus V°(ao , u) is also a continuous (and nondecreasing) function of u, and hence 
the results of 111.2,42, applied to 7®(ao , u), yield the formulas 

b 

I Kf) ^ 6 + 5, /) for 0 < /t < 5, 


I ^hj) 0 < h~> 0, 

a 

where a ^ w ^ 6 is any subinteiwal of 7^ . 

111.2.44. The symmetric integral means 

h 

fM = ^ / f(u + v) ‘h 

-h 

give rise to entirely analogous considerations, the necessary modifications in the 
statements and proofs being obvious throughout. For example, the derivative 
is given this time by the formula 

= / . (“ - +J>) - - /(» - 

111.2.45. The study of the concepts of bounded variation and of -absolute 
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continuity, presented in the preceding sections of this clmplcr for functions f(u) 
of a single (real) variable, will be extended in chai^ter IV to situations involving 
two (real) variables. However, certain aspects of this extended theory are so 
closely related to the topics presented above that they arc more conveniently 
treated in the present chapter, since the theorems involved are more or less 
direct applications of the results obtained for functions of a single (real) variable. 
Accordingly, we shall consider ])resontl}' a (real-valued) function f(u, a), defined 
and continuous in a rectangle Ifo • <^o ^ ^ &o j Co ^ a ^ do • For fixed u in the 

interval Cq ^ v ^ do , f(u, v) is a continuous function of u alone in the interval 
do S u ^ bo , and hence in every interval a ^ it ^ h, where do S a < h ^ ho , 
it has a total variation (see III.2.13) which will lie denoted by y„(fi, b, u, f), and 
will bo termed the total variation of /(w, v), with respect to u for given v, in the 
interval a ^ u ^ b. The quantit}'' F„(a, b, v, f) may be finite or infinite. In 
any case, for fixed ct, &, /, it is a function of v defined for Cq ^ do . 

Let now B be any Borel set in I?o . Then j5„ wiW denote the set of those jioints 
of B whose y-coordinaie has a given value v. Thus JS„ is again a Borel set. 
Suppose now that 7„(ao > &o j ^ /) < " fo^’ given value of v. Then 7u(a, b, v, /), 
'Where do ^ d <b ^ bo function of the interval I : a ^ u ^ b. By 111.2.24, 
this interval function admits of a non-negative, completely additive extension 
to Borel sets which will be denoted b)'’ F„(/3, v, /). In this sjTObol, /? is a generic 
notation for a Borol sot on the interval ao ^ u ^ bo , v fixetl. In particular, 
if has the meaning explained above, then the symbol V„(B, , v, /) is defined, 
provided that F„(ao ,b„,v,f) < » . If F„(ao ,ba,o,f) ~ « for a certain v, then 
we agree to jiut V^(B ^ » ^ /) = “ foi’ every Borel sot B C. Bo . For given B and 
/, the quantity F„(B„ , v, /) is then a function of y defined for Co ^ y ^ do . Note 
that the definition of Vu(B^ , v, f) depends upon the fundamental rectangle Rq 
also. In the sequel, Ro will bo fixed, and thus it is unnecessary to use more 
complicated notations, In fact, if the function /(«, v) is clearly identified by the 
context, then we shall use the simpler notations F„(a, b, v), F„(Bv , y). 

111.2.46. Continuation. The preceding definitions are relative to the vari- 
able u, as far as total variation is concerned. In the following sections, we shall 
first develop concepts and theorems in which the variable ii will jilay a preferred 
part. It will be olivious all along that u and v may bo exchanged throughout, 

111.2.47. Using the terminology of 111.2,45, we assert that, for fixed a, b, /, the 
quantity F„(ft, b, v, /) is a lower semi-continuous function of v in the interval 
c„ ^ y ^ df) . 

Proof. Lot v„ be a sequence of points in Co ^ ^ do , converging to a point 

Uo . For clarity, let u.s put /(a, y„) = n — 0, 1, 2, • • ■ . Then 

(1) F„(fl, b, v„ , /) = F(a, h, g,,), a = 0, 1, 2, ■ • - , 

(sec III.2.46, ITI.2. 13). Since f{u, v) is conthuious, clearly g„(u) gn(u) 
uniformly in a S u ^ b, Hence, by III.2.15, 

(2) F(a, b, Qo) ^ lim inf V(a, h, g,) for a , 
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(1) and (2) yield the asserted relation 

F„(a, h, Vo ,J) ^ lim inf V,Xa, b, v„ , /) forn -^oo . 

Corollary, For fixed a, b,f the quantity Vuia, b, v, /) is a measurable function 
of V in the interval Co ^ v S do > 

111.2.48. Continuation, For fixed a, h, v, the quantity 7„(a, b, y, /) is a, 
lower semi-continuous functional of f, in the following sense: if f„{u, v) is a 
sequence of continuous functions in Rq such that > / uniformly in , then 
Vu((t, b, V, /) ^ lim inf 7u(a, b, Vj f„) for n~^co. This is a direct eonsoquence of 
111,2,15. 

111.2.49. Using the terminology of 111,2.45, f{u, v) will be termed BVTm in Rq 

(of bounded variation, in ike Tonelli sense, with respect to u in Rq), if and only if 
U„(go ) bo , V , f ) is summable in the interval Cq ^ ^ do . 

f(u, v) will bo termed ACT a in Rq (absolutely continuous, in the Tonelli sense, 
with respect to u in Rf), if and only if f{u, v) is BYTw in Rq and for a.e. v, in the 
inteiwal Co ^ p ^ do , f(u, v) is AC as a function of u in the interval Uq S u ^ ho . 

Clearly, if f(u, v) is BVTw (ACTr) in Rq , then f(u, v) is also BYT-w (ACTa) in 
every rectangle a ^ u ^ b, c ^ v ^ d in Rq , 

In view of 1.3.10, the followng statement is obvious: if /(«, v) is BYTw in Rq , 
then F„(ao > bo , v, f) < oo for a.e. v in the interval Co ^ w ^ do . 

111.2.50. Continuation, Let e, denote the subset of the interval Co ^ w ^ do 

where Fu(wo j , iJ, /) = “. By ilio preceding remark, e, is then of measure 
zero (po.ssibly empty) i{f(u, v) is BYTw in 2i!o . Suppose now that Co ^ ^ do and 

y ^ e„ . Then F„(ao )bo, v, f)<co, and hence, by III.2.21, the partial derivative 
/u = df/du exists for a.e. u in Uq ^ u ^ bo . Since /„ is clearly measurable, it 
follows by 1.3.6 that/,, exists a.e. in Rq . By 111.2.22 it follows further that 

J I fi>(^h v) I du ^ V,Xcin , bo ,v, f) for y e, . 

Since | c,, | =0 and F„(ai , , ha, v, f) is summable in the interval Co ^ y ^ do , 
there follows by 1.3.10 the summabiliiy of /„ in /So , as well as the inequality 

> ,!o 

jj I f iiOc d) j dw dv ^ J ^ „(n« , bo , v, f) dv. 

111.2.51. Suppose that/('ii, v) is continuous and BVTw in Rq ■. Uq S u ^ bo , 
Co ^ V ^ do , Let r : a ^ u ^ b, c ^ V ^ dhc any rectangle in j?o . Wo define 

11^0', ./) = / V,(a, b, V, n till. 

C 

In view oi III, 2.49, lF„(r, /) is then a rectangle function which is non-negative and 



III.2.51 


2L1 


finite for oveiy r C Jio • From III. 2. 19 it follows roadilj'' that the reotauglo 
function Wu(r, /) is additive (cf. HI. 1.6), We assort that Wu(r, f) is contiinioiiH, 
in the sense of TIL 1.2. For clarity, we give the proof in several steps. 

(i) Let us put, for Co ^ v $ do , 

i 

ff(v) = y TL(ai) , ^>0 , y, /) dy, 


By 1,3.13 the function (/(r) is then continuous,' and in fact absolutely continuous, 
in Co ^ y ^ do . Hence for every e > 0 there exists a 5' = 5'’(e) >0, such that ff(va) 
— {/(vi) < e 0 < V 2 ~ V, < S', Co ^ 1^1 ^ do , Co ^ Vrj g do ■ Equivalently, 

J V^{ao ,ho,v,f)dv < e 

f I 

if 0 < ^2 — y, < S' , Co S Vt ^ do , Co ^ ^ do • 

(ii) Lot us ])ut, for ao ^ it ^ ho , 

c/o 

h{u) == J y„(au , it, y, /) dy. 

Let Cp be the subset of the interval Cq ^ y ^ do where y„(ao , ^'’o j ^ /) = «> . Thou 
Cp is of measure zero (possibly empty). In the interval ao ^ w ^ ho , take a point 
«o and any sequence u„ Uq . By 111,2,19 wo have then 

(1) y,<(a(i , n„ , V, f) ~> y„(ao , ao , v, J) for v e, , Cq S v ^ do . 

Also, F„(ao ,u„,v,f) S y«(ao ,ho ,v, /) for Co ^ y ^ do . Since F„(ao > , v, /) 

is summable in the interval Cq ^ y ^ do , it follows by 1,3.11 that termwise 
integration of the relation (1) is permissible, and thus 

^0 dg 

J V„(no , Un , V, f) dv ”> j F,(c!o , Uo , y, /) dv, 

Co Co 

or equivalently, h(u„) — > h(uo) for — >a> . Thus h{u) is continuous in ao ^ u ^ 
bo , Honce for every e > 0 there exists a 5” ~ d"(e) > 0, such that h^ih) — 

h{ui) < 6 if 0 < Wa — < 5", Oo ^ Wi ^ 6o , ao ^ ih ^ ho . Equivalently 

d„ 

J F„(Wi , )h ,v,f) dv < € 

c 0 

if 0 < Ua — Ui < 5", Qo S Ui ^ ho , tin ^ Ua ^ ho . 

(Hi) Let us put 5 — min (S', S"), and lei r : a ^ ^ 6, c ^ v ^ d Ikj a 

subreciangle of Rq , such that | r | < 5^, 
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Case (1). c < 5. Tlien by (i; abovo 

Wjr, /) ^ / V,.(ao , bo , v, /) (k < 6. 

Case (2). d — c ^ 5. Then 6 - o < 5, and hence by (ii) above 

rfo 

ir„(v, /) 5 / F„(o, i), /) * < 

ro 

Thus the coiitiiiuity of the rectangle function Wnir, J) is cstabli.shed. 

Remauk. Suppose that/(«, v) i.s merely known to be continuoua in lio : ^ 

u ^ , Co S i’ ^ do . Let }• : a ^ a ^ i), c ^ < d bo any rectangle in Rq , 

and consider the function F„(a, 6, y, /), The follou'ing agreement is convoniont-. 
If TT(e, h, V, j) i.s siimmable in the interval c S v ^ d, then avc put 

d 

lF.fr, /) = / F.fr, b, ii, /) ffr 
« 

as before. If Fu(a, 5, y, /) is not summable in the interval c ^ v ^ d, tlmn wo 
agree to put TTT(r, /) = +». In view of III.2,d9 it follow, s that/(w, v) is BYT?/ 
in r if and only if TIT(r, /) < + <» . 

111.2,52. Assume that /(w, v) is continuous and in *: Uo ^ w ^ ho , 
Co ^ y ^ do . The rectangle function TF„(r, /) is tlion finite, non~nogativc aiul 
additive. By 111.1.29(a) its derivative exists a.e. in 7i!o and is sunimablo in Uo . 
Let us denote this derivative by /)(», y). By III. 1.28 wo have iJion tlio inequality 

(') II D{u, v) (III dv ^ /) 

r 

for every rectangle r : a ^ u ^ h, c ^ v < d in Ro . We assort that- 

v) =- ( f,(u, i>) I H.o. in Ro . 

Paoop. Applying (1) to a rectangle r : a ^ u g b, c ^ v ^ d in , wo 
obtain (cf. 111,2,61) the inequality 

rf b 

f [K(a, b, y, /) — ^ J)(u, v) du] dv ^ 0. 

“ a 

If 0 , b are kept fixed, while c and d vary according to the inequalities Cn ^ c < 
d ^ do , then by 1.3.13 there follows from (3) the relation 

b 

b) y> /) ^ J D{u, v) du for v (;[^ e{a, h), 

a 
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where e(a, h) is a certain subset of measure ijero of the interval Co ^ ^ do . 

Let c denote the sum of all the sots e(a, h) that correspond to rational values 
of a, h. Further, let e' denote the subset of co ^ a ^ do where Fu(ao , 6o , y, /) = «> . 
Then e and e' are both of measure zero (cf. III. 2.49). Let us now consider a 
point V ^ e e', Cq ^ V S da , Then (4) holds for every rational pair a, h such 
that aQ ^ a < b S hn , Furthennore, both sides of the inequality (4) are con- 
tinuous functions of a, h by 1.3.13, III. 2. 19. Hence (4) holds for all pairs a, b 
such that Qo ^ a < b S bo , Now both sides of (4) are functions of tlie interval 
a ^ u ^ h, and from (4) there folloAvs for the derivatives of tliese interval func- 
tions the inequality (cf. 1.3.13, III.2.22) 


( 6 ) 


I /,.(w, y) ) ^ D(v, v) 


for a.o, in ao ^ ^ bo > Thus (5) holds, if y e -h c', for ao ^ u ^ bo with 

the possible exception of a set of measure zero in this interval, where this excep- 
tional set depends upon v, of course. Since fu(u, v) and DOi, v) are measurable 
in Eo (cf. III. 1.24), it follows that (5) holds a.e. in Eo . 

Consider now any rectangle r : a ^ u ^ b, c ^ v ^ d, hi Eo . By III. 2. 22 we 
have then the inequality 


W.(r, f) = / V„{a, h, i>, n rff a / / I /,,(«. «) 


du 


dv 


= // I y) I du dv. 

r 

By III. 1.26 there follows the inequality D{u, v) S | /„(w, v) | a.e. in Eo , and (2) 
follows in view of (5). 

IIL2.S3. Continuation. For fixed r : a ^ w ^ c ^ y ^ d, I7„(?*, /) is a 
lower semi-continuous function of /in the following sense: if /„(w, v) is continuous 
and BVTw in Eo and /„ — > / uniformly in Eo , then lF„(r, /) ^ lim inf T7u(?’, /„) 
for n — > 00 . Indeed, by 111.2. 16 we have Vu(a, b, v, f) ^ lim inf F„(o, h, v, /„), and 
integration yields the desired relation, in view of the theorem of Fatou (see 
1.3.10). 

111,2.54. Suppose that f{u, v) is continuous and BVTw in Eo . By III.2.51, 
III. 1.37, III. 1.43 it follows that the rectangle function F„(r, /) admits of a 
non-negativo, completely additive extension to Borel sets B d Eo • This exten- 
sion, which is unique by III. 1.47, will be denoted by T7«(B, /). In view of 
III. 2.62, 111.1,32, the Lebesguc decomposition of I7„(J3, /) is of the form 

/) = // I /.(«, «) I do + f), 

Jl 

where Wl{B, f) is a non-negati'\^e, completely additive, singular function of Borel 
sets B C Eo . 
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III.2.55, Continuation. f(ii, v) is ACTu in Rq if and only if the rectangle 
function Wui'i't /) is AG iriRo (cf. 111.2.49, III. 1.2). 

Proof, (i) Siippo.so that /(?<, u) is ACTz^ in Rq . Then wo have, by III.2.2I), 
the formula 


( 1 ) 


f r ' 

.0'. f) = j h, V, f)dv J j \ fu(u, y) 

(• c li 

= jj I f,.(u, v) I du dv, 


du 


dv 


for every rectangle r \ a ^ u ^ h, c ^ v ^ d. From (1) it follows, in view of 
1.3.13, that Tru(r, /) is AC in . 

(ii) Suppose that W»(r, f) is AC in i^o • By 111.1.34 it follows that Wu(Bf f) 
is AC in Ro , and thus the singular part Wl{By f) vanishes. Hence, by 111.2,64. 
wo have the relation 

(2) ./)==// I v) ( du dv. 

On the other hand, by definition, 

do 

(3) W„(Ro >J)^J ^u(ao > bo ,v, f) dv. 

do 

(2) and (3) yield 

Jo I l)» 

(■i) / [K(ao , K ,»,/)-/ I f..b‘, ») I *(] dv = 0. 

ro ^0 

By in.2.22, III.2.49 wo have 

' Fu(aQ ,lh,v,f)^j I /«(w, v) I du 

do 

for a.e. « in the interval Co ^ r ^ do - Thu,s (4) impUe.s that 

ho 

F„(ao ,bo,v,f) = j j fu{u, v) I du for v ^ e, 

ao 

where e is a certain subset of measure zero of the interval Co ^ r ^ do . By 
111,2.29 it follows that f{u, v) is AC, as a function of u, for v ^ e. Thus /(w, v) 
is ACTi( in Rq , 
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ni.2.56. Continuation. If fiu, v) is ACTu in Ro , then 
(1) lK(J3,f) = // IMn,v)l(lt<dv 

B 

for every Borel set B C. Rq > 

Proof. By 111.2.65, the rectangle function /) is AC in Rq , and hence, 
by III. 1.34, /) is also AC in Ra . Thus the singular part WliB, f) of 

WJfiy f) vanishes, and (1) follows from 111.2.64. 

III.2.57. Continuation. If 

j /) “ // I 1 

Bt 

then /(m, v) is ACTu in Ro . 

Proof. By 111.2.64 it follows that 7Fu(22o j /) = 0, and hence the singular 
part TF“(J5, /) of TF„(^, /) vanishes. Thus Wu{B, f) is AC in Rq . By III. 1.34 
it follows that TFu(?’, /) is AC in Ro , and hence, by 111.2.66, f(u, v) is ACTw in .Ro • 
IH.2.58. Continuation. The results in III.2.66, III. 2. 57 yield the following 
statements, where it is assumed that f(u, v) is continuous and BVTw in Ro : 

tto ^ W ^ 6o , ^ V ^ do . 

(a) f(u, v) is ACTw in Ro if and only if 

Wu(Ro , /) = // I /.(«, ») I du dv. 

Ba 

(b) /(w, v) is ACTu in Ro if and only if 

= jj I Mu.i>)\dudv 

B 

for every Borel set BC.Ro- 

III.2.59. Suppose that/(zA, v) is continuous inRoi<h S bo , Co ^ ^ do , 
and satisfies the following conditions, (i) The partial derivative /„(w, v) exists 
a.e. in Ro and is summable in Ro . (ii) For a.e. v in the interval c® ^ i; ^ do , 
f(u, v) is AC as a function of u in the interval Uo ^ w ^ 6o • Then f{u, v) is 
ACTw in Ro (see III.2.49). 

Proof. By III. 2. 29 it follows that 

bt 

Vuiao yho ,v,f) ^ j \ f„(u, v) I du, 

Oo 

for a.e. v in the interval Co ^ y ^ do . Since /„ is summable in Ro , it follows that 
Fti(ao > bo » y, /) is summable in the interval Co ^ y ^ do . In view of condition 
(ii), it is thus proved that f(u, v) is ACTu in Ro . 
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111,2.(50. Suppose that f{u, v) is eontiniioiis and BVT?c in Ro ' cio ^ u S K , 
Co ^ V ^ do - By 111,2.49, we have then 

(1) K(«o , ho , V, f) < for<> ^ e, 

where c is a certain subset of measure zero of the interval Co ^ v ^ do . Let B bo a 
Borel set in Rq . Then the quantity , y, /), defined in 111.2.45, is a function 
of V in the interval Co ^ v S do , and 

(2) F„(/i, , y, /) < oo fory e 

We assert that Vu{Bp , v, /) is a measurable function of y for Co ^ ^ do • 

Proof. Let us denote by K the class of all tho.se Borel sets B Cl Ro for which 
it is true that the function K(Pp , v, /) is moasurable in the interval Co ^ y ^ do . 
We verify the following facts concerning the class K. 

(i) If J? is a rectangle r : a S u S b, c ^ v ^ d, in Ro , then B £ K. Indeed, 
we have then clearly Vu(B , , y , /) == F^Ca, b, y, /) for c ^ v ^ d, and Vu{B , , y, 
/) = 0 elsewhere in Co ^ y ^ do , In view of III.2.47, the measurability of 
F„(-Sp , V, /) follows. Thus B G K. 

(ii) If B is open (relative to Rl), then B G Indeed, B is then the suih of a 
sequence of rectangles r\ * • • , r" , - • * without common interior points (see 
r.3.2). Wc have then (cf. III.2.24, III.2.19) 

(3) V,(B. ,v,f) == Zy.(r" 

n * 

4 

with the possible exception of a subset c* of the interval Cq ^ y ^ do , where e* 
consists of the sot e appearing in (1), (2), and of the countable set of the points of 
intersection of the horizontal sides of the rectangles r" witlx the y-axis. Thus 
(3) holds for a.e. y in the interval Co ^ y ^ do , and in view of (i) the measurability 
of F„(Bp , y, /) follows. Thus B G K. 

(iii) If J5 G K) then the set B* = Ro — B also belongs to K, Indeed, we have 

obviously F„(B, , y, /) + Vu{B* , v, f) ~ F„(ao , bo, v, /) for v (cf. foi’mulas 
(1), (2)). Since F„(ao , 6o , y, /) is measurable by III, 2.47, and F„(j5p , y, /) is 
measurable by assumption, the measurability of , y, /) follows (note that 

fcj=0). ThiisB^GIi'. 

(iv) If i?‘, • • > B", • • • is a sequence of Boi'el sets belonging to TC, such tlxat 
B^B^ — 0 for y 7 ^ k, then B ^ ^ B'' also belongs to K, Indeed, wc have 
obviously 

,«,/)= E y.(B : ,»,/). 

n 

for y ^ e (cf, the formulas (1), (2)). Since each term of the summation is mcasui- 
able by assumption, and | e f =0, the measurability of B follows. Thus B G K> 
In view of 1.2.46, it follows from (ii), (iii), (iv) that the class K contains all 
Borel sets in Rq . In other words, if B is any Borel set in Rq , then F„(B„ , y, /) 
is a measurable function of v in the interval Co ^ y g do . 
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111.2.61. CoNTiNTJATiON. For given J? C > clearly f) ^ 

7„(cto ,bo,v, /) for Co do. Since 7„(ao , i>o , /) is summablc in the interval 

Co ^ y ^ rfo » H follows that V«(B, , v, /) is also siiinmablo there. We assort 
that (cf. IIL2.54) 

./<> 

(1) 1K(B, /) = I F„(/i, , V, /) <h 

for every B C. Bq . 

Proof, (i) Lot ii.s put 

<h 

( 2 ) m) = / V.UK , V, S) dv. 

Co 

Then is a (fini to-valued) non-negative function of Borol sets B C. Be - Lot 
JS\ • • • ^ B’* , • • • be a sequence of Borel sets in Bo , such that B^B^ ~ 0 for j k, 
and lot us put B = ^ B'\ Then (cf. Ill 2. 60 (iv)) 

(3) - E yu{B:,vJ) 

n 

for a.e. a in Co ^ ^ do , and 7u(B, , /) is summa):)le in Co ^ ^ do , as noted 

above. From 1.3.11 it follows that termwise Integration in (3) is porinissiblo, and 
we obtain the relation = E ’/'(-S'"). Thus ^{B) is a non-ncgalivo^ com- 
pletely additive function of Borol sets B C. Rq . 

(ii) The formula (1) holds if i? is a rectangle r : a ^ u S h, c ^ v ^ d, in Ho > 
In this case clearly (sec III. 2. 61, 111,2.45) 

lip j 

J 7.,(B, ,v,f)dv== J Vu(a, b, v, /) dv = W,,{r, /). 

CO c 

(iii) Thus T7„(B, /), ^(15) arc non-negative, completely additive functions of 
Borel sets BC.Ro which agree on every rectangle r :a ^ u ^b,c ^ v ^ d, m Bo > 
Thus (1) follows from III. 1.47, 

111.2.62, Continuation, Let Bo be a Borol set in Bo . Then T7„Ci?, /) is 
AC on Bo if and only if 

IF„(B« ,/) = // I /./(«b y) I du dv. 

Oo 

Indeed, in view of HI. 2. 64, 17u (JS, /) is AC on Bq if and only if Wl(Bo , /) = 0 
{cf. 1.3.16), and thus our assertion follows directly from the Lebesgue decomposi- 
tion given in I II. 2. 54. 

Suppose now that T7u(B, /) is AC on Bq . By the preceding remarks, the sin- 
gular part Wl{B, /) vanishes then on Bo , and the Lebesgue decomposition yields 
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1F„(5,/) = // I /„(», 1') I * 

* B 

for every Borel set 2? C - 

1 11,2. S3. In the preceding sections III.2.45-IIL2.62, the variable u played a 
preferred part. As noted in III. 2.46, the discussion applies obviously if u and v 
are exchanged tlirougliout. If this is done, we obtain the quantities and concepts 
V,(c, d, /), V,iB, , 1 /, /) (cf. IIL2.45), BVTv, ACTv (cf. 111.2,49), F.(r, /) 
(cf. in. 2.61), Tr,(B, /) (cf. III. 2. 64), as well as the body of results that follow 
' from tliose in 111,2.45-111.2.62 by exchanging u and v. 

in.2.64. Suppose that f(u, v) is continirous in j?2o J no ^ ^ &o j Co ^ y ^ do . 

Definition. /(«, v) is B'\^T in itio (of bounded vanaiion, in the Tonelli sense, 
in Jlo)i if find only if/(«, v) is both BVTw and BVTy in Ro (see 111.2.49, III.2.63). 

Definition. f(u, v) is ACT in Ro (absolutely continuous in Ro in the sense of 
Tonelli), if and only if/(if, v) is both ACTif and ACTy in Ro (see III.2.49, 111,2.63). 

If/(w, y) is BVT (ACT) in j then wo have at our disposal iv'o sets of results 
simultaneously: those developed in 111.2.45-111.2.62 for IheBVT?^ (ACTw) case, 
and those that follow by exchanging u and v (cf. IIL2.63). 

IIX.2.65. Let SD be a bounded domain (bounded connected open sot) in the 
uy-plano, and let f(u, v) be a (real-valued) function which is defined a.o, in !D, 
is measurable in 5), and is summablc on every closed set F G ‘S). Lot R •. a ^ 
u ^ h, c ^ V ^ d,he a rectangle in SD, and let 5 be the shortest distance between 
the perimeter of R and the boundary of SD. consider the integral mean 

h h 

. /a(m, *') “ jI? / f f(n n) drt, 0 <h < 8, (u, v) 6 R^ 

-A -A 

For fixed h, fu(u, v) is then defined and continuous in R (see 1.3.13). In fact 
f^(u, y) has a number of further valuable properties; we sliall discuss briefly only 
those which are relevant for our O'vvn purposes. Let us note the relation 

(1) fh(ih v) f{u, v) a.o. in if, 

wliich is a direct consequence of 1.3.13. 

211,2.66. Continuation. Let us now assume that/(?;, v) is continuous in SD. 
Then clearly 

(1) fh(u, v) f(u, v) uniformly in R. 

We assert that A has partial derivatives of the first order in the interior of R, 
given by the formulas 

A 

= JP / r/(« + h,v + „)- J(u -h,v+ n)] dv, 


( 2 ) 
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A 

^3^ ^ j ^ + j, „ _ ;,)] rff. 

~h 

Proof. Let v and h be fixed, where c < v < d , 0 < h < 8y and lot u vary in 
the interval a S u ^ b. Let ns introduce the auxiliary function 

A 

M ^ J f{u, V + v) dv. 

-A 


Since v and h are fixed, g(u) is a function of u alone, and clearly g(u) is continuous 
for a ^ u ^ b. Obviously 

A 

/a(«, ^ / Oiu-i- df. 

-A 


Hence, by III.2.44, 

' dfk(u, v) ^ fi(u + h) r- o(%t - k) 
du 2h 


for a < n < by 


and (2) follows. The formula (3) is obtained in a similar mannor. 

Hemark, The formulas (2) and (3) show that df^/diij dff,/dv are continuous 
in the interior of R and in fact (for fixed k) on a rectangle that contains R in its 
interior. Thus dft,fdu, df^/dv arc bounded and uniformly continuous in tlio 
interior of R, 

111.2,67. Continuation. Lot us now suppose that /(«, v) is continuous in 3D 
and ACT in every rectangle R t a S u S b, c ^ v ^ in Let us tako suoh 
a rectangle R, and let again 5 denote the shortest distance between the perimeter 
of R and the boundary of SD. Let us introduce the auxiliary rectangle 

(1) R* :a ~ 8/2 S h -j- 8/2y c - 6/2 ^ v ^ d 8/2, 
and let us restrict h by the inequalities 

(2) 0 <h < 8/2, 

Then/(w, v) is ACT, by assumption, in the rectangle R*, and hence (see III.2.60) 
the partial derivative /u(w, v) is summable in R*. Hence the function 

A A 

g(v, v) = ^ .J J f„(n + f, y d- jj) d^ dtj 

-A -A 


A 



"A 


J fu(u -h V -{■ r)) d^ 


dt} 


( 3 ) 
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is dofmecl for (u, v)eR,0<h< (5/2). Now since /(w, y) is AC, for a.o. v in the 
interval c “ (5/2) ^ ^ rf -f- (d/2), as a funotion of ic in the intoi’val a — (S/2\ < 

u ^ h -{• (5/2), wo have (see TIT, 2.30) - 

h 

(4) gfyt, ») r/(t( -I- h, V + v) - S(v - h, I, + ,)] dn. 

-h 

(3) and (4) yield, in view of 111.2.00(2), tlio forinala 

h h 

/KY dfh(ii,v) I f C . 

dll ~ ‘U/ J J ^R,0 < h < 3/2. 

-A ~A 

An analogous argument yields iho foi'jmila 

A A 

^ W I I ^ 0 < /i < 5/2. 

-A -A 

Fiom 111,2.65(1), applied to tlio fiinctiojis /„ , /, , wo oljtain tlic important 
relations 

du du’ dv dv a.o. in 22. 



CHAPTER ni.3. ARC-LENGTPI 


111.3.1. In tho present clifiptor IIL3, we begin the study of the length of a 
eurvo 

(J) C ; .T = y = y{u)> z = H E A : an ^ u ^ ha , 

where tlio functions y(u), z(u) are continuous (and real-valued) in Iq , and 

X, y, z denote Cartesian coordinates in Euclidean three-space. Tliis study will * 

depend upon concepts and nrethods that belong partly to Analysis and i)artly to 
Topology. In the following presentation, an effort will be made to clarify the 
part played by each of these t'wo types of concoi^ts and methods. 

A.S long as we arc concerned with a fixed representation (1), we are actually 
studying a triple of continuous functions .r(w), y(n), z(xi) or, equivalently, a 
continuous vector function with the components x(ti), y(ii), z(u). 'I'lio 
length of C appear.^ then as a certain functional whoso argument is a continuous 
vector function i'(u). From this point of view, a largo number of facta in tho 
theory of arc-lcngih may be stated and discus, sed within tho framework of 
Analysis proper, and tho^kidy of geometrical issues may bo defeiTed, and in fact 
greatly simplified, on the basis of previously achieved insight into the purely 
analytic aspects of tho theory. 

111.3.2. Accordingly, we shall first concern ourselves witli continuous vector 
functions, Tho following notations will be used. Wo .shall write 

i = i'(n) = yiu),z{u)], u ^ h aa It S. ha , 

to refer to a vector function j;(w) with components x{u), y{u), z{u)> considered in 
la . If circumstances permit, we shall write only 

i’ = i’(w), U E la > 

If 7 : a g ^ h is an interval in 7o , and we arc considering only in J, wo 
shall write 

¥ = uEI 

We shall assume throughout that i{u) is continuous^ that is, yiu), z{u) arc 
continuous in 7o , even though many of our results remain valid if this iussumpiion 
is dropped. Given an intcr^^al 7 : a ^ w ^ 6 in 7o , wo define 

i') = I ^{h) “ .'r(a) \, ^2(7, f) = | y(b) - y(a) (, 0^(1 , i‘) = | z(b) ~ z(a) | . 

AVo shall clonoto by a>(7, a;) the oscillation of n;(w) in 7 (see III 2. 3). The symbols 
<j(7, y), a)(7, z) have the same meaning relative to y(u), z(u) respectively, We put 

C0i(7, i') = U}(I, x), 0)2(1, x) ^ w(7, y), Wa(/, J.') = w(7, z). 
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in.3.2 


The total variations of x{u), y{u), z{u) in 1 will be denoted by 7(7, a*), 7(7, y), 
7(7, z) respectively, in conformity witli III. 2. 13. Wo put 

nil, i') 7(7, a;), v^il, j) = 7(7, y), vS, i’) = 7(7, s). 

Let us note that y, , 1/2 , n are not necessarily finite. Finally, wo put 

a(T, j) = MI. if + o,{i. if + Ui. 

<o(/, i) = [»,(/, t)' + MI, ii‘ + MI, f)’]’'’, 

f) = MI, r)’ + MI, if + MI, j)']''’. 

It is understood that v i.s infinite if one or more of the quantities , Wa , t ?3 is 

infinite. 

III.3 .3 . Continuation. In conformity with III. 1.4, we use the symbol D (7) 
as a generic notation for a subdivision of tlie interval 7. Thus 7) (7) is comprised 
of a finite number of intervals, without common interior point.s, whoso sum is 7. 
We .shall write i S 7) (7) to .state that tiie interval i occuns in the subdivision 
71(7). The maximum length of the intervals i D{1) will bo denoted by 
II D{1) ((. In confoimity with III. 1,5, wo put 

mi), s] = E vn, ri, / i e W), 

U(I, g, t) = l.u.b. glD{I), f], 

where the least upper bound is taken with respect to all subdivisions 77(7) of 7. 
Note that 17(7, g, y) may be infinite. The symbols w[77(7), j;], (7(7, w, y)> 
y[7)(7), i'], ?7(7, V, x) have analogous meanings relative to tlie interval functions 

Cl), V. 

IIL3.4, Continuation. If 7 ; <2 ^ u ^ 6 is an interval in 7o , then clearly 
(7(7, i’) is equal to the length of the vector i’(&) ~ i‘(a); in symbols 

(7(7, iO = ( X(b) - i‘(a) |. 

Thus U(I, g, x) be intorpi'oied a^s the total variation of the vector function 
j(u) in 7 (cf. III. 2.13). Also, g{I, x) may bo interpreted as the length of a chord 
of the cuive given by the equations x ^ xiv,), y ^ yiu), z z(u), u G 7, and thus 
U(I, g, iO may be (and in fact later on ivill bo) interpreted as the length of this 
curve. While according to our plan of oxpo.sition the geometrical is-sues will bo 
taken up only later, the preceding remarks may be in order to motivate our inter- 
est in the quantity 17(7, g, x)‘ view of the geometrical inter protaiioh just re- 
ferred to, we inti-ocluco the more concise notation 

7(7, f) - (7(7, g, i‘). 

Then L(7, y) is a non-negativo, not ncco.ssariIy finite, interval function which 
depends upon x(u) and upon a variable interval I Qh . 

111.3,5. Continuation, Weamrtihai 
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( 1 ) U{[,g, i‘) - i’) = U{l,v, j:). 

Proof. Clcarl}'' U{I, g, 3 ;) ^ U(I, co, 3 ;) ^ U(I, v, ?), and tluiH ( 1 ) will he 
established if wo show that 

(2) U(I,v,^) g U(T,g,^). 

Let D(l) be any subdivision of I, and let us denote by tlie subdivision 

obtained by subdividing each interval of D{J) into n equal parts. If i, i" arc 
generic notations for intervals occurring in D(I), D^il) rcspectivoly, tlien wo. 
have (sec III. 2. 17, III. 3. 2 ) 

Vi(i, i’) = V(t, == lim 2 i'), C i. 

n-ioj 

and similar relations hold for Vi(i, j;), Vaii, y). It follows that (cf. 1.3.10, 1 IT. 3. 2) 

v(i, t) = lim |[E i;.(r, t)]“ + [E ».(*■", f)]” + IZ i')!’)''” 

n->oo 

^ lim sup XI X), i" C i, 

and consequently y(i, 3 ;) S U{i, p, i*)- Hence 

(3) v[.m), f] £ E m, a, f), i e m)- 

We assert that 

w m, Q, t) g E m, 0 , ri, i e om. 

If 17(7, y) = ooj then (4) is obvious, If t/(7, g, 3 :) < «>, then (4) follows from 
in.1.6. From (3) and (4) we infer that v[D{l)^ i’] ^ C7(J, g^ jt) for every sub- 
division D{1) of 7, and the inequality (2) follows. 

111.3,6. Continuation. 7/(7, y) is a lower semi-conlin-uous Jmiciional of ^ 
in the following sense: if 3 r*,i(w) is a sequence of continuous vector functions that 
converge uniformly to iu 7o , tlion 

(1) 7/(7, X) ^ bin mf L(I, I’J 

n~fO> 

for every interval I C h > 

Proof, Lot 7) (7) be any subdivision of 7. Then clearly 

g[D{I), ;^] - lim g[DiI), ?„] ^ lim inf L(7, y,,). 

n-.» n-x" 

Since the subdivision 7)(7) was arbitrary, the inequality ( 1 ) follows. 

IIL3.7. Let 3 ;(w) bo a continuous vector function in h : ^ u ^ bo > If 

there exists a subdivision 7)*(7o) such tliat the components x(ii), y(u), z{u) aro 
linear functions of u in each interval of D^{U), then ^(r) -will be termed quasi- 
Unear in Iq , and D^(Iq) will be termed a typical subdivision for x(i0‘ We shall iiso 
the notation q(u) to refer to a quasi-lincar vector function. Given q(u) iii 7o , 
there exists by definition a typical subdivision 7>*(7o) for q(u). Clearly, 7)’''(7o) is 
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not cletei'minod univoeally q{u) (for example, ovciy rofinomont of U 

also a tj'^pical subdivision for <?(«))• following slalcmonts are ohvimif 

(ef. Ill, 3.2, 111.3.4). 

(i) If Z>C/o) is any subdivision, and if i) ''(Io) is a typical subdivision for g(w), 

then f/[-D(/o), q] S <?]• 

(ii) If Df(/o)} X)J(/o) arc any two typical subdivisions for </(?/), then 

q] — f/I^a (^o), q\ 'This follows directly from (i). 

(iii) We define l{Ia , q) = (/(,)j O'], where D^{In) is any typical subdivision 

for q{v). In view of (ii), the value of 1{U , q) is independent of the particular 
choice of the typical subdivision 7>*(Zo). 

(iv) , q) — L(Ia , q)‘ Thi.s follows readily from (i) and (ii). 

(\^) 1( I : a S u ^ b is any subin ter val of /□ , then clearly g(ii) is quast-linear 

in I also. Hence the preceding remarks apply in every interval 7 C /o - 

111. 3. 8. Let i‘(u) be a continuous vector function in lo : Qq ^ u ^ ha , and let 
Ai(I^o) be a sequence of subdivisions .such that 1| 7)„(/o) || — > 0 for n-^oo. Then 

(1) qWMo), X] ~>Mh , X}. 

(2) w[7A(/o), J-J -yL(h , X), 

(3) i-] ->L(7o , y). 

PaooF. Clearly g[B„(Io), x] ^ oy[D„(h}, i'] g v[7)„(/„), x] ^ Hh , X), la 
view of 111.3.4, 111,3.5. Thus (2) and (3) arc implied by (1). To establish (1), 
it is sufficient to show that 

(4) L(h,x) ^ lira mfff[A(/n), Xl 

fl-JOO 

since j7[A(/o), i’] ^ U(Io , (j, x) ~ M^o » i')* To prove (4), lot us denote by 
qn(it) the quasi-linear vector function whose components arc linear in each 
interval of 7)„(/o) and agree ■with the corresponding components of xi^i) ftt 
end points of the intervals of Ai(7o). Clcai’b^, q„(v) — > x(u) uniformly in Jo , 
and hence 

(5) L(In , y) ^ lim inf 7/(7o , q,,) 

TJ-HO) 

by III.3.C), On the otlrer hand, by III.3.7, 

(«) Uh , q„) = gWM.), (?„] - r/[A(/o), r]. 

The relations (5) and (6) imply (4). 

111.3.9, The re.su It of III. 3.5 may be interpreted as yielding three equivalent 
definitions for the functional L{Io , f) by means of the formulas (of. III.3.3) 


(1) 

L(7o , y) = l.u.b. J) g(I, j;), 

I e im. 

(2) 

L(Io , X) = l.u.b. D w(7, x), 

I 6 D(h). 

(3) 

Ldo , J) - l.u.b. E v(I, x)> 

r e D{h}, 
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where the least upper ))OiirKl is taken with respect to all subdivisions 2?(/o) of • 
Accordingly, cacli summation g(l, j:), 2 ?)> 2] i’)> ^ S I>(h) is a 

lower bound for L{Iq , ^), TJuis (1), (2), (3) represent equivalent definitions 
for L(Io , i‘) from below, that is, in terms of lower bounds. The result of III. 3. 8 
may be interpreted as yielding tlirce equivalent definitions for I/(7o , i‘) iu terms 
of limit processes. We propose to add still another formula for L{Io , i‘)- 
Lot j;(u) be a continuous vector function in lo : an ^ u ^ bo , and let g„{u) bo a 
sequence of qunsi-linear vector functions such that q„{u) uniformly in To • 

Then (sec TII.3.7) 

(4) h{In , y) ^ lim inf l{In , <?„) 

Indeed, l{ln , q,) == L(/o , qT) by I II. 3. 7, and thus (4) follows from III. 3. 6. The 
relation (4) states that every .sequence q,fu) that converges uniformly to 
on In yields an upper bound for L(/n > i’)- assert the formula 

(5) L{ln , iO = gr.l.b. lim inf /(/□ , </„), 

Avherc the greatest lower bound is taken with respect to all sequences of quasi- 
linear vector functions q„{u) that converge uniformly to 3 ;(a) on Iq . To prove 
(5), let us denote by G the right-hand side of (5). Lot denote a sequence 
of subdivisions of In such that |j D„{Iq) || — > 0, and let q,fu) be chosen as the quasi- 
linear vector function whoso coinpononls are linear on each interval of DJJo) u-nd 
agree with the corresponding components of y(ti) at the end points of the intervals 
of A.(4)‘ Clearly q^{it) j;(«) uniformly in h , and f(7„ , q,) - g[D„{ln), i'l 
L(7o , ¥).by III3.8. Thus L(7o , y) ^ G. On the other hand, L{h , ^ by 

(4), and (5) is established. 

The formula (6) may lie interpreted as yielding for L(7o , y) an equivalent 
definition from above, that is, a definition in terms of u'pyer bounds, 

III.3.10. Let y(u) be a continuous vector function in 7o i flo ^ ^ , u^d 

lot c be a constant. Then obviously (cf. III. 3.4), for every interval I C, h , 

(1) L(7,cy)= |c)L(7, y). 

In particular, if c - — 1, then 

(2) 7.(7, ~y) = L(7, y). 

Now let yi(w), yafw) be two continuous vector functions in In . Clearly (cf, 
III.3.2), g,{I, y, + h) ^ h) + h)J ^ 1, 2, 3, and hence (see 1.3.10) 
oil, y, 4- ya) ^ oil, Xi) + g(T, h), for overy interval I C In- In view of III.3.4 
it follows that 

(3) L(7, y, + i'a) ^ 7/(7, yi) + 7.(7, y 2 ). 

The relation (3) is referred to as the inequality of Steiner, (2) and (3) yield 

(4) 7.(7, y, ~ ya) W, h) + L(7, yO. 
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In view of (1), applied wibli c — 1/2, (3) may bo written in the form 



wiiicli is more convenient at times. 

111.3.11. Let yCw) =’ z(u)] be a continuous vector function in 

la : Co ^ u ^ foo . Then y(«) will be termed BV in Iq (of hounded vanaiion in /o) 
if and only if the components x{u), y{u), z(u) are BV in I a . Similarly, y(w) will 
be termed AC in la (ahsoluiely continuous in la) if and only if the components 

(cf. 111-2. 2). 

111.3.12. Let ^'(m) be a continuous vector function in la : Uo ^ u ^ ho , Then 
L(Io , ?) is finite if and only if j:(w) is BV in 7o * 

PnooF, We have the inequalities (cf. III3.2, III.3.4, III.3.6) 

V(Ta , x) S v[Ib , Ai ^ L(/o , i‘)i ■ 

and similarly 7(/o , y) S HI a , f)^ F(Jo , z) ^ HU , j). Hence, if L(Ia , f) < 
then x(u), yi'ii)} z(u) are BV in la . 

Conversely, suppose that x{u)i y(u)f z(u) arc BV in I a . Lot D{Ia) be any 
subdivision of la . Then (cf. III.3.3, 111.3.2, III.2.19) - 

¥] ^ + vmu). i'l 4- 0,[D(Ia), id 

= VC7o,.^) + V(Ia,y)+ V(Ia,z). 

Since H(7o) was an arbitrary subdivision, there follows by 111,3.4, 111.3.5 the 
inequality 

L(7o , i) g V(7o . x) 4- V(Ia , z/) + 7(7o , . 

IIL3,13, Let j(w) be a continuous vector function in 7o : Co ^ w ^ i>o . Sup- 
pose that L(7o, j) < », Then clearly L(7, j;) ^ L(7o , i') < “ for every interval 
7 C 7o . In view of III. 3.8, the interval function L(7, y) is the indefinite Burkill 
integral of the interval function g(I, j) (cf. 111.1.12, III. 1.62). Since g(I, i) is 
obviously non-negative and continuous, it follows by III.1.14, 111,1.17, IIL1.82 
that 7/(7, j) is a (finite-valued) non-negative, additive, continuous interval func- 
tion for 7 C 7o . By 111.3. 12, 111.2.22 it follows that the derivatives x'(u), y*(u)f 
z'(u) of the components of i'(i/) exist a.o. and are summable in la • For con- 
ciseness, let us introduce the vector function 

f(u) - [x'(u), y'(u), z'(u)] 

which thus is defined a.e, in la . The length ( j'(w) j of jc'(w) is thou given by the 
formula ' 

! X'(u) 1 - [x'(u)^ + y'(ufi’z'(iOT"- 

Clearly, the derivative of the interval function g(I, y) exists and is equal to 
I J ^.c. in 7o , by III. 3.2, 111.2,1. Since 7/(7, y) is the indefinite Burkill 
integral of ^(7, y)/ it follows that the derivative of 7/(7, y) exists and is equal to 
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I j'(w) 1 a.c. in h (see I1I.1.27, III, 1.52). By 111.1.29, III 1.52 it follows further 
that, for every interval I G h , 

j I i''00 I du g L{I, i’)- 

I 

111.3.14. Continuation. If / : o ^ w ^ 6 is an interval in /o , we agree to 
put L{a, b, y) = L(I, y), L{a, a, x) =* 0- Let us then consider the function 
L(ao , u, x)) u G lo . In view of the results stated in III.3.13, the following 
statements are immediate. 

(i) L(ao , u, iO is non-negative, nondecreasing, continuous in Iq , and 
Z/(ao , tto , X) = 0. 

(ii) We have a.e. in 7o the formula (cf. III.2.1) 

— = I {'(«) I- 

(iii) For every interval I \ a u ^ h in Iq , we have the inequality 

I 

j I x'(u) I du ^ L(a, b, x)- 

a 

111.3.15. Let i:(w) be a continuous vector function' in /o J ^ w ^ &o j a^id 
suppose that L{Io , ?) < “ . Then the interval function L(I, x) is in Iq if 
and only if x(u) is AC in /o • 

Proof, (i) Suppose that ^(r) is AC in Jo . U I :a S u ^ bis any interval 
in /o , then clearly g(I, x) ^ 1 I + | v(b) - y(a) \ + [ z(b) ~ z(a) [. 

Since x{u), y(u), z{ii) are AC in Iq by assumption, it follows that g(I, x) is AC 
in Iq . Since L{I, x) is the indefinite Burkill integral of g(I, x)i ii’ follows finally 
by III.1.18, III1.62 that L(I, ;l‘) is AC in 4 • 

(ii) Suppose that L{I, x) is AC in Jo . If / ; a ^ w g 5 is any interval in Iq , 
then clearly | x(b) — .T(a) | g g(I, x) S L(7, y). Hence x(u) is AC in Iq , and it 
follows similarly that y(u), ^(w) are AC in Iq . 

111.3.16. Continuation. Clearly, the function L(cto , u, x) (see III. 3. 14) is 
AC in Iq if and only if 7/(7, x) is AC in 7o . In view of III.3.16 it follows that 
L(ao , u, x) is AG in 7o if and only if f (w) is AC in Iq . Since L(aQ , u, x) is con- 
tinuous and nondecreasing in 7o , and L(ao , ho , 1‘) — L(cid , Uo , i‘) ~ L(7o , j;), 
we obtain thus by III. 2. 22, III. 2. 29, III.3.14 the folloiving statement. 

Theorem. If xi'd) is a continuous vector function in la Uq ^ u ^ bo , such that 
L{Iq , x) dien the deiivative ^'(li) (sec 111.3.13) exists a.e. in Iq , and [ ^'(w) 1 
is summable in Iq , We have the ineguality 

I I I'(«) I du S HU , J), 

where the sign of equality holds if and. only if j(w) is AC in Iq . 
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1II.3.17. Suppose that the vector function ^(w) is continuous and BY in 
If) : ao ^ u ^ bo , By III.3.12, III3J3, the interval function I/(J, j;) is then 
finite- valued, non-nogative, continuous and additive for / C lo • Bj’- III. 1.37, 
III. 1.43, III. 1.52, it follows that L(7, y) admits of a non-negative, complotclj'' 
additive extension to Borel sets B Q Jo . This extension, which is unique by 
III. 1.4-7, III. 1.52, will be denoted by L(B, ^). By 1.3.16, L(B, y) possesses a 
univocally determined Lo])esgue decomposition 

(1) HB, ;:) = L,{B, j) + L,{B, f), B CIo ) 

where L^iB, y) is non-negative, completely additive and AC, while L,{B, y) is 
non-nogative, completely additive and singular. Since the derivative of %) 
vanishes a.e. in /o (see 111.1,31, III. 1.62), it follows by 111.3.13 that the deriva- 
tive of La{Bj i') is equal to | f{xi) | a.e. in /f, . By III.3.13, III. 1.32, 111.1.62 we 
have therefore the formulas 

(2) UB, I) = / I I dll H- ri, 

II 

(3) y) = / I ¥'(’0 I du, 

n 

for every Borel sot B C. Ja < 

in.3.18. Suppose that the vector function i‘(w) Is continuous and BY in 
7o : ao ^ ^ 5o . Then 3 f(w) is AC in 7o if and only if L{B, i’) is AC in Iq . 

Proop. By III. 1.34, III.1.52, B(-B, i*) is AC‘in 7o if and only if the interval 
function L(7, 5 ) is AC in 7o , and thus the a.sscrlion follows from 111.3,16. 

111.3.19. Suppose that the vector function j;(m) is continuous and BY in 

7o : no ^ ^ fco . We have then the following statements concorning Ij{B) y) 

(see 111,3.17) for every Borel set B Q 1q . 

(i) If a is any constant vector, then L(J5, y + a) — Ij(B, 4 -). 

(ii) If c is any (scalar) constant, then fj(B, cx) = 1 c ! L(B, y). In particular, 

L{B, -j) = L(B, r). 

Furthermore, if j,'i(a), i' 3 ('ii) are continuous and BY in 7o , then the following 
statements hold for every Borel set B (Z Iq . 

(Hi) 7.(73, j,', -h X.) ^ T4B, j'O + 7.(73, y,). 

(iv) L(B, X.) ^ I L(i3, i'O ^ 7.(73, X 2 ) I 

Pro OP. If a is a constant vector, then clearly (;(7, y a) = g{I, i') and hence 

obviously L{I, jc + a) = L(7, x) for every interval I C Jo (see III.3.2, III.3.4). 
Thus L(B, y -p a), L(i3, j;) are two non -negative, completely additive functions of 
Borel sots B C lo that agree for every interval I Ch- By III. 1.47, III.1.62 it 
follows that Tj{B, ^ + 0 ) = 7/(73, ^) for every Borel set B C. h and (i) is proved. 
The proofs of (ii) and (iii) are similar. Finally, (iv) is a formal conscqucnco of 
(ii) and {iii). 

111.3.20. Wo propose to derive a statement analogous to that in [11.3.18 for 
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the case when L{B, j:) is singular. The following roinarics will bo needed. Lot 
/(tt) be a (real-valued, scalar) function which is continuous in /o and BV in Jo . 
Then/{ 2 i) will be termed singular in Jo if and only if vanishes a.e. in Jo (of. 

ni.2.21). 

Lot V{By J) have the meaning explained in III. 2.24. Wo assert that f{ii) is 
singular in 7o if and only if V{B, f) is singular in Jo . 

Proof. By III.2.26 we have for V{B, J) the Leliesguc decomposition 

(I) V(B, D = j \ /'(») I du + V\li, /), B<zu. 

tt 

Thus V{B, J) is singular in Jo if and only if the integral in (1) vanishes for every 
Borel sot J5 C Jo , and by 1.3.12 this is the case if and only if f'(u) vanishes a.e. 
in Jo . 

Rbmark. If f{u) is constant in Jo , then clearly /(n) is both AC and singular 
in Jo . Suppose, conversely, that/(M) is both AC and singular in Jo . Since f{ii) 
is AC, we have (see III. 2.36) 

b 

K^) ■" /(<*) " f dw for ao ^ a < h ^ /j,, . 

a 

Since f(u) is singular, wo have f'(u) = 0 a.e. in Jo , and hence it follows that 
f(b) = f(^) for ao ^ a < & ^ ho . Thus f(u) is constant in Jo . 

IIL3.21. Continuation. Let/(w) bo continuous and BV in Jo : ^ ^ . 

Tlien /(w) admits of a imivocally determined representation of the form 

(1) f(n) = ,Uu) -H f,(u), » G Jo , /.(do) = 0, 

where /„( r) is AC and /,(i0 is singular. 

Proof. By 111.2.22, f'(u) exists a.e. in Jq and is summable in . Let us put, 
for u E h , 

n 

(2) A(w) = /(Oo) -H f r{v) dv, J\{u) = j'iii) " J\Xu). 

no 

Then/<,(w) is AC and fi(uy = f'(u) a,e. in Jo (see 1.3.13). Ileneo, /,(«) is contin- 
uous and BV in Jo and ~ 0 a.e. in Jo . Thus /,(u) is singular in Jo . Clearly 
/.(«o) = 0 and/(w) = /„(w) + /»(«)• Thus the existence of a rojircsentation of 
the typo (1) is established. 

To prove the uniqueness of the representation (1), -suppose that /(u) = fi (u) + 
fii'ii), where /i(w) is AC and/ 2 (w) is singular in Jo , and/ 2 (ao) = 0. Tlien A(w) — - 
/i(w) = faiu) — /,(w). Let us put 

0(u) = fa(u) - /l(w) = - /.(?0. 

Then g(u) is both AC and singular in Jo . By the remark at the end of III. 3. 20 
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it follows that giii) s c = constant in Iq . Since g(ao) = 0, it follows finally 
that c = 0, and thus/„(u) = ^ ^(w) in Jo . 

111.3.22. Continuation. The representation 111,3.21(1) will be termed the 
normalized Lehesgue decom'posiiion of /(w) in Jo • Suppose now that/(w) is repre- 
sented in the form/(u) = /i(u) T- Uiu), where i.s AC and/a(tt) is singular 
in Jo . By the reasoning employed in III. 3. 21 it follows that there exists a con- 
stant c such that 

/i(«) = SM ” = /.(«) + c, 

where given by the formulas 111.3.21(2). 

111.3.23. Given a vector function j(ie) which is continuous and BV in 

Jo : Co ^ ^ &o > we shall say that j(w) is singular in Jo if and only if the com- 

ponents of ¥(w) are singular in Jq . In view of IIL3.20, IIL3.11, 111.3.13 this 
definition may be restated as follows: if the vector function 3 ;(w) is continuous 
and BV in Jo j then ^(u) is singular in Jo if and only if ^'(w) — 0 a.e. in Jo . 

111. 3. 24. Suppose that the vector function i'(a) = [.'r(w), y{u), z{u)] is con- 
tinuous and BV in Jo : Uo ^ ^ t»o . Let .t(w) = .^^(zO -1- .t/u), y{n) == ^/.(li) -{- 

yt{u), z(u) — 2 !,(n) -f- ^!,(m) be the normalized I.ebcsgue decompositions of the 
components of ^('m) in Jq’, in the sense of III. 3. 22. The representation 3 ;(w) — 
i'o(iO -h ?,(w)j where E.(-u) = [.t:,(w), y^n), ^.(u)], J,(w) = [.t/u), y.(u), z,{n)] 
will be termed the normalized Lebesgue decomposition of in Jo . The 
following statements are immediate consequences of the preceding discussion. 

(i) g.(w) is AC in Jo , and i'^(u) = j'(z£) a.e. in Jo (see III.3.21, III.3.1I). 

(ii) };,(w) is singular in Jo , and y,(ao) = 0 (see III. 3. 23). 

(iii) If %{u) is represented in the form 3 c(££) = i'i(u) + i’ 2 (ii), whore j:i(w) is 
AC and i'fl(a) is singular in Jo , then there exists a constant vector a such that 

= ?..(w) ~ a, i‘a(w) = “f n in Jo (cf. III.3.22). 

ni.3.2S. Suppose that the vector function i'(w) is continuous and BV in 
Jo : flo ^ u ^ . Then ^(w) is singular in Iq if and only if L{B, y) is singular in 

Jo. 

Piioop. By III. 3.13, the derivative of L(B, ?) is equal to | f(u) \ a.e. in Iq . 
By III. 1.33, III. 1.62, L(B, y) is therefore singular in Jo if and only if y'(w) — 0 
a.o. in Jo , which by III. 3.23 is also necessary and sufficient for i‘(w) to bo singular 
in Jo . 

111,3.26. Suppose that the vector function y(w) is continuous and BV in Iq : 
Uq Su^hfiy and let ^(u) = y,(u) + ^,(w) he its normalized Lehesgue decomposition 
in Iq (see III. 3. 24). LelL{By L{By he the set functions that are associated 
with i’,(w) in the same manner as L{B, is associated with i'(u) (sec 111.3.17). 
Finally, let L(B, y) ~ B,(5, f) -f- L,(B, %) he the Lehesgue decomposition of 
L{B, j) m Jo (see 111.3.17). We assert the fonmdas 

LXB, iO = L(B, iO, L,(B, x) = L{B, BCh. 

Proof. L{B, j:,) is singular in Jo by III. 3. 25. Hence (see 1.3.16) we have in 
Jq a Borel set e, of measure zero, such that 
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(1) HB, i*.) = iM, i'j, BCh > 

On the other hand, since L{B, yj is AC in h by III.3.18, and A, (5, x) is AC in lo 
by definition, we have (see 1.3.16) 

(2) Xo) = 0, L,(e.B, y) = 0, BCh . 

In view of 111.3.19 there follow the relations 

l(E, Xo) = B(B - c, , x«) + L(Be, , ¥„) == L{B ~~ e, , Xa) 

(3) = L(B -e.Tv- J.) ^ L(B - c. , x) + L(B - e, , 


= L(B - e. , x) 

since L(B - e, , y.) := 0 by (1) and L(Be» , yj = 0 by (2). Similarly 
L(B, y.) « L(Be, , y.) == LiBe, , y - y,) ^ L(Be. , y) + L(Be, , y,) 

(4) 

^ L{Be, , y). 

Since L(B — e, , y) H- A(i?e, , y) == L(B, y), (3) and (4) yield by addition 
(6) B(B, X.) -h l(B, y.) ^ L(5, y). 

On the other hand, since y.(w) + ?.(w) = y(w), we have by 111.3.19 
(6) L(B, y„) + L(B, y.) g L(B, y). 

(6) and (6) show that 

(7) rXB, X) = y„) + L(B, yj, B C lo . 

Comparison with the Lebesguo decomposition 

(8) B(B, X) = B„(B, x) H- B.(B, y), B C lo , 

yields L(B, y.) « L„(B, y), L(B, y,) = L^B, y). Indeed, as noted above, 
L(B, y.) is AC and L(B, y,) is singular, and by 1.3.16 the representation of L(B, y) 
as a sum of an absolutely continuous and of a singular (completely additive) set 
function is univocally determined. 

111.3.27. Suppose that the vector functions yi(«), j'aCw) are continuous and 
BV in /o J «o ^ ^ • If ¥i (w) is AC and y 2 (w) is singular in lo , then 

B(B, Xi + X 2 ) - L(B, xi) -h L{B, y*), B Q h . 

PitooP. Put y(w) = yi(w) + JaCw), u G h > Then y(%) is continuous and 
BV in Iq . Let y(w) = y,(M) -p y%(w) be the normalized Lebesgue decomposition 
of y(w) in Jo j and let L{B, y) = L.(B, y) + L,(B, y) be the Lebesgue decomposi- 
tion of L(B, y) in Iq , By IIL3.24(m) we have then a constant vector a such 
that yi(w) = y,(w) — a, 1 * 2 ( 14 ) ^ y,(w) H- a.' By 111.3,19, III.3.26 we obtain 
the formulas L(B, Xi) = L(B, y.) ~ L.(B, y), L{B, y-j) = L{B, y.) = L,(B, y). 
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Addition yields L(B, i'j) -f L(B, X 2 ) ~ i‘) + i') = iO = ^(•®» 

i’i + ¥ 2 )' 

III3.28. Suppose that the vector function ^{u) is continuous and BV in h : 
fto ^ u ^ bo . Let xiu) — + i'»(iO be the normalized Lehesquc decomposition 

of %{u) in lo {see 111.3.24). Then we have the formula 

L(B, S) - f I t'(w) I du = L(B, j.), B C /» . 

Ji 

Phoop. Since L{B, j;,) = L,(B, y) by III.3.26, this is an immcdiato ron.sc- 
qiience of III.3.17. 

III.3.29. We shall apply presently the preceding results to vector functions 
of the particular form 

(1) . ? = = [u, fill), 0], n E f(\ ■ ao ^ u g, bo , 

where /(?0 is continuous and BY in /« • We assert the formula (of. 111.2.13) 

(2) B(J„ , j) = / [1 + tlu + V(h , /,). • 

ft 

Proof. Since now x'(ti) = [1, f'(u), 0], we have by III. 3. 28 

(3) ' B(/o , i') = / (^ + .r(n}T‘ dn + L(7„ , r.). 

/ 0 

Lct/(w) = fa{it) + /,(w) be the normalized Lebesgue deoompo.siiion of f{u) in h . 
Since now :r(R) ^ n is AC in Iq , it follows that = [0, /,(n), 0], and hence 
obviously L{Io , i‘,) — Y(/o , ff)- Thus (3) implies (2). 

II 1.3.30. Givoi x(u) as in II 1.3.29, we assert that 

(1) Lih , i-) ^ I Jo I + V{Io , /), 

(he sign of aquaUiy holding if and only if f{u) is singidar in h . 

Proof. Put j;i(n) == {u, 0, 0), ),* 2 (?f) = [0, /(w), 0]. Then clearly 

(2) Lih , i-i) - I /o i, L(h , X 2 ) = V(h , /), 

and thus (1) follows by the inequality of Steiner (see III.3.10). To discuss the 
.sign of equality in (1), suppose first that f{u) is singular in Iq . Since then 
ji(a) is AC and X 2 (n) is singular in Iq , we have by (2) and 111.3.27 

(3) L(h , f) = j 7o I + V(h , /). 

Suppose, conversely, that (3) holds. We assert that (3) implies 

(4) L(I, iO = I I I + V{I, f) 

for every interval 1 : a u ^ h m . Indeed, let B, 1" denote the intervals 
«o ^ w ^ a, & ^ w ^ ho respectively (if <io - a, for example, then I' is to be 
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omitted in the following argument). The reasoning employed to derive (1) 
yields the inequalities y) ^ j /' [ -)- F(/', /), L{I, y) ^ I / | -f 7(1, /), 
-^(7^ i') S j j + 7(7'', /), If (4) is denied, then addition of those inequali- 
ties lead.s to the inequality L(7o , iO < 1 7o | + 7(7o , /) (see 111.3.13, 111.2.19), 
in contradiction with (3), Thus (d) holds for every interval 7 C 7o . Taking 
the derivatives of the interval functions involved in (4), we obtain the relation 
(sec III.3.13, III. 2. 22) 

[1 + /'(«)^]’^^ = 1 -f- I J'{u) I a.c. in 7o , 

which yields, by .squaring, /'(?i) 0 a.c. in 7o . Thus f{u) is singular in U 

(sec III.3.20). 

111.3.31. Given jc(?0 as in III.3.29, let us add the further assumption that 

J{u) is monotone (eitlier noiiincreasing or cl.se nondecreasing) in h . Then 
clearly 7(7o , /) ” | /(ho) /(^o) I, and thus we infer from III.3.30 the following 

.statement. 

Given i^{u) == [u,f{u), 0], where /(a) is continuous, monotone, and singular in 
7„ '.ttaSuS h() , the quantity L(Io , ^‘) depends only upon the values of f{n) at 
the end points of h , and in fact L{Io , i') = ho - ao + | /(ho) - /(oq) |. 

111.3.32. Wo proceed to a study of the inequality of Steiner (see ITI.3.10, 

ITI.3.19). If ?i(u), i‘ 2 (w) are vector functions, contiiiuou.s and BV in 7o : Oo ^ 
n ^ bo , of the special form ti(u) = [u, y/it), Zi(u)], = [?<, y^iu), 

then wo .shall vu’iLo tin; inequality of Steiner in the form 

(1) /.(/, S i UAI. f.) + W. J,)], 

.since Mu* vector functrinn (jf, + x^/2 is again of the special form 

y/a) + ^ r ]h{u) + gi(a) + g2(i 0~] 

2 L ' 2 ' 2 J' 

where the first component reduces to a. If y/u), ya(w) are given in the general 
form yi(?d = [.i:i(rf), yi(u), ; 2 i(a)], j; 2 (a) = [.r 2 (ii), y 2 («)» ^ 2 (w)], then we shall use 
the ine(iiiality of Steiner in the form 

(2) 1AI> y. + h) S 7.(7, y.) + L(7, y^. 

Let us nol.e that in (1) and (2) the interval I C. h can bo replaced by any Borel 
.set 7i C 7o (see III.3.19), We shall be interested particularly in conditions 
under Avliich the sign of equality holds in the inequality of Steiner, and more gen- 
erally in the inferences that may l^e drawn if the t'wo sides of the inequality of 
Steiner differ .slightly from each other. Let us note that the result in III.3.27 
is a relevant contribution from this point of view. We shall discuss presently 
certain elementary inequalities concerning vectors which will be needed in the 
sequel. 

111.3.33. Let Oi = (xj , yi , Zi), a 2 = (jr 2 , l/z , 22 ) bo vectors in Euclidean 
three-space. Then 


234 


III.3.33 


I (ti I = + yi -f- I fig I ~ + 2/3 H- 

are the lengtlis of these vectors, and rtiOa = a*ia ;2 + is their scalar 

product, By the triangle inequality we have | fli [ -{- | Oa | — | fli + fta | ^ 0. 
We assert that the sign of equality holds if and only if [ tti j | fla | *- rtitta = 0. 
This follows readily from the identity 

0 Oi I + j fta 1)^ “ I + flg (^ ” 2(1 Oi ( I fla I aitta)* 


in.3.34. Continuation. If Ci 7 ^ 0, ^ 0, then | fli 1 1 Ca 1 — flirta = 0 if and 

only if Oi/j Oi | — (la/l (ta |. This follows from the identity 


I n, I I tta f C.fia “ 



111,3.3 S, Continuation. If Oi 7 ^ 0, rta 0, then | (ii p j Oa P — (ftiOa)’’ “ 0 
if and only if rti/| rti | = dzCa/l eta |. This follows from the identity 


I a, p I na r ~ M" 


_ I g. P I P f 'ai . g=» Yf 

4 V| fli r I Ca I/M fti I 



111.3,36. Continuation. For any two vectors Oi , O2 we have the inequality 


(1) I Oi I I flg I ~ girta ^ Cl Cl I + I Ha I)(| tti | + | aa | - I gi + Ha |). 

Indeed, wc have the identity 


I til I I Ca I — giHa 

“ (I gj I “h 1 fla 1 “h 1 gi 4 “ ga |)(| gi | -H I ga I ” | gi ga I)/2. 


Since | Ci + Ca | ^ | ai | H- | aa |, the inequality (1) follows. 

III. 3.3 7. Continuation. For any two vectors Oi , Ca wo have the inequality 

I n. P f tta - (g.gap ^ (I gi H- I n. 1)^(1 g. I + I aa I - I g. + ga |)/2. 


Paoop. The identity 

I Cl f I rta I + Cifla ~ [(I gi I 4“ I ga |)^ (gi ~ rtapj/s 

yields the inequality 

I gi I I fla I + rtiHa ^ (( gi I 4“ I aa |)V2. 

Multiplication by the inequality 111.3.30(1) yields the desired result. 

IIL3.38. Continuation. For any two vectors Ci — (a?! , 2/1 , Zi), (la ~ (xa , 
Va , z^} we have the Lagrange identity 

I Cl P I Ha P — (giga)® = iViZa ” 4" ~ ZaXif + {x^ya - XaVif • 

Suppose now that Oi , Ca are of the special form di = (1, yi , Zi), Ca = (1, Va , ^ 2 )- 
Then «i — 02 = (0, yi — ya , Zi — Za) and the Lagrange identity reduces to the 
form 
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I fli n 02 P - (aia2)' = {yiZi ~ y2Zif H- | fli "" ^2 

There follows the statement: if ai = (1, , Zx), aa = (1, , z^), then 

I «i " 02 ( ^ [( 0, n as - (ala3)'’J'''^ 

111.3.39, Let Oi , tta bo vectors of the special form ai = (1, , Zi)^ (la = (1» 

2/a , ^a). Consider the quantities 

I ~ Oa 1, I Oi I ( aa I - rtiOa , | (li T U2 I* ““ (aifta)'. 

We assert that if one of those quantities vanishes, then tho other two vanish also. 
The proof follows readily from III.3.34, IIL3.3S, III.3.38. 

111.3.40, Suppose that the vector functions i’2(w) are continuous and 

BV in Jo ; do ^ w ^ 60 . Let Bq be a Borel sot in Jo , If 

(1) HBo , i'r + h) = L(^o , ¥1) + L(Bo , ¥2), 

then we have also 

(2) L(B, ¥, + ¥2) = L{B, ¥1) + L(B, ¥2) 

for every Borel set B C Bo (of. III.3.17). 

Proof. By 111.3,19 wo have the inequalities 

(3) L(B, ¥1 -h ¥2) ^ L(B, ¥1) + L(B, h), 

(4) L(Bo - B, ¥, -h ¥3) ^ “ B, ¥1) “h L(Bo - B, ¥2). 

.Suppose that the sign of inequality holds in (3). Addition of (3) and (4) yields 

then L(J5o ) h + ¥a) < B{Bo , ¥1) + L(J?o , ¥2) iii contradiction with (1). Thus 
the sign of equality must hold in (3), and (2) is proved. 

111.3.41, Suppose that the vector functions ¥i(w)> ¥2(w) arc continuous and 
BV in Jo ; cfo ^ w ^ 60 . Let ¥.(w) = ¥»(.(w) 4- ¥<»(w)> ^ = h 2, bo tho normalized 
Lebesgue decompositions of ¥i(w), ¥2(w) in Jo (sec III. 3. 24), We assort that tho 
relation 

(1) , ¥1 + ¥2) - L(/o , ¥1) + L(Jo , ¥2) 

holds if and only if L(Jo , ¥i<, -f ¥2«) = , ¥1 J + L(Jo , ¥20), L(Jo , ¥j. + ¥2*) == 

L(/o , ¥i«) 4“ L(Jo , ¥29)' 

Proof. Put d, = L{Io , he) 4- Uh , ¥2«) - L(Jo , ¥i« + ¥2..), d, = L{h , ¥1.) 
4- L(Jo , ¥2.) ~ L(Jo , Xu 4- ¥2.). Then ^ 0, d. ^ 0 by III.3.10. By IIL3.27 
it follows that 

•L(Jo , ¥i 4“ ¥2) “ L(Jo , ¥in 4- ¥2n) 4- L(Ia , ¥t. 4- ¥2.) 

“ [L(Jo , ¥la) 4" L(Jo , ¥2 <i) “ da] 

4" [•L(Jo , Xu) 4* L(Jo , ¥29) ~ d,] = B(Io , ¥i) 4~ L(/o , ¥2) ” (da 4“ d,). 
■Since da ^ 0,d, ^ 0, we conclude that (1) holds if and only if da — 0 and d^ — 0. 
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111.3.42, Suppose that the vector functions i’ 2 (w) arc continuous and 

BY in /o : Oo ^ ^ j and L(h , + ya) = L(Iq , I'l) + L{Io , ¥ 2 ). Then the 

followng relations hold, 

(i) I i’i ) + U’U " I = 0 a.e. in h ■ 

(ii) I i'i J ) Xi I - i'fil = 0 a.e. in h . 

(hi) I xi r 1 r - = Oa.e. in h . 

Proof. By III. 3. 41 we have the relation L(Io , ¥io + ¥ 2 fl) = L(h , i'lo) + 
Mh 1 ¥ 2 n), which hj’' 111.3.16, III.3.24 is equivalent to the relation 

/ (If! 1+ I rJ I - I r! + ii I) *' = 0. 

To 

Since the integrand is clearly non-nogative a.e. in h , the relation (i) follows. 
Now (ii) follows from (i) by 111,3.33, and clearly (iii) is a consequence of (ii). 

111.3.43. Suppose that the vector functions ¥i(zi), ¥a(ii) are continuous and 

BY in Jo : Oo ^ ^ ho . Let E denote the subset of Iq where ¥( , ¥2 both exist 

and are both different from zero. For u ^ E we clefiiic the veeioi\s , I 2 by the 
formulas 


The vectors ti , may be interpreted as the unit tangent vectors of the curves 
given by the equations x ~ ¥i ('’•<•)> ¥ — ¥2('20 respectively. Suppose now that 
L(/o , ¥1 + ¥ 2 ) = L(/o > ¥ 1 ) + •L(Jo , ¥ 2 ). We assert that h = tz a.e. on the set E. 

Proof. Since ¥1 0 and ¥2 0 on E, the assertion follows from III.3.42(ii) 

and IIL3.34. 

in.3.44. Suppose that the vector functions ¥i(«), ¥ 2 (w) arc AC in • «o ^ 

^ ho . Then L(/o , ¥i “H ¥ 2 ) = > ¥ 1 ) + I/(7o , ¥ 2 ) if and only if [ ¥i I I ¥ 2 1 - 

¥i ¥2 = 0 a.e. in Jo , or equivalently (see III.3.33), if and only if | ¥( 1 + I ¥ 2 1 ” 

I ¥1 + i'H - 6 a.e, in Jo . 

Proof. The necessity follows from III.3.42. Since ¥i(w), ¥ 2 (n) are AC, the 
suffieioncy follows from the formula (cf. III.3.16) 

L(f(i , ¥ 1 ) d" E{Jq , Pa) — L(7o , ¥i “h ¥ 2 ) “ y (| ¥1 I “h | ¥2 I ~ ( ¥t d~ ¥2 |) da. 

Jo 

IIL3.45. Suppose that the vector functions ¥i(w), ¥ 2 (u) are AC in lo : ^ 

u ^ ho . Let E, ti , U have the same meaning as in III.3.43. Then the relation 
L(-^o , ¥i + ¥ 2 ) = L(Jo > ¥ 1 ) + L{lfi , ¥ 2 ) holds if and only if h — ^a a.e. on E. 

Proof. The necessity follows from III. 3. 43. To prove the sufRcicncy, we 
note tliat obviously | p' 1 + | p' | _ | | ^ 0 a.e. on h ~ E, On E itself, 

we have now xi/\ ¥J ! = ¥ 2 / 1 ¥2 I a.e. by aR.sumption, and hence (see ITI.3.34, 
111.3,33) we have also | p( | + | ¥2 I - | Xi d- ¥ 2 1 = 0 a,e. on E. Thus UMd- 
! ¥n ~ i id d~ ¥2 I = 0 a.e. in Jq , and by IIT.3.44 the relation L{I^ , ¥1 d- ¥ 2 ) = 
Hh , ¥ 1 ) + J{Jc , ¥ 2 ) follows. 
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III.3.46. Suppose that the vector functions j2(«) are continuous, BY 
and singular in Jp : Oo ^ w ^ . The corresponding set functions L{B, y,), 

B(B, 3:2) arc then singular in Ip by III. 3. 25. We have therefore, by 1.3. IG, two 
Borel sets e, , of measure zero in Ip , sucli that L{B, j;,) ~ Z(e,B, i-,), L{B, 
yz) = 7j{gzB, ys) for every Borel sot J5 C /o . Let us note that the sets Ci , are 
not determined univocally by Suppose now that Ci , ea can be so 

chosen that CiCz = 0. We assort then that L{1q , y, + y^) = L(7o , yj)-j- 
7^(7 0 , i’a)' 

Proof. By III.3.10 we have L{h , h + h) S L{1 ^ , y,) + L{U , 3:2). The 
complcraontaiy inequality may bo obtained, in view of III.3.19(iv) and the as- 
sumption CiCj = 0, as follows: 

B(/o , J'l + t’a) ^ /-/(ci c-i , y, -f y'a) = L{ei , yi -}- ya) -f- Bfea , fi + i'a) 

= [B(ci , y,) 7j{e\ , ya)] -|- fB(ft2 , y2) ^(®2 j yO] 

~ 7^{7a , i'l) “ B(e2tJi , j’a) + L(/n , ya) — /v(eie2 , yO 

— I/(/p , y,) -{- L(/n , y’a), 

ni.3.47. Let yj(w), y2(w) be ^vector functions of the special form yi(u) = 
[w, yi(u), Zi{u)], % 2 {u) = [u, y^i'u), Ziiu)], where y^iu), z^{u), yiiu), z^iu) are 
continuous and BY in : Qo ^ w ^ . Suppose that (ef. IIL3.32) 

i{u , = [/-.'(/. , t.) + m, , i,)]/2. 

Then y( = ya a.c. in 7p . 

Proof. Let U , fa have the same moaning as in IIL3.43. Since now 
I I ^ I; I ?2 i ^ 1 wherever y( , y^ exist, it follows by III.3.43 that h = /a a.e. in 
To . Hence y, = yj a.e. in 7o by III.3.34, III.3.39. 

111.3,48, Given ^*1(^0) h('^) III. 3.47, let us add the tussumption that 
?i(w), ^siu) are AC in 7o . Then the relation 

(1) l(io , ~ [L(7, , f.) + Ldo , f,)] 

holds if and only if yi(w) — ya(?0 is constant in 7o . 

Proof, (i) Suppose that ):i(u) - ya(R) = a = constant in 7o . Then 
(sec III. 3. 19) 

l(/„ , = 1(7, , f> + 1) = 7,(7. , {,), 

L(7p , y,) = L(7p , y'a “b e) = 7/(7o , ya), 
and hence (1) holds. 

(ii) Suppose that (1) holds. Then yj = y^ a.e. in Iq by 111.3.47. Since 
?i(w)> ’¥2 (w) are both AC in 7o , it follows that the vector function yi(u) — yaCzf) 
is both AC and singular in 7o . Hence yi(w) — yaCu) is constant in 7o (see I IT. 3. 20). 
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III.3.49, Suppose that the vector functions i‘ 2 (w) ft-re continuous and 
BV in la : ciq ^ u S • Then 


(1) m, t.) + L(i, h) - m, h + .{,) & / (I t( 1 + 1 f5 1 - I f! + I) 

/ 


for every interval I G Iq . 

Proof. Consider the interval function ^(/) — T(7, 3 : 1 ) •+• T(/, 52 ) ~ 7/(7, 
i'l -f- J 2 }‘ Then ^(7) ^ 0 by and ^(7) is additive by 111,3.13. Further- 

more, the derivative of ^(7) is equal to | yJI + I ¥2 1 — 1 ¥1 + ¥2 I a.e, in 7o 
(cf. III.3.13). Thus (1) follows by 111.1.29, 111.1.62. 
ni.3.50. Given yi(w), as in III. 3.49, we assert the inequalities 


( 1 ) 


/ (I ¥1 I I ¥2 I - du 




$: [L(I, jO + m, r,)][L(7, f.) + L(I, t,) - LH, j. + £,)], 


(2) 


{/ [| f! n I’ - duj‘ 


^ mi, h) + m, h)Tmi, f.) + m, &) - m, s. + f.)]/2. . 

Proof. By III.3.36 we have the inequality ■ 

(I I I - ftfcO'" g (I f.' I + 1 f.' I + 1 I - 1 ft + 5 $ I)'" 

a.e. in h . 

Integration yields, in view of the Holder inequality with p ~ q ^ 2 (see 1.3,10), 

[/(I It 1 1 I 

I 

^ [/ If! I * + / I rf I <*«][/ (I ?! 1 + I I - I f{ + {^ I) du , 

III 

and (1) follows by 111.3.13, III.3.49. The proof of ( 2 ) is similar, starting with 
the inequality (see III.3.37) 

[I ¥( r I ¥$ r - (¥i¥0T^^ ^ I + I 1)^^^ 

(\ ¥( I + I ¥n ~ I ¥i + ¥$ ()‘^^ 

and then applying the Holder inequality with p = 4/3, ? = 4 . 

in.3.51. Continuation. The inequalities derived in III.3.50 yield lower 
bounds for the quantity 7.(7o , ^0 + L(Io , h) - + js) in the following 

manner. Let <8 be a measurable subset of 7o , and let e, 5 , il7 be constants such 
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that I 5 i ^ ^ 0, I i-(| I i-n - M ^ 6 ^ 0 on and L(h , h) ^ M, 

L{h ) h) ^ Then we have the inequality 

( 1 ) I h) ~i~ ) 12) “ ■i'C/o } i’l "f" i’2) ^ 

indeed, obviouslj’’ 

/ (I t; I I ril - 6 / (I t! I I I - ?!!■!)■'’<*« 6 =■"{. 

/p , a 

By 111,3.50(1) it follow.? that 

eS* ^ 2il/[L(/o , i’l) + L{1'^ , ^2) — L(Io , Ji + ^2)], 

and (1) is proved. Next, let be a measurable subset of lo , and let e^, , M 
be constants such that | | ^ ^ 0, j ?{ H ¥2 T ~ ^ ^ 0 on <S^ , 

and L(/o , j,) ^ M, L(Io , i‘2) ^ M. An analogous reasoning, using 111.3.60(2), 
yields the inequality 

(2) L(Io , i'l) + Klo , h) “ L(Io , i’t + h) ^ 

The inequalities (1), (2) may be considered as refinements of the results stated 
in IIL3.42. 

111.3,52. Suppose that the vector functions yi(w), i:2(w) are of the special 
form yi(w) = [w, y,(w), 2,(20], i'2(w) = [w, 2/2 (w), Z 2 (^l)}, where 2,(w), ya(u), 
Zsiu) are continuous and BV in /o : Oo ^ w ^ 60 . Since then | | ^ 

I n lr‘2 P ” (jii’O* by III.3.38, we obtain from III.3.60, 111.3.51 the following 
statements, 

(i) For every interval / C -fo we have the inequality 



^ [L(I, ¥,) + L(I, h) + W, i’O - L(I, h + i‘2)]/2. 

(ii) Let <? be a measurable subset of h , and let ju, ij, ‘M bo constants such that 
I <? I ^ /u ^ 0, I i‘i — ¥2 I ^ 77 ^ 0 on (?, and Z/(7o , Ji) S L{Io , jO ^ M, 
Then 

(2) Z(7o , h) + L(Io , i‘ 2 ) “ L(h , i‘, + h) ^ vVm'> 

Eemark. In view of III. 3. 10, the inequalities (1), (2) may be written in the 
form 

/ i.tj- rii""*]* 

m, f,) + L(i, t,) t. + _ 


s [£(/, ?,) + L(1, r,)]“ 
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yj\ > 4i) ~f~ ■^(■^0 ) 42 ) t( J 

2 2 i-ut' 

111.3.53. Let ¥„(w), « = 0, 1, 2, • * be a sequence of vector functions which 
are continuous and BV in /o ao ^ w ^ &o • Suppose that ^„(u) — > i’o(^<) uni- 
forml}^ in Jo . Then (see 1II3.6) L(Jo , i‘o) ^ lim inf L(7o , in) for n 00 . Simple 
examples show that the relation L(Io , i„) —> L(Iq , i'o) is not implied by the uni- 
form convergence of to i‘o(w). 

Definition. We shall say that i’„(w). con verges in length to Xoi'n)) in symbols 
i'n — ^ i*o(L), in Jo , if and only if the following conditions hold, (i) i‘„(rO is con- 
tinuous and BV in Jo , — 0, 1, 2j • • * . (ii) j*„(w) — > i’o(w) uniformly in , 

(iii) L{Io , i'n) ^ L(/o , io). 

We shall study presently some of the implications of the relation i„ ^ ro(L). 

111.3.54. Continuation. If Xn — > io(L) in Jq , then Xn -> ioW in every 
interval J C Jo • 

Proof. Given J C lo > wo can construct a subdivision D(Jo) of Jo , such that 
J coincides with one of the intervals J\ • • * , of D(Jo). Lot us put 

€, = L(r, io) “ lim inf 1(1’, i„), j - 1, • - , k. 

n-»ep 

Wo have then, since j,, — > io(L) in Jo , 

L(h , Jo) = lim L(h , J.) = lim E L(7’, jJ g E [lim int 1(1’, j„)l 

fl'-4» / **• I > *■ I n^eo 


= E w. J.) - .,] = uh , to) - E . 

t-i /-I 

Since ey ^ 0 by 111.3.6, it follows that ci « cg = • * • = ~ 0, and thus, in 
particular, L(I, Xo) = lim inf L(T, i'„). Since the same reasoning applies to 
every infinite subsequence of the sequence f i(t4), i; 2 (w)i • * • , the relation L(J, yo) 
= lim L(I, Xn) follows. , 

IH.3.5S, Given a sequence of (real-valued, scalar) functions fn(u), n — 
0, 1, 2, ' • ' , in Iq Co ^ u ^ ha , WG shall say that /„(w) converges in vanaiion 
to/o(w), in symbols /„ ~^/o(V)> in Jo if and only if the following conditions hold, 
(i) //>(«) is continuous and BV in Jo , n = 0, i, 2, > ■ • . (ii) /„('n) — > /o(w) 
uniformly in Jo . (iii) V(Jo , /„) ^ V(Jo , /o) (sec IIL2.13). 

111.3.56, Given a .sequence of vector functions y„(w) ~ [^»(w)> Vnin), ^..(w)], 
n = 0, 1, 2, ’ • • , in Jo : do ^ n ^ 6o , we shall say that y„(w) converges in varia- 
tion to Xain)) in symbols -> yo(TO, in Jo if and only if a’„ — > .ro(V)> Vn — > t/o(TOj 

^oiy) in Jo (see III.3.55). 

111.3.57. Given a vector function y(tO = [.'r(w), y{u), z{u)], wt shall use the 

notations y*( 2 «), ¥*(^0 to I’ofoi’ to the vector functions [0, y(%i), z(u)], 

[^(■w), 0, z(u)], [.r('w), y{u), 0] respectively. 
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Theorem, If f„ — > {see HI. 3. 53), then 

(1) fn -> in i'o(^^), in h ^ 

Proof. Let 1 be a generic notation for an interval in Zq . We put (see III. 3. 2) 

<Xn{f) = g\ih in), = {hih in), 

Yn(Z) “ in), O’nfZ) (/(Z, in), 

\ff) = iO, Mn(Z) = {/(Z, iO, »'«(Z) == g{I, i^). 

We have then the relations (see III.3.4, 111.1.5, 1111.52) 

Uh in) = m, <Tn), Uh in) = W. K) , 

L{1, iO = C/(Z,iUn), /■>(/, if.) = r/(Z,V„). 

Clearly, the interval functions «„(/), /3„(Z), 7 „(Z), (r„(Z), X„(Z), iu„(Z), v„(Z) satisfy 
the assumptions in III. 1. 10 (cf. III. 1.62), and the relations (1) follow. 

111.3.58. Continuation. In fact, III.3.10 yields the further relations 

U{h , «n) ^ U{U , «o), U{h , ^») -> , ;9o), IZ(Io , 7») "Uih , 7o). Since 

clearly I7(Zo , a„) ~ F(Zo , x„), U{U , ^n) — , ?/«), U{I ^ , 7 n) = T(Zo , O 

(of, 111,2.13), we obtain the following statement (cf. III.3.56). 

Theorem. If i„ io(Z/) in Zo , then i„ — > io(7) in h . 

Remark. Simple oxam])les show that the converse is generally false 

111.3.59. If i„ -> io(L) in Zo (see III.3.63), then 

(1) Z/(Z„ , in) -b L(h , io) ” Z/(Zn , i„ + in) 0. 

Proof. Since i„(«) —> io(R) uniformly in Zo , wo have by 111.3.6 the inequality 

(2) lim inf L{Io , U + h) ^ Z,(Zo , 2io) = 2L(Zo , io). 

By the inequality of Steiner we have 

(3) 0 ^ /'(Zo , in) "b /'(Zo , io) /'(Zo y in ~b io) • s 
From (2) and (3) we infer, in view of the assumption i„ — > io(/'), 

0 ^ lim sup [Z/(Zd , in) + /'(Zo , io) ~ /-(Zo , in + io)] 

I 

= 2L{Io , io) “ lim inf L(Zo , i„ + io) ^ 0, 
and (1) follqws, 

111.3.60. If in io(/') in Zo (see III. 3. 63), then 
/ (I in I + I in' I “ I in + i‘<' ()t^'i-^0> 


( 1 ) 


III.3.60 


242 



(2) 

/ (1 !■; 1 1 i'W 

la 

- iU!,y'’ dll -*0, 

.( 3 ) 

/ [i r 1 si 



/« 


Proof. By III. 3. 49 we have the inequality 

/ (h; I + 1 ts I - 1 1.; + ti I) 

^ L(I(, , i*„) + L(Io i i‘o) “ B(7o , -f- i’o)> 

and (1) follows in view of III. 3. 59. The relations (2) and (3) are established in a 
similar mamier, using III.3.50. 

111.3.61. If is a sequence of (real- valued scalar) measurable functions in 
io : flo ^ w ^ 6o , and/„(w) converges in measure to /o(w) in /o , then wo shall 
write: /n -»/o(il7) in Jo . In view of 1.3.12, III.3.60 we have then the following 
statement: if yo(J/) in Jo > then also | y' | + U’o I ~ I in + ?o I —> 0(M), 

I 1 1 I - xLxl. 0(iiJ), I r I r “ 0(ikr) in Jo . 

111.3.62. Suppose that the vector functions Xn(u), n = 0, 1, 2, • • • , satisfy 

the following conditions in J© : «o ^ w ^ 5o • (i) ?r.(w) is AC in Jo for n *= 1, 
2, • • - . (ii) yo(7() is continuous and BV in Jo . (iii) yo(w) uniformly 

in Jo . Then 

(1) lini inf f j j',' - Xo I dn ^ L(Iq , io) -* /* | i’o | dw. 

J J 

/« Jo 

Proof, By III.3.16 and condition (i) wo have, for n *= 1, 2, ■ • • , 
f \x',-xc\du^ I Ix'n \ du - j \ i'S I du = Lih , i'„) - f | i'g | du, 

lo I* la 

and (1) follows by 111.3,6. 

111.3.63. Suppose that the vector functions t„{u\ w = 0, 1, 2, • • • , satisfy 
the following conditions in Jo : Oo ^ w ^ &o . (i) i’n(w) is AC in Jo for n = 
1, 2, . . . . (ii)' i-o(t<) is continuous and BV in Jo . (iii) {u) -> j'o(w) uniformly 
in Jo . (iv) We have the relation (cf. III. 3. 62) 

(i) lini [ I y' ~ x'o I du - L(h , i'o) - [ Ui I du. * 

n-^CD V J 

la 

Then XoiL) in h (see III.3.53). 

Proof. By III.8.16 and condition (i) wo have, for n = 1, 2, * • ♦ , 

L{h i ^ f ( i’n I da g J I Xn - io j dw + j I ( du. 
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In view of (1) it follows that lim sup I;(Io , Xn) S L{h , J?o). Since L(Iq , i'o) g 
lim inf L{Iq , Xn) by IIL3.6, the desired relation L(Io , Xn) j ?o) is estab- 

lished. 

III.3.64. Suppose that the vector functions n - 0, 1, 2, • • • , satisfy 
the following conditions in /o : Uo ^ ^ l>o • (i) ?„(w) is AC in Iq for n — I, 2y 

• • - . (ii) yo(w) is continuous and BV in /q . (iii) y„(w) ^ i’o(w) uniformly in 
Jo - (iv) Wo have the relation 

(1) lim f I X» I du -= [ \ i’S I du. 

Jo Jo 

Then Xo(^) in Jo , and jo is AC in Jo . 

Proof. In view of III.3.16, the relation (1) yields 

(2) lim L(Io , Xn) = lim f I Xn | dw ^ f [ Xo I du ^ L(Iq , Xo ) . 

/a lo 


On the other hand, by III.3.6, 

(3) A(7o , i‘o) ^ lim inf L(Io , i'„). 

From (2) and (3) we infer that L(Jo , Xn) — ^ J'CJo t ?o). Furthermore, (1), (2), (3) 
imply that 

J I ^0 I dw = A(Jo , ^o)' 

I. 

Hence yo(w) is AC in Jo by 111,3. IG. 

111.3.65. Given a sequence of vector functions n ~ 0, 1, 2, ■ • • , in 

Jo J cto ^ w ^ ?Jo > we shall say that y„(w) converges strongly in length to yo(w). 
in symbols — > Jo (SB), in Jo if and only if the following conditions hold, (i) 
j„(w) is continuous and BV in Jo for n = 0, 1, 2, • > • . (ii) j„(w) Jo(^^) uni- 

formly in Jo . (iii) L(Io , J„ *- Jo) 0. 

Remark 1. If j„ Jo(SL) in Jo , then j„ — > jo(B) iu Jo . Indeed, by the 
inequality of Steiner, L(7o , X«) ^ J'(Jo > Jo) + A(Jo , X» ~ Xo), and thus wo have 
lim sup L(Io , Xn) ^ J/(Jo ) Jo)* On the other hand, L(Ia , Xo) ^ lim inf J/(Jo , J«) 
by IIL3.6. Hence L(lo , i‘„) — > L(Io , Jo)* 

Remark 2. Simple examples show that the converse of the preceding remark 
is generally false. 

111.3.66, ‘Given a sequence of vector functions j„('r), ?i = 0, 1, 2, • • ■ , in 

lo • cio ^ u ^ bo , suppose that the following conditions hold, (i) j„(w) is AC 

in Jo for n ~ 1, 2, • • - , (ii) Jo(r) is continuous and BV in J„ . (iii) — > Jo 

(SL) in Jo . Then jo(?«) is AC in Jo . 

Proof. By ITI.3.16 we have, for n = 1, 2, * • • , 
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/.(/„ . fj = / I I S / I ri I rf« + / I - ti I du 

/, u u 

a) 

^ /* I in I "t" •^■'(■^0 ) i'« “ ^ L(Io , yo) -f- L(/o , y„ — i’o). 

/o 

By 111.3,65, Remark 1, L(Io , j:„) L(I„ , io)- Thus (1) yields, for 7 i — >co, 

L(h,x.) = / I i'f. 

/o 

Hence jCo(Ji) is AC in Iq by III.3.16. 

IIL3.67. Given a sequence of vector functions yn(i^)> == 0, 1, 2, • • • , in 

h • Qo ^ u ^ ba , suppose that the following conditions hold, (i) y„(v) is AC in 
/o , n = 0, 1, 2, • • - . (ii) i'„ ^ i’oCL) in Jo , (iii) bi ^ fo a.o. in Jo . Tlien 
Xn -» lo(SL) in Jo . 

Proof. By IIL3.16 wc have the formulas 

(1) Lilo , Xn - i'o) = j I Xn ~ XO I ClU, J(Jn , X>,) = j i X(. i dU 

/o lo 

n = 0 , 1 , 2 , •• 

In view of condition (ii), we infer from (1) that 

(2) J U' i J I du. 

/o Jc 

In view of condition (iii), (2) yields (see 1.3.11) 

( 3 ) f h'- sildu-^0. 

(1) and (3) show that L(Io , x» — i’o) —> 0, 

111,3.68. Suppose that the vector function i’(w) is continuous and BV in 
Jo : Qo ^ ^ ho • Lei J)„(Jo) be a sequence of subdivisions of Jo such that 

II A)„(Jo) i| — ? 0 (see III. 1.4, III. 1.62). Ror each n, let g„(u) be the quasi-linear 
vector function defined as follows in Jo : the components of q„(u) are linear in 
each interval of D„(Io) and at the end points of these intervals agree with the 
corresponding components of j(zi). Geometrically, one may think of the vector 
functions g„(u) as detennining inscribed polygons of approximation for the 
curve given by j = i;(u), xoG h . In view of this interpretation, it is of interest 
to study the relationships between the sequence <?„(■?/) and the vector function 
jc(w). 'Wq list a few relevant statements. 

(i) Qn(u) uniformly in In . This is an obvious consequences of the 

continuity of 
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(ii) q'M -> fill) a.e. in /q This follows readily from III. 2.1. 

(iii) (?„ — > xiL) in In . This was shown in TILS. 9. 

(iv) Qn —> i‘(F) in In . This follows from (iii) and 111.3,58, or else directly 
from IIL2.17. 

(v) If ^(u) is AC in lo , then q„ 3;(SL) in A . Since clearly eaeh q„{u) is 
AC in In , this follows from IIL3.67 in view of (ii) and (iii). 

(vi) Conversely, if q„ ?(SL) in A , then i'(it) is AC in A , by III.3.66. 
III.3.69, We shall consider presently a sequence of vector functions ?„(w), 

71 = 0, 1, 2, • • • , of the special form i*„(z4) = [u, y,Xu), z„{^i)], where t/„(«), z^iu) 
are continuous and BV in A : «o ^ w ^ 5o , and j:„ -> XoiL) in A (see III. 3. 53). As 
compared with the general case, a number of more precise statements may be 
establi.shcd in this special case. A few examples follow, in the way of illustration. 

ni.3.70. Given a sequence ^„iu) as in 111,3.69, from 111.3.52, III. 3. 59, 1.3.12 
we infer the relalions (cf. III.3.01) 


/ [ f„ " i:o*r^'da -> 0, f 


fo(M) 


in A . 


cohere the second relation means that \ — i'o | O(ill) in lo . 

III.3.71. Continuation, The preceding result admits of the following 
improvement. 1/ 0 < X < 1, then 


( 1 ) 


/ I S'' 


1 ^ dll — ^ 0 


for n 


PnooF. Lot us put F„(u) ~ \ f„{u) — ^o(w) |. We have then, by III. 3. 16, 

/ Kill) (hi .i I I f,', I <h + / h« I S Uh , 1-.) + LiU , to). 


Since I/(7o , h) j fo) by assumption, there follows the existence of a 

constant G such that 


( 2 ) 


J Fn dll ^ G < 00 , 


n 


1 , 2 , 


By III. 3. 70 wo have the relation 

(3) A, 0(il/) 


in Jo . 


Now give e > 0. Let denote the subset of lo where ^ In view of (3) 
we have then a positive integer N such that 




(4) I ^ 

The Holder inequality, applied with p “ 1/X, </ = 1/(1 — X), yields 


for n > N, 
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( 5 ) j F„du'j(^l du)''\ 

Hn /;„ 

By (2), (4), (6) we obtain now, for tv > N, 

I FUu = / Ftdu-h f K du ^tjhl + O’-IE,, r-‘ = (I /„ 1 + 1)6. 

To'^^n 

Since 6 was arbitrary, the relation (1) follows, 
in.3.72. Continuation. For X = 1 ilio relation 111.3.71(1) may fail to 
hold, as the following example shows. Let f(u) bn a (scalar) function which ia 
continuous, BV, singular and non constant in Iq , and lot (jr„(w) bo a scquonco of 
quasi-linear vector functions associaiocl with the vector function j;(iO = [u, 
/(w), 0] in the manner described in III. 3. 68. Tlion clearly each q,iu) is of the 
form (?«(w) = [n, /«(«). 0]. Thus q'^u) = [1, /'(w), 0) and t{u) = fl, 0, 0] a.o. 
in Zo (since /(w) ia singular). Sinco (?„(w) is clearly AC in Zq , wo obtain (cf. 
111,2.29) 

(1) / 1 (?; - f' I * = / \s',\du^ v{i „ , /„), 

Now F(/o , /.) -> y(/o , /) by TII.3.68(iv), Thus (1) yioUe 

f I 3^ ~ {' I (ht Y(h , /) > 0, 

to 

since /(w) is not constant in h . 

III.3.73. Continuation. In view of the preceding negative result, the fol- 
lowing remark is of interest. Given the sequence tM as in 111,3.69, wo have 
ji(M) « [1, Vniu), Zniu)] a.o, in Zo , and thus clearly 

) i’X«) j ^ I a.e. in Zo , « 0, 1, 2, • • • . 

Wlierever (1) holds, we can consider tho unit vector U. ~ ?/,/| ( (see III.3.43). 

Thus tn is defined a.e. in Zo . We aeeeH that 


( 2 ) 


j \ ^0 I 


du 0 


for n 


Pkoop. We start with the identity 






= 2(1 1 I - 

1 h; 1 ' 


( I So . 

which yields, in view of (1), the inequality 
By 111.3.60(2), the relation (2) follows. 


a.o, in /„ . 
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III.3.74. Given a sequence of vector functions j;„(w) « [w, Zn{u)] as in 

III.3.69, let us add the assumption that ^q{u) is AC in h . Then (ch III.3.71, 
in.3.72) 

(1) / li-i - si I rf« 0 . 

r„ 

PnooF. (i) Let us first assume that 

(2) i’,' fn a-e. in la . 

By 1.3,10 we have then 

(3) J Ipo \ du ^ lim inf j ( y' | du, 

u u 

On the other hand, since Xom in h by assumption, we have the relation 
h “> ^y) in h by III.3.58. Hence, by III.2.22, IIL2.29, 

(4) I \ Vi I dug y(/, , y.) V(Io , »o) = / \yi\ du, 

Jo 1, 

and consequently, in view of (3), 

(5) / J ( z/S I dti. 

To To 

The relations (2) and (6) yield, by 1.3.11, 

(6) J I Vn ~ yii 1 du 0. 

A similar argument shows that 

(7) J I “ «o I dll — > 0. 

To 

Since | j,' - i’o | ^ | y,' - 2/o I + I | n.e. in Jo , (6) and (7) imply (1). 

(ii) Now lot us drop the assumption (2). Given e > 0, let us denote by KCe) 
the class of all those positive integers n for wliich 

(8) j I Xn ~ io \du^ e. 

To 

Clearly, (1) is proved if we can show that the class 7^(e) is finite for every s > 0. 

Suppose that /C(6) is infinite for a certain e > 0. Then there exists an infinite 
sequence ni < Wa < ■ • * < n* < • • • , such that (8) holds for n n* , A; >== 1,2, 

• ■ • . By 111,3.70, 1.3.12 it follows that this sequence contains an infinite subsc- 
,quence mi < m^ < * • * , such that 

•o 
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(9) iwi — ^ i'o a.c. in /„ . 

Since each m,, belongs to K{i), wc have also 

(10) / 1 - s; I g <, i-=i,2, •••, 

/o 

Clearly, in view of (9), the sequence satisfies all thq assumptions used in 
part (i), and thus (10) contradicts the result obtained there. 

III.3.75, Given a sequence of vector functions as in III.3.09, lot us add the 
assumption that is AC in lo . Then y,, — > i'o(SL) in (see III.3.G6). 

Proof. Let i’„(w) — i‘„o(w) -h ¥«*(») be the normalized Lebesgue decomposi- 
tion of in In (see III.3.24). Since yo(w) is AC in Iq by assumption, wc have 
then (see III, 3. 27) 

A(Lo. , fn in) L(X(, , i'„„ J,’(] -{- Jns) ■L(/q , ^'o) L(/n , in,) 

( 1 ) 

= L(h , ina in) + L(/o , i’„) ” L(/o , i'„,). 


By HI. 3. 16, 111.3.24(1), 111,3.74 we obtain 


(2) I-j(Io , i'lia id) j ) i'no i'o [ dli J' I i,*! Jo j (iu — > 0. 

fo lo 

Thus i‘„o — > io(SL) in , and hence by 111.3.65 

(3) ,i-„„)~.L(Jo,i'o). 

Since L(Jo , i„) -> L(Io , i*o) by assumption, (1), (2), (3) imply the a.ssertod rela- 
tion L(Io J ■” i'o) — > 0. 

Remark. Comparison of the preceding theorem with that proved in III.3.67 
shows the type of improvement that may bo expected in dealing with vector 
functions of the special form j;(r) = [u, y(^i), z{u)]. 

111,3.76. Given a continuous vector function of the general form i'(w) = 
y{u), z(u)] ill Jo i do ^ w ^ 6o , denote by r, ti , , ts the transformations 


T 

11 

y = yi^), 

Z ~ 

■w G Jo » 

Ti 

'.x— 0 , 

y = y{^)i 

II 

G Jo , 

T2 

; X = .T(ii), 

y = 0 , 

II 

w e Jo , 

73 :x = x(u), If = y{u), 3=0, 

The set r 3 (jQ) is then a bounded closed set in the a:^-plane. 

w G Jo . 

Wc assort that if 


one of the components a;(w), iji-u) is BV in , then the (two-dimensional) measure 
of t 3 (Io) is equal to zero. Suppose indeed that xiu) is BV in I a . Then the 
corresponding function N{x, h) is summable (sec III. 2. 12), and hence wc have on 
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the :c-axis a set e^. of (lineai’) measure zero, such that A^(.i’o , I o) < “ for Xo ^ . 

In other words, the lino x = .ro , in the .x'y-plane, intersects the set r 3 ( 7 o) in a 
finite number of points at most if .ro ^ e, . By 1.3.6 it foIlo\v.s that r 3 (/o) is of 
(two-dimensional) measure zero. Similar statements hold for the sets t,(/o), 
r 2 (/a)- Since these sets are the orlliogonal projections of the set r(/o) upon the 
yz-, ZX-, rcy-plancs respectively, it follows that the sot r(7o) is of (three-dimen- 
sional) measure zero as soon as one at least of the components .r(w), y(u), z(u) is 
BV in 7o . In view of I II. 3. 12 we infer that if L(7o , f) < oo , then the set t(7o) 
is of (three-dimensional) measure zero, and the sets ri(7o), T2(7o), t3(7o) are of 
(two-dimensional) measure zero. 

111.3.77. The preceding thcoi’y is concerned with vector functions defined in a 
linear interval. An analogous theory can be developed for vector functions 
defined on a simple closed curve. Wo proceed to study this case presently, 
restricting ourselves to facts actually needed in the sequel. Let (7 be a simple 
closed curve (.sec 1,2.31), and lot p be a generic notation for a point on C, If 
•^(p)f I/(p)f ^(v) (real-valued) continuous functions on C, then i’(p) = 
[x{p), vip)) ^iv)] Is a contimious voctor function on (7. The concepts needed in 
our study of such vector functions will now be listed, 

111.3.78. Continuation. Let 0 ( 7 ) he a real- valued function which is defined 
for every simple arc 7 on (7, and also for 0 itself. We shall then term ^{y) an 
interval function defined on (7. 

Lot 7 i , Yz bo sub-arcs of C which have one end point or both end points (and 
nothing else) in common. If 0(71 + 72 ) S 0(7i) + 0 ( 72 ) foi’ every choice of 
7 , , 73 , then 0 ( 7 ) is said to increase by subdivision. 

A subdivision 7)(C) of C is comprised of a finite number of sub-arcs 7 , , ’ • ■ , 7 „ , 
without common interior points, whose sum is C. Wo shall write 7 £ D{C) 
to express the fact tliat 7 is one of the simple arcs occurring in D{C)> The 
symbol || D{C) || will denote the maximum diameter of the arcs 7 G 7)(C'), . 

The symbol 0[i)(C7)] is defined by the formula 0[7)(f7)] ^ £ 0 ( 7 ), 7 G 7)(C), 
and the symbol C/’((7, 0 ) by the formula U{C, 0 ) = l.u.b. 0[7)(C)], where the least 
upper bound is taken with respect to all subdivisions D{C) of C. 

IIL3.79. Continuation. Lot us take a point p* on C which will be kept 
fixed. The symbol C7*((7, 0 ) is defined as U{C, 0 ), except that we use only 
subdivisions 7) (C) for which is a point of division. Clearly C/’*'((7, 0 ) ^ U{C, 0 ) . 
If 0 ( 7 ) increases by subdivision, then clearly XJ^iC, 0 ) = U{C, 0 ). 

ni.3,80. Lot f{p) be a real-valued function on C. Wc associate with f{p) 
an interval function 0 ( 7 ) = j f{h) — J{a) |, whore a, & are the end points of the 
simple arc 7 . We agree to put 0((7) = 0. We define the total variation V {C, f) 
of /(p) on C by the formula y(C, /) = C/((7, 0 ). If F((7, /) < “, tlien/(p) will 
bo termed BV on G (of bounded variation on C), Since now 0 ( 7 ) clearly increases 
by subdivision, wo have also V((7, /) == U^{C, 0 ) (see IIL3.79). 

If /„(p) is a sequence of real-valued functions on <7, a — 0, 1 , 2, ■ • ♦ , then we 
shall say that/„(p) converges io/o(?3) ii' variation, in symbols /„ fo(V), on C 
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if and only if the following conditions hold, (i) f„{p) is continuous and BV on 
C. (ii) Mp) ~>/o(p) uniformly on C, (iii) V{C, f„) V(C, /o). 

in.3.81. Lot f(jD) = [a;(p)j y{p), zip)] bo a continuous vector function on C 
{see 1113,77). Wc associate with j;(p) the interval functions 

gi{7, y) == I •'C(&) “ I, (f2{7, J-) == I vib) - via) I, gs(7, i’) = | z(b) - zia) \, 
f/(T, ?) = [ 91 ( 7 , if H- 1/2(7, if + 9 ^( 7 , if]‘^', 

where a, b are the end points of the sub -arc 7 of (7. We complete these definitions 
by setting g^iC, j;) = g^iC, t) == 9a{0, = giC, y) = 0, Finally, we define 

L{C, ?) = U(C, g). Since g(y, j) clearly increases by subdivision, we have also 
1(0, = U*(a, g) (sec III.3.79). 

Given a sequence of continuous vector functions i'„(p) on (7, n = 0, 1, 2, • ♦ • , 
we shall say that ^„(p) converges in length to i*o(p), in symbols ^ i‘o(Z,), on C 
if and only if the following conditions hold, (i) L(C, i*„) < +«, n = 0, 1, 2, • • • . 
(ii) y„(p) ^ So(p) uniformly on C. (hi) L(C, i\,) -4 L(C, i’o). We shall say that 
^„(p) converges in variation to ]Co(p), in symbols — > yo(V), on C if and only if 
the components of i’„(p) converge in variation to the corresponding components 
of JoCp) (see III. 3.80). 

III.3.82. Let us assume that the simple closed curve C is oriented (see 1.2.31). 
Given two real-valued functions F(p), G(p) on C, the Stieltjes integral / FdG 
around C is defined as follows. Lot pi , ' • • , bo distinct points on C which 
follow upon each other according to the given orientation of (7, and let 7i , 72 , 

' • ’ > 7n~j , 7« bo the sub-arcs of 0 with the end points pi , p2 ; P2 , Pa ; * • • ; 
Vn-i » Pn ; P« , Pi respectively. The subdivision of <7 comprised of 71 , • • • , 7„ 
will be denoted by i)(C'). On , we choose a point , /c = 1, 2, ••• and we 
consider the summation F(ff*)[G'(pjfc4i) - G^(pfc)], /c = 1, 2, • • • , n, where wo 
have put p„+i = pi for convenience, Tf this summation approaches a finite 
limit as II jD(( 7) || -^ 0, then we put 

/wff = lim - 0(P.)], ||D(C)|H0. 

c 

Now let p'^ be a fixed point on 0, and lot us restrict ourselves, in the preceding 
definition, to .subdivisions D{C) for which p„ = p*. The resulting limit, if it 
exists and is finite, will be denoted by FdQ. Clearly, if Jo FdG exists, then 
J? FdG also exists, and the two integrals are equal. If FdG exists, and if 
^iv)i G[{p) aie both continuous at p'*', then clearly Fd(j also exists, and the two 
integrals are equal. 

III. 3. 83. In the study initialed in III. 3. 77, tlic simple closed curve C may bo 
reduced to the unit interval /o ; 0 ^ u ^ I by the following device. Let us 
choose on (7 a ]ioint p* which will be kept fixed. Next we choose a continuous 
transformation 7'*(7o) ~ C subject to the following conditions, ’(i) 2”*'(0) = 

7’*(1) = p*. (ii) The open interval 0 < if < 1 is mapped by topologically 
onto C — p*. (iii) If C is oriented, 'then wc require that the point p = Tiu) 
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describes C according to the assigned orientation while u increases from 0 to 1. 
The transformation once chosen, will be kept fixed. 

Given then a continuous vector function = [xip), y{'p)^ z{'p)] on C, we 
associate with xip) the vector function j;[!r'**(w)] ~ {x[T^{u)\ «[ir*(w)]) 

on Jo . Since 2’'*' is fixed, and since it will be sufficiently clear from the context 
whether p or u is considered as the independent variable, wo shall use the letters 
?, .'c, ?/, « to refer both to i'(p), x{p)y yip), z{p) and to .r[5r*(w)], v[T\u)], 

z[T^{u)], Thus a biunique correspondence is established between the class of 
continuous vector functions i‘(p) on C and the class of those continuous vector 
functions x{u) on Jo which satisfy the additional condition yfO) If 

%{v)i ?(w) are corresponding continuous vector functions in this sense, then the 
following statements are obvious consequences of the remarks made in IIL3.79- 
III.3.82. 

(a) L(<7, j?) = , ?) (cf. III.3.4). 

(b) r(a, .r) = 7(Jo , x), 7(C, y) - 7(Jo , y), V{C, z) = F(Jo , «) (cf. IIL2.13). 

(c) J/(C, i') is finite if and only if x{p)f y{p), z{p) are BV on C (cf. III.3.12). 

(d) i*,, —> XaiL) on C if and only if — > 3 , 0 ( 2 ^) in Jo (cf. III. 3. 63). 

(e) Xn —> ?o(^) on C if and only if j;o(7) in U (cf. III.3.66). 

(f) If -> i’o(J/) on Cy then — > i*o(7) on C (cf. 111.3.58). 

(g) Assuming that C is orientod and L((7, j*) < <» , we have the formulas 

j xdy ~ j X dy, j y dz - j y dz, j zdx = j z dx, 

0 Tt C lo (7 /o 

whore the existence of these integrals follows from 1.3,16, in view of (b), ( 0 ). 

ni.3.84. We shall consider presently the following important special situa- 
tion. The simple closed curve C lies in the complex w — u iv plane, and is 
oriented counterclockwise. Wo denote by the class of continuous vector 
functions on C of tlic special form y(w) = [:r(w), y(v}), 0], w ^ C. Since the 
2 -eomponent will thus not occur at all, we can and shall use the letter z to refer 
to the complex variable z ~ x + iy. Then each [a;('U>), y{v}), 0] = i’(w) Q .Sto 
gives rise to a continuous transformation 

(1) r :z ^ x(w) + ty(w), w E 0. 

Geometrically, we may think of the point z ~ x ~h iy as describing a closed con- 
tinuous curve (with multiple points generally), while w describes C in the 
counterclockwise sense. In terms of the transformation (1), we associate with 
X(w) the index function ju( 0 , r, C) in the sense of 11.4.34. It will be convenient at 
times to write fi{x, y, r, C) instead of fi{z, r, C), wliere z = x iy. By II. 4. 34, 
fi(x, y, Tf C) is then a Borel measurable, integral-valued function defined in the 
whole .'ry-plane. We propose to study the integral, in the Lebesgue sense, of this 
index function, taken over the whole a: 3 /-plano. Tliis integral, if it exists, will be 
denoted by // ii(xy y, r, C)dxdy, without displaying the limits of integration 
(cf. the analogous agreements in 11.2.11). ’ 
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III.3.8S. Continuation. The folloAviiig terminology will prove useful. We 
choose on C a point that will be kepi fixed, and we choo.se a continuous trans- 
formation T*(Jo) = C as explained in 111,3.83 (with replacing Since 
the letter u is now needed in connection with the complex variable w = u iv, 
we use the variable i on the unit inteival Zq * 0 ^ i ^ 1. The transformation T*, 
once chosen, wall bo kept fixed. With each y{w), 0] = %{v)) ^ jl'o we 
associate the transformations 

T '.z = x(w) -(- iy{u)), : .r = .r[T*(0], r" : ^ = .(/[?'* (0]» 

where r operates from C into the z = x iy plane, while r“, t" operate from 
/(, : 0 ^ f ^ 1 into the x and y axes of the ; 2 -plane respectively. The multiplicity 
functions N{x, r*, Jo), N{y, /, Jo) will be used in the sense of 111.2.4. In the 
sequel, w* and T* are fixed, while .T('ia), y(w), t, t“, i*' depend upon the vector 
function ;;(ta) ^ . 

in.3.86. Continuation. Let n > 1 be a positive integer. Using the fixed 
tran.sfonnation !Z’'*‘(Jo) — C (see 111.3.85), we put 



Then w„i = . The points w„i ,w„ 2 , ■ ■ • , ~ = 'la''’ lio on C, and 

follow upon each other in the coimioreloekwase sense around C. Lot us put now 
(see 111.3.84(1)) 

(2) '?'(Wnt) '^VnK , L 

The points , • • • , ?„» , Tn.n+i = Jni are thought of as lying in the z = x 

iy plane. To the curve C and the points , f,,! we apply now the discussion 
carried out in 11.4.36-11.4.39. The transformation T of 11.4.36 will now be 
denoted by T,, , since the points , L,ii depend upon n. Clearly 

(3) . on C 

ill the sense of uniform convergence. Hence, by 11. 4. 25(e), II.4.34, 

(4) ^i(^', y, T„ , C) nix, y, t, C) for (x, y) r(0). 
Since m(>t, y, t, C) = 0 for {x, y) E: t(C')j we infer from (4) the relation 

(5) I y, T,C) \ ^ Urn inf | m(.t, y, T„ ,C)\, 

11-* CD 

For each let be the set, on the ^/-axis in the 2 :-plane, comprised of the points 
nm i T?n 2 , • • • , Vnn,Vr,.n+i - Vni • H 2/i> , thou clcarly the line y = Vo inter- 

sects the straight segment bounded by the points L,fc and if and only if 
(Vnh — yo)iv„,k+i — 2/o) < 0. But if this inequality holds, then the difference 
y[T*(t)] — ^0 is of different sign at the end points of tho interval (/c — l)/n S 
t ^ k/n, and hence the function y[T*(t)] takes on the value yo at some interior 
point of this interval. By 11.4,39, III. 3.85 there follows the inequality 
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(6) I mCx-, Z/i. , > C) I ^ N{y, , r^ h) for ^ e,,, . 

Let us put - Z) > ^ = 2, 3, • • • . Then 6, is a countable subset of tlic y-axis, 

and from (5) and (6) avo infer the inequality 

(7) I f^(.v, //(I , T, C) \ S N{i/u , r\ 7„) for i/ $ e„ . 

IIL3.87. Continuation, Summing up, \vc have established the folloAving 
statement: on the ?/-axis in the z = .r + W plane, we can choose a countable set 
e, such that (see 111,3.86(6), (7)) 

(1) \ T,C) \ S N(y, T, h) for yo ^ e, , 

(2) I ^x, y, T„ ,C) \ S N{y, t", Q for j/ c„ , a = 2, 3, ■ • • . 

Similar statements hold, of course, with y replaced by x, 

III.3.88. Using the terminology of Ill.S.Sd, III.3.81, let ^(w) E: be a con- 
tinuous vector f^inction such that L{C, y) < « . We assert that the corresponding 
index function (i{x, y, t, C) is summable, and (see 111.3.83(g)) 

( 1 ) [f m(x, y, T, C) (lx <{y ^ J X (ly = ~ J 1 / ~ J (.t dy ~ y dx). 

r a r 

Piioop. 'Idle assumption L{C, y) < ^ implies the following facts. 

(i) The componoiits .r(iti), y(w) of y(w) are BY on C (see 111.3.83 (c)), and 
hence N(x, r", h), iViy, 7«) are summal>le (.see TIJ.S. 83(b), IIT.2.12, 11I.3.85). 

(ii) TIic set r((7) is of (two-dimensional) measure zero (.see 111.3.86, 111,3.76). 

(iii) The Sticltjes integrals involved in (1) exist (see 111.3. 83(g), 1.3.15). 
From (ii) we infer, by 111.3.86(4), the relation 

(2) iu(.T, y, T„ , C) -> {i(x, y, Tf C) a.e. in the .ry-plane. 

Clearly, since 7',, converges uniformly to r on C, we have a finite constant il7 such 
that the functions ^lix, y, T„ , C), mIx^ y, r, C) vanish outside of the square 
~M ^ X ^ M, ~M ^ 2 / ^ il7 (cf. n.4.3<I(c)), andiY( 2 /, t", Iq) vanishes outside 
of the interval —M S y S M. By 1.3.10, it follows therefore from 111.3.87(1), 

(2) that /I (a*, ?/, t, C) is .summable, and by (2) ii follow.s further that 

(3) JJ m(x, y, T„ , C) dx dy Jj yix, y, r, C) dx dy. 

By II.-1.38 wo have 

(4) Jj Mix, 7'„ , C) dxdy “ | ~ 

An elementary rearrangement yields the identities 


1 " 

O ^ < (fnkVti.k > k ynkkn,ki-l') 

^ Ini 


1 " 1 " 

,A + l(^ni I V»k^ rt '^?ri ,A + l(fn.A-+ I ^nk)) 
Z *,= 1 z i-i 


( 6 ) 
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m 

ft 

^ l(^nii H fnJr) “ 

n 

2]/ ?n/.(Vn,fc + l 

7?n*i)> 


A=.l 

* = 1 


(7) 

« 

4 + i ("Vn , 1 1- 1 ^oa) 

II 

2.^ ^nA(^n,Ai + l 

■“ ?nft)‘ 


A-1 



For n—^o3, 

(3)-(7) yield (1) (cf. III.3.82). 




III.3.89.. Let [x„{w), y„iw), 0] = ^„{w) E = 0, 1, 2, • • • (sec IIL3.84), 
be a sequence such that (i) L(C, yO < <», n — 0, 1, 2, • • • , and (ii) y„(w) ~> 
yo(w) uniformly on C. Let /x(a*, tj, t„ , C) be the index function associated with 
?„(«>), where t„ : z = a:„(w) + wM, w E C (see III. 3.84). By IL4.34, IL4.25 
it follows that ix(x, y, r„,C)~^ y, tq , C) for (rc, y) $ to(C). But | ro(C') | ~ 0 
byIIL3.76. Hence 

(I) y, T„ ,C)~^ ti(x, y, tq , C) 

a.e. in the z = x -{• iy plane. Condition (i) implies, by III.3.88, that y.{x, t„ , 
C) is summnble, 71 — 0, 1, 2, * > * . In view of (1), there arises the question: under 
what conditions shall we have the relation 


( 2 ) 



C) dx 



y, ro , C) dx dy, 


or the stronger relation 

(3) // I Vf Tn }0) ~ {x{x, y, To , C) I dx dy — > 0? 


III.3.90. Continuation. Given the sequence y„(w) as in III.3.89, suyyose that 
there exists a finite constant M such that 

(1) ' L(C, i*„) < M, n = 0, 1, 2, • • ■ . 

TTe assert then the relation 


( 2 ) 



C) dx dy — > 


y, To , C) dx dy. 


Proof. In view of 111.3.83(g), III. 3. 88 we have 
(3) jj m(x, y, T„ , C) dx ^y == J •'Cr. dy„ , w = 0, 1, 2, ■ ■ • . 

/a 

By 1,3.15 we can write 


(4) 


J Xo dyo ~ J x„ dy^ ~ j (Vn ~ yo) dxo + ^*(0:0- 


a;„) dy„ 
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Lot us denote by w„ the maximum oi \ — Uq \ -[- \ I in Jq , and let us 

note that by (1) and 1113.83(b) 

( 6 ) V{h , < M, V(h , Vn) < M, 

Fi'om (4) and (6) we infer the inequality 

(8) l/ .^•o dya — J Xndyn I S 27nJ'I. > 

Jo /o 

Since irin —> 0, (3) and (6) yield (2). 

III.3.91. In discussing the relation 111.3.89(3), the following remarks will be 
helpful. Let fix, y), F{y) be real-valued, uon-negative functions with the 
following properties, (i) /(.r, y) is summable in the square Q/c : — /iT ^ a; ^ K, 
'-K ^ y S K, (ii) F{y) is summable in the interval Ik : —II- S y ^ III- 
(iii) There exists a set of (linear) measure zero on the y-axis, such that 
/(«, y) g F{y) for y ^ . Let then 0^ be a generic notation for a measurable 

subset of the interval Ik - Since F{y) is summable in this interval, we have 
(see 1.3.13) for every e > 0 an =* 7/(6) > 0, such that 

(1) / m dv <( if I (?. I < .)(.). 

Ov 

We assert then the inequality 

K 

(2) JJ f(x, y) dx dy ^ [2K + J ^ F{y) dy] - c 

B 

for every measurable set F C Qk such that 

(3) I < min J 7 (e)']. 

Proof. Let c(x, y) be the characteristic function of E (that is, c{Xi y) = 1 if 
{Xi y) ^E and c(x, y) = Oii (a;, y) ^ E), Let be the subset of where 

K 

I c(x, V)dx> IB r'“. 

-K 

Then clearly (see 1.3.10) 

K 

\ E \ ^ jj c(x,y) dx dy ^ ^ ^ ^ 

Ok Sv -k 

Thus I ^ I Z? 1^''^ < 7?(e) by (3), and hence by (1) Js^ F(y) dy < e. In view 
of condition (iii), we obtain now the inequality (2) as follows 
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K K 

/ [ fix, !/) dx (hj jj J(x, y)c{x, y) dx dy ^ j J c(x, y) dy 

E qk -f( “« 

A _ ^ _ 

= / J c{x, u) JfO/) dy -\- / [ / y) dx F(y) dy 


/K-.'Iif -A' 


A' K , 

S 2K f F{V) dy + I E j F(y) dy < [2K + / F(v) dy]-6. 

fly -K -K 

IIL3,92. Given a sequence as in 111.3.89, suppose that 

(1) LiC, x.)~^L(C, ¥„). 

We assert then the relation 

(2) fj’j m(x, y, T„ , C) ~ m(x, y, r„ , C) | dx dy 0. 

Proof, Since i'„(w) ^ uniformly in (7, wo have a finifo constant K such 
that p{x, y, T„ , C), ?i = 0, 1, 2, • • • , vanishes outside of the square Qk : —K ^ 
X S K, K (see IL4.34, 11.4.26), and N{v, rl , lo) , = 0, 1, 2, • • • , 

vanishes outside of the interval Ik ‘ —K. ^ y ^ K (see III.3.85). By 1,3.11 and 
111.3.89(1), it is therefore sufficient to show that the sequence ix{x, y, r„ , C) 
possc.sses the property (F) in Qk . We make the proof in two steps. 

(i) The sequence Niy, t" , Iq) posso.sses the property (F) in Ik . Indeed, 
(1) implies by III. 3. S3 (a), (b), (f) the relation F(/o , y,i) —> F(/o , Vo)- Henoo 

K K 

(3) / my, r: , h) dy j my, tS , h) dy 

-A' ~K 


by III.3.86, III.2.23. We have also (see 111.2.9) 


01) N{y, rl , h) ^ lim inf N{y, , lo) a.e. in /« . 

By 1.3.11, the relations (3) and (4) imply that the sequence N'iy, t,", , 7o) possesses 
the property (F) in Ik . Ilencc for every e > 0 wc have an ^?(e) >0 such that 


(5) / my, rl , h) dy<, if I ff. I < iW 

Gy 

where is a generic notation for a measurable subset of 7 a: , and 7?(e) is indepen- 
dent of n. From (3) we infer the existence of a finite constant il7, such that 

A 

(6) j mv,r‘.,h,)dv <M, « = 0, 1,2, ••• . 

-A ' 
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(ii) By 111.3 87 we liave, for every n, a countable not c" on the y-axis sucli that 

r„ ,60 ( ^ N{y, rl , h) iovy^el . 

Now give e > 0. Let E be any measurable subset of the square Qk such that 
I jG? ( < min [i, vi^y] where ri{e) is taken from (6). By III.3.88, IIL3.91 there 
follows the inequality (cf, (6)) 

/ f I m(x, y, T„ , V) I dx dy ^ (22C + n = 0, 1, 2, • • • . 

K 

Since K and ilf are independent of n, it follows that the sequence ix{x, y, , C) 
po.ssesses the property (V) in Qk . 

111.3.93. Continuation. Inspection of the preceding proof reveals that the 
assumption L(C, i*„) — > L(C, fo) could be replaced by the weaker assumption 
V(Io , 2 /n) ~^V{Io, yo), or alternatively by the assumption 7(7o , x„) V(Iq , a'o). 
Similar remarks apply to several of our preceding results. 

111.3.94. Wo apply presently the theory, developed so far for vector functionf?, 
to curves. Unless the contrary is explicitly stated, the term curve will be used 
to refer to a Frdchet curve of the type of the 1-ccll in Euclidean three-space 
(sec 11.3.43). Such a curve C admits of a representation of the form (see 
II.3.31) 

(1) c : X = .f(?0, y = y(u), 2 ' = Ku), ‘ n E h , 

where /o : Oo ^ ^ 6o is an arbitrarily assigned interval, and s;(w), y(^l), z{u) are 

continuous in lo . We shall also use the notation 

(2) a : ¥ = i'(w), uEh, 

where j;(?i) denotes the continuous vector function with components .i;(«), y(ii), 
z{u). Each representation (2) of C gives rise to a quantity L{Iq , j) in the sense 
of III.3.4, and we propose to show that L(Io , j;) is independent of the particular 
choice of a representation (2) for C. The proof is made in the following steps. 

(i) If we take a second representation 

(3) 6 : f == u* E I* , 

wliich is topologically similar to (2) (see II. 3. 19), then L{Io , jc) = L(IJ , j’*), 
PnooF. By assumption, we have a horaeomorphism /i(7o) = 7* , such that 
i;(w) = ^'‘[^i(i^)] in 7o . If 7 is any interval in 7o , then I* = h(I) is an interval 
in 7^ . Since clearly g(I, x) = 9(1*, %*) (see III.3.2), the relation L(Iq , j;) — 
L(7J , jU follows from III.3.4. 

(ii) Suppose now that (3) is an}^ representation of C. We have then 
(see II.3.19) a sequence of representations 


(4) 


C : X ^ i‘«(w) 


w G 7o , 
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such that the representations (3) and (4) are to]:)ologically similar for every n 
and y„(w) ^(m) uniformly in. 7o . By (i) and III. 3.6 wo have then the relations 

Lih , = L(I^ , j;'*')) Hh , 3r’) ^ lim inf L(Io , i‘„). Hence L(Io , y) S HI* > 

y*), and a similar reasoning yields the complementary inequality L{Ia t ¥*) ^ 
Lih , ?)• Thus L{Io , X) == , X*)' 

111.3.95. Continuation. We define now the length L(C) of C by the formula 
L(C) - L{Io, x), where y = u G Io , is any representation of C. In view 
of III. 3 . 94, L((J) depends solely upon C itself; that is, L(C) is independent of the 
particular choice of the representation. If L(C) < + °°, then C is termed recli-' 
fiable. We assert that L{C) is a lower semircontinuous junctional of C, in the 
following sense: If == 0, 1, 2, • • • , is a sequence of curves such that —> Oo 
(see IL3.15), then L{Co) ^ lim inf L{C„). 

Proof. By 11.3.16, we can choose representations C„ : j u G h ) 

ti ~ 0,1,2, ■ • • , such that yo(w) uniformly in Iq . By 111.3.0 it follows 

that L{Co) - L{Io , Jo) ^ lim inf L(Iq , j„) = lim inf Z/(C„). 

111.3.96. Continuation. The length L(C) is independent of the choice of 
the Cartesian coordinate system x, y, z, or equivalently, congruent curves have 
the same length, This is an immediate consequence of the definitions given in 

II. 3.42, III3.96. 

111. 3. 97. Given a curve (cf. III. 3. 94) 

( 1 ) Q \ X~ j(w), M G 7o ; tto ^ ^ ho , 

we shall say that C reduces to a point if and only if jfw) is constant in Zo • Clearly, 
this property is independent of the choice of the representation. Obviously, 
L{C) = 0 if and only if C reduces to a point. 

Suppose now that 0 < L{C) < <», and consider the function L(ao , u, y) (sco 

III. 3.14). Let us put s = L{ao ,u, j). Then s is a non-negative, nondocrcasing, 

continuous function of m in Zo , and s(ao) = 0 , 5 ( 60 ) L{C) (see 111.3.14). Wo 
shall say that a representation ( 1 ) is in tenns of the arc-length if and only if «(, 0 

and L( 0 , ti, %) = w in Zq . In this case, clearly &o = L{0, ha , x)'~ HG), Thus a 
representation in terms of the arc-length is of the form 

C :x= X(u), 0 ^ L(C), 

with the additional property L(0, it, y) s Assuming that 0 < L(C) < «» , we 
assert that such a representation exists. 

Proof. Since L{C) > 0 , the curve C does not reduce to a point, and hcnco by 
II.3.22 it admits of a light representation 

( 2 ) ' C : j = x*{u*), u* Gn :0 g 1 , 

Consider the corresponding function L(0, u*, y*). Since the representation ( 2 ) 
is light, y*(w*) is not constant on any interval in ZJ , and hence L(0, u*, y*') is a 
strictly increasing, continuous function of u* in ZJ , and L(0, 0, y*) = 0, L{Q, 1 , 
y*) = L{C) (see 1113.14, 111,3.96). Plenee the equation s == L(0, u*, y*) defines 
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a topological transformation == s from Jf onto the interval 0 g s ^ L(C). 
By II.3.11 we have therefore for C the representation 

(3) ^ C : /.(C). 

By the reasoning employed in IIL3.94(j) it follows that = L(0, w* j;*) = 
L[0, h(u*), 3 ]. On setting h(u*) = s, wo obtain the identity s = L{Q, s, 3 ) for 
0 ^ s ^ L{C). Thus the representation (3) is in terms of the arc-length. 

111.3.98. Continuation. In a representation in terms of the arc-length, we 
shall use s to denote the independent variable, in conformity vdtli general usage. 
Given a curve C such that 0 < L(C) < «> , let 

(1) C : = x{s), L(C), 

be a representation in terms of the arc-length (see III.3.97). By assumption, 
L{0, Sj y) ^ s, and hence the interval function //(/, y) satisfies the relation 
L(J, i') = I 7 I for every interval I : a ^ s ^ b in h (.see III.3. 13). Thus L(7, y) 
is obviously AC, and hence i*(s) is also AC (see III.3.15). Furthermore, obvi- 
ously the derivative of 7/(7, j) is equal to 1 identically, and hence | j:'(s) | = 1 
a.e. in the interval 0 ^ s ^ L(C) (see 111.3.13). Since ^,(7, i’) ^ g{I, j;) ^ 
L(7, f) = I 7 I (see III.3.2, III.3.4), we see that the a;-component .'r(s) of i*(s) 
satisfies the condition | a;( 6 ) — a;(a) | ~ a for every interval a ^ s ^ 6 in the 

interval 0 ^ s ^ 7/(C). Similar remarks apply to the components y{s), z{s) of 
j(s). In other words, the components x{s), yis), z(s) are Bipschitzian functions 
in the interval 0 ^ s ^ L(C) (see 1.3.14). 

111.3.99. Given a curve C by a representation 

(1) C : y = i’(a), 6 7o : ^ w ^ &o , 

we shall say that the representation is BV (AC) if and only if the vector function 
f(w) is BV (AC) in 7o (see III.3.11). Our previous study of vector functions 
yields then readily the follo\ving fundamental I'esults. 

(i) If L(C) < CO, then evgry reprewitation of C is BV (see 111.3.96, III. 3. 12). 

(ii) If one representation of C is BV, then every representation of C is BV, and 
L{0 < « (see III.3.12, 111.3.96, and (i)). 

(iii) Given C by (1), suppose that L(C) <«>. Then (see III.3.96, IIL3.16) 
j'(w) exists a.e. in lo , \ ?'(w) [ is simmahle in 7n , and 

I f'(M) I du S L(C), 

the sign of equality holding if and only if the representation ( 1 ) is AG. 

(iv) If L{C) < CO , then C admits of an AC representation, and in fact of a 
representation of the form ( 1 ) such that the components of j(w) are Lipschiizian 
functions. Indeed, if L{Q) = 0, then 3 ;(w) is constant for every representation of C, 
and the assertion is obvious. If L(C) > 0, therv the representation in terns of the 
aredength possesses the desired properties (see 111.3.98). 
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ni.3.100. Continuation. The followng remark throws more light upon the 
preceding theorem (iii). Let C he any curve. Then C admits of a representation 

y =; y(u), w G Jo , &uch that f(u) exists and is equal to zero a.e. in U . 

Prooi?. Lot us start 'with any representation of the form (see 111.3.94) 

C': % ^ a'*' E J* : 0 g ^ 1 . 

Let /(u) denote tlie Cantor ternary function in the unit interval Jo : 0 g w ^ 1. 

Then/('!*) is continuous and nondecreasing in Jo , and/(0) = 0, /(I) = 1. Let 
us define, for each positive integer n, 

f f,,) - /(^) + ^ j 

Then clearly /„(w) is continuous and strictly increasing in U , and /„(0) = 0, 
/„(!) = 1. Hence the equation w* = /„(u) defines a topological transformation 
from Jo onto . We have therefore (sec II.3.11) for C the representation 
? ~ i‘'*‘(/n(w)], -w G Jo . Since clearly /„(w) f{u) uniformly in U , by 11.3.13 
there follows for C the representation y = j;(w) = ?’*[/('«)], n G Jo • Clearly, if 
Uo is interior to an interval of constancy off ( 21 ), then j;'( 2 /i)) exists and is equal to 
zero. Since the sum of the lengtiis of the intervals of constancy of /(w) is equal 
to 1, it follows that j;'(w) exists and is equal to zero a.e. in Jo . 

111.3.101. Let be a continuous vector function in Jo ; Uo ^ ^ &o ■ 

Then ^(u) determines a curve C : 3; = y(w), « G Jo , whoso length is equal to 
J/(Jo , 1') (see III.3.95). These remarks yield a geometrical interpretation, and 
in fact the motivation, for the study of vector functions which was undertaken 
earlier in this chapter. 

111.3.102, Let now T be a Frdchet curve of the type of the 1-sphore. Then 
r admits of a representation of the form y = 3;(io), p G C, whore C is an arbi- 
trarily assigned simple closed curve (see IL3.23). The length of T is then defined 
by the formula I/(r) = L(0, j’) (sec IIL3.81). If L(r) <-!-<», then V is termed 
rectifiable. The further discussion is entirely analogous to that for Frdohet curves 
of the type of the 1-coll. By using a transformation T(Io) « (7 as indicated in 
III.3.83, results analogous to those in III.3.99 may l)o derived. The task of 
following up these hints in detail is left to the reader. 


CHAPTER III.4. GENERAL COMMENTS ON ARC-LENGTH AND 

RELATED TOPICS 


III.4.I. Tlio reader is requested to read again at tliis time the introductory 
remarks on arc-length in 1, 1. 1-1. 1.8. While in chapter I the terms 'path curve and 
arc-length were used in a vague sense, we have now precise formal definitions at 
our disposal. If x = x(u), y = y{u)j z z{v) are any three continuous functions 
in an interval I : a ^ u ^ b, then the formulas 

(1) C : X = .r(M), y = y(u), z = z(u), u E I a ^ u S b, 

represent a curve C (namely a Fr6chet curve of tbc type of the f-ccll) in a per- 
fectly precise sense (see II.3.7). Furthermore, the length L{C) of C is now a 
precisely defined quantity (see III.3.95) which is independent of the particular 
choice of a representation (1) for C and is also independent of the particular 
choice of the Cartesian coordinate system xyz. Still, it is a matter of considerable 
interest to study arc-length as afunctional L(p) of a continuous vector function 
^(u) — [.'r(w), y(u), z{u)]y mthout reference to an invariant geometrical interpreta- 
tion (see the remarks in III.3.1). From the point of view of exposition, there 
results the advantage that the reader is first acquainted mth the more familiar 
analytic aspects of the theory, instead of being compelled to begin with a study 
of the topological material necessary for an invariant treatment. From the 
point of view of the development of the theory of suifnce area in greatest possible 
analogy with tlio theory of arc-length, the advantage is very real. Indeed, the 
profound dilTorences between arc-length and surface area arise mainly on account 
of the entirely different character of the topological problems involved, while on 
the other hand the type of Analysis employed in the study of arc-length proves 
most useful in the studj'' of surface area, both by direct analogy and by plausible 
generalization. Hence we shall follow, in this brief survey of Part III, the pattern 
laid down in Chapter III.3, and we shall discuss arc-length mainly as a func- 
tional L(f) of a continuous vector function ^’(w), except for the next section 
III. 4. 2 which is concerned with an appraisal of some of the main results in invari- 
ant form. 

in.4.2. Let (7 be a Fi’(5chct curve of the type of the 1-ccll (see 11.3.7), and 
lot L{C) be the length of C (sec III.3.95)* As noted in III.3.97, h{C) = 0 if and 
only if C reduces to a point, in the sense explained there. It is revealing that 
even for this entirely trivial statement the corresponding result in surface area 
theory lies quite deep, and in fact the corresponding question in surface area 
theory leads to paradoxical phenomena (see V.2.56, V.2.70, V.2.71). The next 
most immediate question is concerned with conditions for L{C) being finite. 
According to III.3.99, L{C) < «j if and only if every representation of C, of the 
form 111.4.1(1), is of bounded variation. A corresponding statement for .surface 
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III.4.2 


area seems to depend upon the solution of an apparently very difficult open prob- 
lem (see V.2.65, V.2,66)/ Let us now consider the case 0 < L{C) < oo . Accord- 
ing to III. 3, 98, the arc length of C may then be introduced as a parameter, yield- 
ing a representation which is optimal in every relevant respect. No corresiDond- 
ing result, of comparable scope and simplicity, is known for surface area. 

Finally, let us consider the point set or that corresponds, in a’y^-spaco, to the 
points u of the interval I by means of a representation III.4. 1(1) of C. If L{C) < 
00 , then by III. 3. 76 the three-dimensional measure of or is equal to zero. If the 
z-coordinate z{u) vanishes, then cr lies in the a; 2 /“plano, and by IIL3.76 the two- 
dimensional measure of is equal to zero. Briefly, iiL{C) < «> , then or is a slender 
set, both topologically and metrically. No similar statement liolds for surface 
area (see r.l.l3-I1.16,V.2.71). 

The preceding remarks suffice to call again attention to tire fact, already 
emphasized in chapter I.l, that the theory of arc-length cannot he used indiscrimi-^ 
nately as a model in constructing a theory of surface area. And yet, the theory of 
arc-length yields fundamentally important information from this point of view, 
besides being of course of independent interest also, especially as one of the most 
attractive applications of the modern theory of functions of a real variable. 
The selection of topics in part III has been largely determined by those considora- 
tions. 

111.4.3. As explained above, we consider now arc-lengtli as a functional L(^) 
defined for all continuous vector functions j(?f) == [.'r(w), y{u), 2;(w)] (see Ill.S.d^ 
For definiteness, let us assume that only continuous vector functions f(ti) defined 
in a fixed interval Z : a ^ w ^ & are considered. The resulting theory admits of a 
generalization of strildng scope to the theory of surface area for the nonparametnc 
case, that is, the case of surfaces of the form z s= f(x, y) (.see V.3). As a mailer of 
fact, many results and methods were first developed for surface area in the 
nonparametric case. For this reason, we present the material included in part III 
in a form suitable for application to surface area in tlio nonparametric case, and 
in several important instances we study topics unnecossaiy for the theory of 
arc-length but so closely related to methods used in this theory that considerable 
economy results by inclusion in part HI. 

111.4.4. Functions of iniewals play an important role in the study of L{l), 
and also in surface area theory. Accordingly, the necessary information is col- 
lected in Chapter IILl. Since the dimension of the intervals involved is irrele- 
vant, as far as the topics discussed in Cliapter IILl are concerned, we discussed 
there the two-dimensional case, using the term oriented vcciangle in the sense of 
two-dimensional interval Thus the results established in Chapter III.l are 
directly applicable in surface area theory, while the easy task of rewording the 
results for the one-dimensional case is left to the reader. Excellent comprehen- 
sive treatments of the theory of interval functions may be found in Saks [6] and 
Kempisty [4]. Hence Chapter IILl includes only material that is absolutely 

I ‘This problem has been solved by L, Cesnri (6), See the comments in V.4.8. 
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needed for our purposes. Several fundamental concopts are due to Banach [1], 
in particular the concepts of hounded variation and absolute continuity's applied to 
interval functions (see III. 1.2). The concept of viterual junctions of type A 
(see III. 1.28) is also due, essentially, to Banach [1]. Interval functions of typo 
A exhibit a fundamental analogy wth monotone functions of a single variable 
(see the basic theorem in III.1.28) and are of general occurrence in the theory of 
length and area. These circumstances account for their exceptional importance 
for our purposes. The Burkill integral (see III. 1.2, and Saks [6] for bibliography) 
is an invaluable tool. A fundamental result concerning the derivative of the 
Burkill integral (see III. 1.27) is due to Saks [4], An important issue arises in 
connection with the completely additive extension of a given interval function. Let 
4>(f2) be a function of oriented rectangles R. In tho simplest case, when <&(i2) is 
equal to the area | 72 | of 12, the Lebesgue (two-dimensional) measure yields the 
completely additive extension of the rectangle function | 72 [. The existence of 
this completely additive extension is of course an altogether fundamental and 
useful fact. By analogy, it is clear that in dealing 'with any given rectangle 
function $(72) the existence or nonexistence of a completely additive extension 
represents an issue of great importance. Sections III. 1.36-III. 1.43 are concerned 
with this issue; except for details of exposition, tliis material is taken from 
Reichelderfer and Ringenberg [6]. The necessary and sufficient condition (C) 
(see III. 1.35) is remarkable because in the case of the rectangle function | 72 | 
it reduces to one of the most obvious properties of the area in the elementary 
sense. 

III.4.5. Chapter III. 2 is concerned, in the main, with the concepts of hounded 
vaifation and absolute continuity for functions f{u) of a single variable and for 
functions f{u, v) of two variables. As regards the case of functions f{u, v), the 
fundamental concepts and results are due to Tonolli [6]. Sections 111.2.49- 
IIT.2.64 are devoted to tliis topic, which is treated here in a .slightly more general 
form ivith regard to applications in surface area theory. In view of the results on 
interval functions, established in Chapter III.l, a groat deal of indispen.sable 
classical material could be treated economically in Chapter III, 2. Sections 
in.2.38-111.2.44 and 111.2.65-111.2.67 are concerned with tho useful method of 
approximation by integral means. Initial application of this method in the theory 
of length and area may be found in W. H. Young [6], IT. E. Bray [1], and T. Rad6 
[2]. Further relevant information is contained in Hel.sel and Young [1], Helsel 
[2], P. M. Young [1]. Chapter III. 2 contains also a geometrical study of funda- 
mental importance, initiated by Banach [2], of the concepts of bounded variation 
and absolute continuity. Let f{u) be continuous in the interval I ■. a ^ u ^ b. 
The formula x ~ f(u), u G T, defines then a continuou.s mapping from 1 into 
the .T-axis. Let N{Xi 1) denote the number of distinct inverse points of x in I 
under the mapping x — /(w), Banach observed that f(u) is of bounded vanaiion 
if and only if N{x, J) is summable. This observation, jointly 'with various other 
facts relating to the mapping x = f(u) (see III. 2. 4-1 II. 2. 9) led to applications 
and generalizations of great importance in the theory of surface area. In par- 
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iiculav, we «!iall «ce later on that the result in III. 2. 9 reveals one of the most relevant 
reasons of the essential iopological simplicity of the theory of arc lengthf as compared 
loith the theory of surface area. The resiills in 111.2.5-111.2.9, whieh are based on 
conversations between the writer and P. V. Peicheldcrfer, will be applied in 
Chapter V.3 to derive interesting geometrical interpretations of the concepts of 
absolute continuity and of !)oundcd variation introduced by Tonelli. 

III.4.6. Chapter 111.3 is devoted to the functional L{x) (see III. 4. 3). 'Idic 
classical theorems in 111,3.12, 111.3.16 arc especially impres.sivc as regards 
comparison with surface area theory. Indeed, these theorems reveal a perfect 
adjiisttnent between the concepts of arc-length, integral, derivative, hounded variation, 
absolute continuity. The. development of corresponding concepts for surface area, 
exhibiting equally perfect adjustment, may be considered as one of the main objectives 
of the theory presented in this book. Equally challenging, from the point of view 
of surface area theory, is the availability of three equivalent delinhions for L(^), 
one from below, one from above, and one in terms of a simple limit process (see 
III. 3.9). Further topics, of groat interest for surface area, incliuhi the following. 
The inequality of Steiner-, expressed by the formula L{Xi + x-f) ^ ^(Vi) + ^( 1 * 2 ) 
(see ni.3.10 and the remarks in 1.1.13) loads to a number of relevant ([uestions. 
In particular, one may ask for conditions for the sign of equality to hold. More 
generally, one may ask for implications of the assumption that iho difl'oreiice 
L(r,) -j- /-/(Vs) — L{Xi + I 2 ) is small, This que.stion was studied by MeShano [1], 
whose results were further improved by Radd and Ileichelderfer [16], In fact, 
the work just i-cfcrrecl to is concerned wth surface area in the iioiqiaramotric cuso, 
but the rewording for arc-lcngth is entirely olivious. Tlie results eon(!{’rinng the 
inequality of Steiner are relevant for the study of convergence in length, bet r„(w), 
n =0, 1,2, • ‘ , be a sequence of continuous vector functions in an interval 
1 : a ^ n S b, such that ¥^(?a) — > jo(w) uniformly in I. Then L(^n) ^ lim inf 
^(i’«) (see III.3.6). If L{xf) ~ lim then Xn{a) is said to converge in length 
to ¥o(w), in symbols — > Po{T). Thus convergence in length is a strong type of 
eoiivergcnce whose implications arc both iniereslmg and relevant. A detailed 
study of convergence in length was first given by Adams and Chu-kson [i] and 
Adams and Lewy [2], Further studies wore made by MeShane [1] and Rad6 and 
Reieheldcrfer '[20], whose work is concerned, in whole or in part, also with the 
analogous concept of convergence in area. These studies were continued and 
completed, and the methods were improved as regards economy and elegance, 
by Miriam Ayer [i], [2], A significant point, revealed by the investigation of 
the phenomena connected with convergence in length, is a discrepancy between 
the parametric and nonparametric case. This discrepancy is of interest for two 
reasons. First, the parametric and nonparametric cases in surface area i,heory 
present a striking contrast as regards topological and analytic difficulties, and 
thus a study of the corresponding situation for nrc-lcngth is instructive. Second, 
the parametric and nonparametric cases in are-length theory arc generally 
entirely analogous, and thus it may bo hoped that the gap, revealed by tlie 
study of convergence in length, will be ultimately bridged somehow. The 



III.4.7 


265 


rcsuKs of Miriam Ayer seem to justify tliis hope. The presentation of all these 
topics in chapter III 3 follows closely that of Miriam Ayer [2]. In particular, the 
theorem on Lebesgue decomposition (see III.3.26) and the simple vector inequali- 
ties in 111.3.36-111,3.38 prove most useful in achieving an improved exposition. 
A complete clarification of the relations between the various convergence types, 
* .studied in Miriam Ayer [2], may be of intere-st, and extension of the results to 
surface area seems to involve problems of great importance and difficulty. 

The important paper of A. P. Morse [1] came to the attention of the writer 
only after the inanii script of this book was completed. Many of the re.su Its 
discussed in chapter III.3, relating to convergence in length and convoigenee 
in variation, are due to A. P. Moi’.so or are more or less direct con.sc(iuenccH of 
his results. Reference should be made here also to the comprehensive researches 
on arc length from the measure-theoretical point of view, a toinc vhieli lies 
bejmnd the scope of this hook. 

III.4.7. The sections 111.3.77-111.3.93 are concerned with closed curves (Fr6- 
chet curves of the type of the 1-sphere). Let us call attention to a sot of relevant 
questions that arise in this connection. For brevity, we shall use a geometrical 
tcrminolog}^ v^hose precise meaning the reader will readily determine by com- 
parison with the various sections involved of Chapter III. 3. Lot K denote the 
perimeter of the unit circle, and let a;(y>), y(p) be continuous functions of the 
point p G K, The formulas x = .'r(p), y ~ y{p), p G K) determine then a closed 
continuous oriented curve C in the .ry-plane, where K itself is oilentocl in tiie 
counterclockwise sense. If (a:, y) is a point not on C, then lei n(x, y) denote the 
topological index of (.r, y) with respect to C, If (.r, y) is a point on (7, then we 
put (x{x, ij) = 0. If C is of a simple character, a polygon for example, then the 
signed area enclosed by C is clearly equal to the double integral of y) (note that 
g(.r, y) vanishes outside of a sufficiently largo disc, and thus // y{x, y) dx dy is 
thought of as being taken over .such a disc). Thus in simple cases we have the 
formula 

(1) <r(r) = jj n(.v, y) dx dy, 

where cr(C) denotes llie signed area enclosed by C. Also, by virtue of a well known 
Calculu.'-* formula we have in simple cases 

(2) a(C) = I / (x dy - y dx). 

K 

The determination of the range of validity of these formulas is of course an inter- 
esting and important problem. W. H. Young [4], [6], [61, in partieulai’, has 
studied this question in great detail. He defined o-(C) as follows: let P„ denote a 
sequence of approximating polygons, inscribed in C, represented by equations 
X ~ x„(p), y — y,Xp) and let g„(>L y) denote the topological index relative to P„ , 
Then, by definition, 
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(3) o-k(P„) = jj n„(x, y) dx dy, 

and also by definition 


(4) 


<Ty 


(C) = 


lim 

n-»« 


/ f y) 


dx dy, 


provided that the limit exists and is independent of tlie particular choice of the 
sequence of inscribed polygons . The notation o-y is used to refer to W, H. 
Young hs the author of the definition (4). The definition (4) raises a number of 
questions, some of which we shall state presently. 

(i) In view of (1), which is obvious in simple cases, we may ask whether 


(5) 


(TyiC) = JJ m(x, y) dxdy. 


Quite precisely; if trr(C) exists, does it follow that (x(x, y) is siimmable and (6) holds? 
Conversely, if n(x, y) is summahle, does it follow that ayiC) Qxists and (6) holds? 

(ii) Concerning n{x, y) we made the arbitrary agreement that tx{x, y) <=> 0 
if the point (a;, y) lies on C, Thus in cases where the points on C constitute a 
point set S of positive two-dimensional measure, the evidence in favor of (5) 
may be considered inconclusive. Therefore, let us raise the same questions as in 
(i) under the assumption that the set S is of two-dimensional measure zero. 

(iii) Under what conditions does <jy{C) exist? 

W. H. Young apparently did not raise these questions in a general form. One 
of his results, stated in a somewhat restricted form, shows that if C is rectifiable, 
then <ty{C) exists a7id 


(6) <ry(C) = I / (•'K dy - ydx). 

K 

However, he did not raise the question whether (6) holds in this simple case. 
The results in IIL3.88-III.S.93, due to T. Ilad6 [10], are concerned with issues 
that arise in connection with the work of W. PI. Young. In particular,' the 
theorem of III. 3.88, stating that 

(7) J I fi{x, y)dxdy ~ J (xdy - y dx) 

K 

whenever C is rectifiable, completes the result of W. PI. Young expressed by (6), 
Also, (7) may be considered as a general justification of the familiar area-formula 
in Calculus. The theorems in III. 3. 90 and HI. 3. 92 yield information concerning 
the continuity of the signed area enclosed by a curve C, considered as a functional of 
this cw've. However, further studies along the lines just indicated are clearly 
desirable. 



PART IV. PLANE TRANSFORMATIONS 


CHAPTER IV.l. TOPOLOGICAL FOUNDATIONS 

IV. 1.1. We shall study topological properties of transformations given by 
formulas of the form 


T :x = x{Ui y), y = y{u, v), {u, v) 6 A', 

where x(u, y), y(M, v) are single-valued functions defined on a set E in the wy-plane. 
For technical reasons it will be convenient to introduce the complex variables 
w = u iv, z = X iy. If we put x{u, v) -h 0 = K'^), then T is given in 
the form 

T :z = t(w), w ^ E. 

Biuniqueness of the transformation will not be assumed unless the contrary is 
explicitly stated. That is, every point w ^ E has a unique image z = t(w), but a 
point z may have any number of inverse points in E. In other words, the equa- 
tion z = i(w) may have any number of solutions in E for given z. The variables 
u, V and x, y denote Cartesian coordinates in the Euclidean planes uv, xy respec- 
tively. We shall term these planes also the w- and 2 -planes respectively. In 
agreement with 1.2.5, we shall employ the following terminology. If z is any 
point, then T~\z) denotes the set of all those points w ^ E for which t{w) = z 
holds. If the set E is not clearly identified by the context, we write more ex- 
plicitly ET~^(z). If G is any set in the iy-plane, then N{z, G) denotes the number 
(possibly zero or infinite) of the points of the set GT~^(z). Thus N(z, (?) may 
have for its value any non-negative integer or -p <» . If the transformation T is 
not clearly indicated by the context, then we may use the more explicit notation 
NiZy T, G). Given a second transformation T* :z = w ^ E, and any set O 
in the u’-plane, we define p{T, T*, G) as the least upper bound of | t*(w) — i(w) | 
for w G EG if EG 0, and we put p(r, T*, (?) = 0 if EG = 0. Clearly, if Ti , 
Tg , Ta are three transformations defined on E, then we have the triangle in- 
equality 

p(T, , Ta , (?) ^ p(Tt , Tg , (?) -f- p(T, , Tn , (?), 

for every set G, Obviously, p{T, T*, (?) = 0 implies that T ^ T* on EG, this 
statement being vacuous if EG ~ 0. If T,, is a sequence of transformations 
defined on E, and if p(T, , G) 0 for n -^co, then we shall write T„ T, 
w ^ G. Given T :z = i(w), w ^ E, and given a number 5 > 0 and a set G, we 
.shall use w(5, T, G) to denote the least upper bound of | i{wi) “ iCwa) | for all 
pairs of points Wi , in EG such that j — W 2 1 ^ 5, it being understood that 
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a>(6, T, G) =0 if EG — 0, Of course notations and concepts introduced in 1.2 
will be used freely. 

IV. 1.2. Wo shall ii.sG 9?, with superscripts and subscripts as needed, as a 
generic notation to refer to a bounded, finitely-connected Jordan region in the 
ru-plane, The set of interior points of 8? will be denoted by (in a general way, 
if i? is any set in a topological space, then E^ will denote the set of its interior 
points). Then — 95’’ is the boundary of 9?; it consists of a finite number of 
simple closed curves (see 1.2.47). Wo shall bo especially concerned with con- 
tinuous transformations from into the 2 :-plane (cf. 12.29). Such a transforma- 
tion may be given (cf. IV. 1.1) either in the real form T \ x ~ x{n^ v), y = y{xt, y), 
(w, v) G or else equivalently in the complex foim IT : z = t{w), 9?. In the 

first case, a;(iq v) and y{% v) are single-valued, real-valued, continuous functions 
in 9?, in the second ease l(w) is a single- valued, complex-valued, continuous 
function in 9i. Since 9J is compact (see 1.2.17), T is necessarily bounded in 9^; 
that is, there exists a circular disc A in the z-plane, such that T^Jf) C A. Clearly, 
W(z, T, 9?) = 0 for z 6^ 7X9?) and hence a fortiori for z ^ A. 

IV. 1.3. Given T as in IV. 1.2, let k be a non-negative integer. AVo define in 
the z-plane a set (/c, T, 9t), to be tei-med the kernel of order k of the imaye of 9? 
under T, as follows. A point Zq belongs to St(k, T, 9^) if and only if tlici’c? exists an 
€ = 6{k, T, 9t, Zq) > 0, such that if a continuous transformation T''' : z = 
w € 9f, satisfies the inequality p(T* T, 9i) < e, then it also satisfies the inequality 
•^(^0 j 9i) ^ (cf. IV.1.1). Briefly: for every continuous transformation T\ 
defined on 9t and sufficiently close to T, the point Zo lias at least k distinct 
inverse points under 2’* in 91. How close 7'* should bo to T for this puipo.se de- 
pends upon the point Zq and of course also iqion T, 9 ?, and k Tlio notation 
€(/c, T, 9i, Zq) is meant to stress tliis fact which must be kept in mind if errors are 
to bo avoided. Clearly St(k, T, gi) D ^{k + 1, 7^ 9i), /o == 0, 1, 2, • ■ • . The sot 
jf(0, 7’, 90 coincides with the whole (finite) z-plane. For /c > 0 the set jr(/c, T, 90 
may be empty. AVe proceed to define ^(co^ Tf 90- definition given for 
finite k ronains meaningful for /j = -f - but we use, for important technical reasons, 
a different definition in this case, a fact that should he kept in mind. AVe define 

, T, 90 = n m, T, 90. 

The notation on the right conforms to standard practice, according to which it, 
means that k assumes all non-negative, integral and finite values, but of course 
the substitution /c ~ -f- ” is not permitted on the right. Otherwise our definition 
of T, 9?) would be of courso meaningless. 

IV.1.4. Continuation. We define now in the z-plane a function «(z, T, 90 
as follows: If z ^ ^^(coj T, 80} then k ( z , T, 90 ~ Otherwise there exists a 

largest non-negative integer I such that zEStH, T, 9f). Wo put then k(z, T, 90 - 
I That is, k(z, T, 90 = Hf and only if 

« e St(l, T, 9?) ~ St(l -h 1, T, 90, 
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whore I is any non-negative integer, and k(z, T, 9t) = + «> if and only if z 
T, 9t) for every non-negative integer I We assert the inequality k(z, T, 51J) 
N{z, T, 9t). Indeed, this is obvious if N{z, T, ‘dl) ~ So we can assume 

that N(z, Tf 9?) = /c, where k is a non-iiegative integer. Then for every e > 0, 
p(r, T, 9t) = 0 < 6 and N{z, T, 8t) < /c -f 1. Hence 2 ^ ^(k + 1, T, 9?), and 
thus k{z, T, 90 ^ A; = Niz, T, 91). 

k(z, T, 9t) will be termed the essential mulii'pliciiy of the point z in the image of 
9t under T. 

IV. 1.5. Continuation. In the sequel we shall have to verify frequently an 
inequality of the type 

( 1 ) k ^ k(z, , T, 90 , 

where k is a non-negative integer and Zo is a given point, and hence we insert- 
here the following obvious remark. By the definition of k(zo , 7’, 9t), (1) is equiva- 
lent to the relation Zo G ^{k, T, 91), which is Pijuivalcnt to the statement that 

(2) iV(^o . T*, if p(T^ T, 90 < e(k, y, 91, Zo), 

where T* is assumed to be defined and continuous in 91. Tlius to establish (1), 
it is sufficient to verify (2), and conversely (1) implies (2). This remark enables 
us to treat the cases k(zo , T, 91) = + <» and k(zq , T", 91) <*+-«> in a uniform 
manner. 

IV.1.6. Given two continuous transformations (cf. IV. 1.2) 

Ti:z=li{wi), ici G 91i , 

Tz :z tsiWi), G 912 , 

where the Wi~ and ty2-planes may or may not coincide, let us suppose that. 
7^1 Tziis) (see II. 1.26). In other words, we assume the existence of a homeo- 
morphism t(91i) = 912 , such that h (wj = t 2 T(wi) for every point Wi G 91i . We 
have then also tziwz) = fir~‘(i«2) for Wz G 90 ■ Clearly N{z, 7’, , 90) ^ Niz, Tz , 
9I2). Let now Tf : z = lf{wi), Wi G 91i , be a continuous transformation, and 
let us put = TfT~^. Then 7’^ may be given in the form Tt ' z ~ itiwi), 
Wz G 9I2 , where ttiwz) — itr'^^Wz). It follows that 

I i1(w,) “ Uwi) I = I 1*2t{Wi) ~ /2r(iy,) I = I t%(Wz) - IziWz) I, 

vJiere Wz = t{Wi). Thus clearly (see IV. 1.1) 

p(y. , Tt , 90) = p(Tz , n , 9I2), N{z, Tf , 90) = N{z, n , 912). 

As an immediate consequence of these relations, it follows that (cf. IY.1.3, 
IV.1.4) 


m, T, , 90) ^ m, 70 , 9 I 2 ), 7\ , 90) ^ i?(« , Tz , 90), 

k{z, y, , 90) = k{z, Tz , 912 ), c(/c, 7’, , 90 , z) = €(A;, Ta , 912 , 2 ). 
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The last equation is to be interpreted as follows: if an « > 0 can be used as 
e(hf Ti , ifli , g) in the sense of IV. 1.3, then, the same « can also be used as 
T 2 f 9^2 I 

Briefly: to'pologically similar iramfoi'maiions give rise to identical essential 
multiplicity functions k. In particular, k is unchanged if a new Cartesian coordi- 
nate system is introduced in the w-plane, since this operation is formally equiva- 
lent to passing from the given transformation T to a topologically similar trans- 
formation. The fact that « is unchanged if we change the coordinate system in 
the g-plane is obvious. 

IV,1.7« Given T as in IV. 1.2, let go be a point in the g-plane such that 
k(zo , T, < -f 00 . • Given then any v > 0, there exists a continuous trans- 
formation T* i z = i*(w), w ^ such that 

p(T*, T, 91) < 7 ,, N(zo , T*, 91) = f<(zo , T, 91). 

This transformation T* depends upon T, 91, go > V‘ 

Pboof. Put K{Za , P, 91) =5 /c < H- w . Consider the class K of all continuous 
transformations T^'.z — f^(w), la E 91, which satisfy the conditions (cf. IV. 1.3) 

p(P, , P, 91)< n, p(P^ , P, 91)< P, 91, go). 

This class K is not empty, since clearly P E IC By the definition of €(/?, T, 91, 
go) (see IV. 1.3) we have V (go , P^ , 91) ^ /c for E We assert that tlic sign 
of equality holds for some P^ E IC Indeed, if tliis were not true, then the num- 
ber min [p, €{k, P, 91, go)] would serve as an €(A: + 1, P, 91, go) in tho sense of 
IV. 1.3. This would imply that go E ^(/c + 1, P, 91), and hence k{zo , P, 91) ^ 
ft + 1, while by assumption fc(go , P, 91) = ft. Hence we have a transformation 
P* E K such that A^(go , P* 91) * ft = «(go , P, 91), and (since P* € K) simul- 
taneously p(T*, P, 91) < 

IV. 1.8. Given P as in IV, 1.2, let go be a point in the g-plane, and let ft bo a 
non-negative (finite) integer such that ^(go , P, 91) ^ ft (observe that k(zo , P, 91) 
itself may be infinite). Lot P* bo a continuous transformation in 91 that satisfies 
the inequality (cf. IV. 1.3) 

(1) />(P*, P, 91) < Kk, T, 91, go). 

Observe that e(ft, P, 91, go) is available, since ^(go , P, 91) ^ ft. By IV. 1.3, tho 
inequality (1) implies that N{zq , P*, 91) ^ ft. Wc assort that we have also 

(2) ‘ k{zo , T*, 91) ^ ft. 

Peoop. Let us put e* « e{k, P, 91, go) - p(P*, P, 91). Then e* > 0 by (1). 
Let now P^ be any continuous transformation in 91 such that p(P*, P^ , 91) < e*. 
In view of (1) it follows that 

p(P^ , P, 91) ^ p(P* , T*, 91) + p(P^ P, 91) < e(ft, P, 91, go). 

Hence, by the definition of e(ft, P, 91, go), 

(3) V{go , , 91) ^ ft. 
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Tims p{T*f , 9^) < e* implies (3). In other words, e* serves as an €(k, T*, 
Zo) in the sense of IV. 1.3. Hence Zo G T*, 9^) and (2) follows (see IV. 1.4). 
IV.1.9. Given T as in IV. 1.2, we assert that for /c < + <» the set T, 9?) 
is open (possibly empty). Consequently, 9^) is a Gt (see IV. 1.3, 1.2.46), 

Proof. The assertion is obvious if k{k, T, 9?) = 0. So assume that i?(/c, T, 
9t) ^ 0. Let «o.be any point of T, 9t). Then e(/c, T, 9?, 2o) is available 
(cf. IV. 1.3). Let z^ be any point that satisfies the inequality 

(1) 1^0 9f,2o). 

Let us put ^ — 2^0 ~ ) e* ~ ^(k, T, 9i, 2o) — | X I. Then > 0 in view of (1). 

Let \ z — w G 9?, be any continuous transformation that satisfies the 
inequality 

(2) P(P* , T, SR) <U- 

Consider the auxiliary transformation T* : 2 = f*(u>) = i*(u’) + Xj w G 9?. 
Then the equation Zq = is equivalent to the equation 2 ^ = and thus 

(3) N{z, , T\ m) == N(z^ , T* , 9?). 

On the other hand 

P(T*, T, 9i) g p{T*, , 90 H- p(T^ , t, 9?)< I X 1 + = e{k, T, SR, z^). 

Hence, by the definition of e(k, T, 91, Zo), it follows that N{Zo , T*, 9t) ^ k, and 
hence, in view of (3), 

(4) Niz^ ,T^ ,SR)^'k. 

Thus (2) implies (4). In other words, serves as an e(/c, T, 9J, z^) in the sense 
of IV. 1.3. Hence every point that satisfies (1) belongs to ^{k, T, 9i), and conse- 
quently jt(^, T, 9J) is Open. 

IV.1.10. Given T as in IV, 1.2, lot us consider the set ir(9t). Suppose that 
this set has no interior points. Then k( 2 , T, 9J) = 0, 

Proof. Assume that there exists a point Zq such that k{zo , T, SR) 0. Then 
Zo G ^(1, T, 91) (cf. IV.1.4). Hence, by IV.1.9, il(l, T, 91) contains an open 
circular disc A with center 2o and radius «(!, T, 91, Zo) > 0. By IV.1.4, we have 
then 1 g k(z, T, 91) ^ N(z, T, 91) for 2 G A, and hence A C P(91). Thus Zq 
would be an interior point of P(91), in contradiction to the assumption that !r(91) 
has no interior points. 

IV.1.11. Given T as in IV. 1.2, k(z, T, 91) is a lower semi-continuous function 
of 2 . That is, if 2„ — > 2o , then 

(1) k(2o , P, 91) ^ lim inf k(z„ , P, 91). 

Proof. Let k be any (finite) non-negative integer such that k ^ k(zo , T, 91). 
Then Zo G. St{k, T, 91). By IV.1.9, ^(Jc, T, 91) is then a nonempty open set, and 
hence z„ G ^{k, T, 91) for n large, say n > no > Consequently k{z„ , P, 91) ^ ifc 
for n> no , and hence 
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lim inf K{Zn , T, 9J) ^ k. 

«-«Q0 

Since k was restricted only the conditions k < ^ ^ k(zo , T, dl), the 

inequality (1) follows. 

IV. 1.12. Given T as in IV. 1.2, let T„ \ z ~ be a soqucnce of 

continuous transformations such that p(T „ , T, JK) — > 0 for Wo assort that 

(1) h(z, T, 9?) ^ lim inf k(z, , 9?) forn — ><» . 

Proof. Let Zo be any point, and let k be any non-negative (finite) integer 
such that k ^ k{zo , T, ^). Then Zq G ^{k, T, 9J), and hence €(/c, !P, 9i, Zq) is 
available (see IV. 1.3). For n large, say n > ria , we shall have p{T„ , T, 9J) < 
e(k, T, 9f, Za). By IV. 1.8 it follows that aizit , , 9i) ^ /c for n > ?i» . Hence 

for R — > CO we obtain lim inf nizo k. Since k was restricted only by the 

conditions k < A: ^ /c(zo , T, 9f)) the inequality (1) follows. 

IV,1.13. We observed in n''.1.4 that always k(z, T, 9?) ^ N{z, T, 90. To got 
a preliminary view of the possibilities involved, let us consider the following 
example. Let <f)(u), rk(u) be any two continuous functions in the interval 0 ^ 

M ^ 1. For each positive integer n, let us subdivide this interval into 7 i ecpial 
parts, and let us denote by 0„(w) tlie function that agrees with <p(u) at the points 
of division and is linear on each one of the n subintorvals. Lot yku{u) bo defined 
in the same manner in terms of ^(w). Let us now consider the transformations 

T \ x = x{u, v) = f{u), y = y{u, v) == ^(w), (;u, v) ^ Q, 

2\ : .r = a;„(«, y) = 0, ,(?«), y = y^(u, v) = ^„(w), (u, o) E Q, 

where Q is the unit square Q : 0 $ ^ 1, 0 ^ y ^ 1, Clearly p(r„ , T, Q) 0 

for 71-^00 (ef. IV. 1.1), and hence k(z, T, Q) ^ lim inf k{z, T„ , Q). Oil the other 
hand, the set P„(Q) consists clearly of a finite numbor of straight Bcgmeiits 
(some or even all of which may reduce to single points). Thus T,,(Q) is a point sot 
\yithoiit interior points, and hence /c(z, T „ , Q) = 0 by IV. 1.10, Since k(z, T, Q) ^ 
lim mf k(z, T„ , Q), it follows that k(z, T, Q) = 0. Now we can choose tlio functions 
^(^)j ill such a manner that the point .'C = ^(li), y = ^(u) passes through every 
point of a given square s in the z-plane wliile u varies from 0 to 1 . Then T{Q) 3 s, 
and N(z, T,Q) ^ 1 for z G s, wliile /c(z, T, Q) s 0. 'Lhis example shows that the 
conveise of the result in IV. 1.10 is generally false. 11; also shows that caution 
is justified in dealing ivith the essential multiplicity k. 

IV. 1.14. Given T as in IV. 1.2, and a (finitely-connoctQd) Jordan region \lll* C 
91, we have the inequality «(z, T, 91-^) ^ k{z, T, 91). 

Proof. Let Zq be any point. If k{zo , T, 91) = + , then the assertion is 
obvious. So we can assume that k(zo , P, 91) - /c < + co. Assume tlmt x(zo , 
i , 9W) > k. Then 


( 1 ) 


2o G St{k +1,7’, 91*), 
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and hence e(k + 1, 2’, QJ**, Zo) is available (see IV.1.3). By IV.l.T, applied with 
1 } = €(/c + T, T, 0^*, Zf), wc have a continuous transformation z t^{w), 
«> S 9?, such that 

p{T^ , T, 9?) < e(/c + 1, f, 9i*, z,), N{z, , 'l\ , U) = ^(^0 . T, 90 = 

Wc have then a fortiori 

(2) p{l\ , T, m < e(k + 1,2', 9e*, ^o), N(zo , T, 9i*) g h. 

In view of the definition of eOc +1,2’, 9?*, Zq), the relations (1) and (2) contra- 
dict each other. . 

IV.1.15. Given T as in IV. 1.2, let Zo be any point and k a non-negative (finite) 
integer such that k S , T, 90* Let T* \ z ~ w G 9?, be a continuous 
transformation such tliat 

(1) P{T\T,^1) <6(/o, 7', 90^o). 

Note that the as.sumptioii k ^ k(zo, T, 90 implies that G ^{k, T, 90 > nnd lienee 
€(k, Ty 91, Zo) is available (cf. IV.1.3, IV. 1.4). By the definition of e(k, T, 90 Zo), 

(1) implies that N{zo , 91) ^ k. We improve this statement by showing that 

(see IV. 1.2) 

(2) N(z, , T*, 9i0 ^ k, 

, Proof. By 1.2.50, 91 can be transformed, by a topological transformation, 
into a region whose boundary cuiwes are circles. Hence, in view of IV. 1.6, wo 
can assume without loss of generality that 91 itself is bounded by circles. Let 
Cl , ■ • • , (7,„ be these boundary circles, the notation being so chosen that Cm 
encloses <7, , • • • , Om^i (if m — 1, then this requirement is of course vacuous). 
For each positive integer f, let Cj, , 1 = 1, 2, • ' • , m, be a circle concentric with 
Cl , contained in 91°, and having a radius that differs from that of C{ by J /i. For ^ 
sufficiently large, say i ^ io , the circles Cu , • • • , C„„ will not intersect each other 
and wll bound a Jordan region 91, C 91°. We assume in the sequel that i ^ lo ■ 
We have the obvious relations 

9;, C 9!?., , Ex. = 9i". 

I w to 

Let us denote by' 7 j, the doubly-connected region bounded bj’- the concentric 
circles Ci and 6',, , 1 = 1, 2, • • • , w. Then 

91 ~ 91° 4" Ti( + ' ' ’ + 'Twii . 

Wc define now in 91, for i ^ fo , a continuous transformation 

T, : G 91, 

as follows: For w G T/o w' is the point on (7,, nearest to w. For u> G 91? , w' = w. 
Thus T, is a (clearly continuous) retraction from 91 onto 91 < (see 11. 2.39). Clearly 
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(3) I - w\ ^ l/i' for w 6 

Let us now return to the transformation IT*, and let us assume that we have, in 
contradiction to (2), the inequality 

(4) N{zc , T*, 9i‘>) < L 

For i large enough, say f > ^ + f, , ilj? will include then all the points of the set 
‘ T*~*(zo) • 9?“ (observe that this set is finite by (4)). Thus we have, for i > -f- f, , 

(5) A^(«o , T*, 9?.) - N(z, , T*, 92°), 

(6) «*(w) - ^0 7^ 0 for w 6 - il?? . 

Consider now the auxiliary transformation 

(7) T’t iz^ d%w) = ia G 9t. 

Clearly, y? is continuous in % and (cf. (4), (6), (6), (7)) 

(8) N{zo , Tt , 90 = N{z, , T\ 9t,) - N{z , , y*, 9t“ )<h, i> i, + i, . 

On the other hand, (3), (7) yield (cf. IV. 1,1) 

I t*{w) - t{xo) I ^ I i!*[V'.(w)] - I + I ^Mw)] - i(tv) I 

^ /o(y*,y, 9o + <o(iA,y, 9^). 

Since tliia holds for every point w> 6 9t, it follows that 

p(rf » y, 90 ^ p(r*, y, 9?) + <0(1A‘, y, 90, f > fo + n . 

Since the <o-term converges to sero for t ->», it follows that we shall have (see 

(D) 

(9) . p(rf ,T,di)<e(/c,T,di,Zo) 

for i sufficiently larp. In view of the definition of «(A;, 2', % Zo), the inequalities 

(8) and (9) contradict each other, and the proof is complete. 

IV.J.16. Given y as in IV. 1.2, let Zq be a point such that k{Zo , y, 9?) < + « , 
and let ij > 0 be arbitrarily assigned. By IV. 1,7 we have then a continuous trans- 
formation y* : 2 s i*{w), ty G such that p{T*, T, 9J) < N{zo , T*, 9t) = 
k{Zo f y, 9J). We want to show that we can select T* to satisfy the additional 
condition N(zo , T* 9i) * N(zo , y*, f)f). 

Proof, Let us put «(^(o > y, ilO = /c < + “ * Then Zo G T, 9t), and hence 
efkf y, 9t, Zo) is available (see IV.1,8). Wo define 

Vi = min [j?, e(k, T, fjl,Za)]. 

Then. 971 > 0. By IV. 1.7 we have a continuous transformation 


y* « i*i%v), 


wen, 
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such that 

(2) • p{T*, T, m <v^ , , T\ 91) = k{z, , T, 90 = k. 

(1), (2) yield 

(3) p{T\ T, 90 < V, 

(4) p{T*, T, dl) < e(/o, T, 9?, zo). 

By IV. 1.15 it follows from (4) that 

(6) Nizo , T\ 9i0 ^ k. 

Since Nizo , T*, 9i‘’) ^ N{zq f T*, 9?), we obtain from (2), (5) 

(6) • N(zo , T*, 9J) == N(z, , T*, 9t") = h(zo , T, 90- 

In view of (3), (6), T* satisfies all of our requirements. 

IV.1.17. Given T as in IV. 1.2, there exists a sequence of (fiuitely-coiineotod) 
Jordan regions 9f< with the following properties: 

(i) 90 C 9?;,,, z«l,2, 

(ii) . E 9}. = 91". 

(iii) k{z, T, 9f.) k{z, T, 90 for t ^ . 

(Let us observe that this is merely a preliminary lemma; a stronger statement 
will be proved in the next section.) 

PnooF, In view of IV. 1.6, we can assume without loss of generality that 9i is 
bounded by circles. This being assumed, we assert that the regions 3^* defined 
in IV. 1.16 in 'the course of the proof satisfy our requirements. In fact, those 
regions 9i, were only defined for i exceeding a certain io . Let us define regions 
91< , for i up to % , subject only to the conditions 9i< C 9J5 +i j 9?^ C 9?S«+i - The 
fact that (i) and (ii) hold has been already noted in IV. 1,16, Lot now Zo be any 
point. By IV.1.14 we have then k{Zq , T, 91.) ^ «(zo , T, 9J{+i) S k(Zo , T, 91). 
Hence, if (iii) is denied (for z — Zo), it follows that the sequence k(zo , T, 910 la 
nondecreasing, bounded, and hence convergent sequence with a finite limit that 
we denote by I, and 

(1) I < Kizo , T, 91), 

(2) . k(zo , T, 91.) ^ Z < + CO , ^ - 1, 2, • ■ ' . 

(1) implies that Zo G ^(1 + 1, T, 91). Hence e(Z + 1, T, 91, Zo) is available (cf. 
IV.1.3). Let us apply IV.1.16 to T in 91^ , with 

= c( 1 -b 1, T, 91, Zo)/2. 

There follows the existence of a continuous transformation 
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7’, : 2 = /,(»>), 6 5)?, , 

such that (cf. (2)) 

p{T, , T, 9?.) < e(/+ 1, r, ^l,z,)/2, 

(3) 

iV(^0 , y. , 9^.) = ^'(^0 , . ^0 = '>'(^0 , T, 9?,) < H- CO . 

It follows that (cf, (2)) 

(4) i,{w) ^ fori<^ E 9f, ~ 9?? , 

(5) N{z, , 7’, , 9.\) ^ h 

From this point on, wo assume that i exceeds the of IV. 1,16. Then 9f, is 
bounded by circles, and the retraction r^\v)'^ w E defined in IV.1.15, 
is therefore available. Let us introduce the transformations Tf : z ~ ifiw) ~ 
U[\pi{w)\ G 9?. We have then, by (4), (5), 

(6) N{z, , 7? , 90 = N{z, , 7\ . 90) ^ I 

On the other hand, since [ — w] S l/f in 90 wc have in (cf. IV. 1.1) 

I Z*(iy) “ /(ir) I g I (,[i',(w)] ~ j + I /[^^.(w)1 ~ tiw) 

^ p(T, , 7’, 90) + a.(i/7, 7’, 90. 

Consequently, in view of (3), ■ 

p(Tr , 7', 90 ^ p(T, , T, 90) + co(l/f, T, 90 

< 6(/ H- 1 , T, 90 Zo)/2 + w(lA‘, T, 90. 

Since the 6o-tenn converges to zero for ^ it follows tliat, for i suflicicntly 

large, wc shall have p(Tf , 7\ ^) < e(l -j- 1, T, 9?, Zq), and hence, by the definition 
of ((I -f- 1, T, 9?, «o), 

(7) N(zo , Tf , 90 ^ H- 1. 

(6) and (7) contradict each other, and the proof is complotc. 

IV.1.18. Given T as in IV. 1.2, lot 9?* be a sequence of finitely-connected 
Jordan regions with the following projDeriics: 

(a) 9i*C90 w = 1,2, - . 

(b) For every closed set F C 9i°, there exists an integer v{F') such that F C 91* 
for n > v(F), 

Under these conditions we have the relation 

(1) k(z, T, 9ft) k(z, T, 90 • hu’n — . 

Eroop. Consider a sequence of Jordan regions 9f< with the properiios listed 
in IV.1.17. For fixed i, 9f< is a closed sot in 91°, and hence by condition (b) we 
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have an integer w, such that 9?, C 9?* foi' n > n, . By IV. 1.14 it follows that 
K{Zf T, 9?,) g T, 9?*) for n> , For fixed i and n — > CO we obtain thus 

T, %) ^ lim inf k(z, 1 \ 9?t). 

For f —>05 we obtain by iy.1.17 

(2) k{z, T, 9?) g lim inf k{z, T, 9f*). 

n^cD 

Since 91? C 9?, we have by IV. 1.14 

(3) / K(z,T,m) ^ k(z,T,^), n=l,2, 

(2) and (3) imply ( 1 ). 

IV. 1.19. Continuation. Returning to the preliminary lemma in IV. 1.17, 
we note the following improvement. Given T as in IV, 1.2, let us consider any 
sequence 9?< of finitely-connected Jordan regions such that 
(«) 91. C 91 ?m , f = 1, 2, • • • . 

w) Er.i 8!( = 8?“. 

In IV. 1.17 wo asserted that amongst all the sequences 91, satisfying (a), (|8) 
there exist some that satisfy the further condition: 

(7) k(z, T, 91.) — > k(z, Ty 9?) for f — >00 . 

We can now assert that every sequence 91^ witli the properties (or), (/3) also satis- 
fies condition (7). Indeed, 91, C 91 by (a), (/3), and hence by IV. 1.18 we have 
only to show that if F is any closed set in 91“, then F C 91, for i sufficiently largo. 
Now let w be any point of F, By (/3) wo have w G 91 < for some i, and hence 
la G 91? +1 by (or). We have therefore an open circular disc A(w, i) such that 
ta G A(ia, ^) C 91?+ 1 . Since F is bounded and closed, it follows by the Borel 
covering theorem that there exists a finite system of such discs, say A('Wi , f,), • • • , 
A(iam , im), such that F C A(w»i , «i) + • • • + A(wj„ , C). In view of (or), it 
follows that F C 91< for ^ -f- • • ■ -{■ , 

IV. 1.20. We observed in IV. 1.4 that h{z, T, 91) ^ N{Zi T, 91). In fact, we 
have the stronger inequality 

(1) k{z, T, 91) ^ 2 Y(z, T, 91"). 

Indeed, if k is any finite non-negative integer such that k ^ k{z, T, 91), then bj^ 
IV. 1.16 (applied to T* = T) it follows that N(Zy T, 91") ^ k. Since this holds for 
every finite k ^ k{z, T, 91), the inequality (1) follows. 

IV.1.21. The statement in IV.1.14 may be generalized as follows: Given T as 
in IV. 1.2, let 9li , ♦ ♦ • , 91„ be finitely-connected Jordan regions such that 91t C 91, 

?■ = 1, 2, • • • , 71, 91?91? “ 0 for i 9 ^ j. Then 

(1) E «(2, T, at.) s ,(2, T, 9}). 

(Note that the regions 91i , • • • , 91„ are permitted to have common boundaiy 
points.) 
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Peoof. Take a point Zq , and let /ji , • • • , be non-negative (finite) integers 
such that 

(2) h, S , T, dti), « = 1, 2, ... ,n. 

Then S , T, 9?,), and hence e(ki , 7\ ^ 2o) is available (cf. IV. 1.3). Take 

now an sq such that 0 < cq < e(A:< , , Zq), i ~ I, 2, • • • , n. Let T* : 2 — 

i*(w), «; G 9?, be any continuous transformation such that 

(3) p(T*, T, 9?)< . 

Then a foriion p(T^ T, 9i,) < ^{ki , 7', 9tf , Zn), z — 1, 2, j* • . , n. By IV.1.16 
(applied to T, IT* in 9?f) it follows that N{zq , 9??) '^hi , ^.nd hence (note that 

, • ' • , 9i“ are disjoint) 

(4) Niza , T\ 90 ^ /tJ, + . • . + k„ . 

Thus (3) implies (4), and hence fo serves as an 6(^*1 + * • ’ K , T, 9?, Za) in the 
sense of IV.1.3, Consequently 

e mi -h • • ■ + 90, 

and hence 

(5) k(zo , 7', 90 ^ a. + . . • + K . 

Since (5) holds for every choice of the non-negalive inlcgora ki , . . . , /c„ , such 
that (2) is satisfied, the inequality (1) follows, 

IV.1,22, Given T :z ~ t(w), w G 90 as in IV. 1.2, lake a point Zq and a non- 
negative (finite) integer k ^ k(Zo , T, Then 6(/c, 7^, 9^, «o) is available (see 
IV.1.3). Let now Tn '• z ~ /„(w), w G 9t, be a sequence of continuous transforma- 
tions such that (cf. IV. 1.1) 

(1) p(T„ ,T,dl)-^0 forw^co. 

We assert that any number jj satisfying 

(2) 0 <v < <k, 7’, 90 2n) 

will serve as an , 9i, Zo) for n sufficiently large. Indeed, let an rj satisfying 

(2) be chosen. In view of (1) wo shall have then, for a properly chosen no , 

(3) p(7’„ , T, 90 < <k, T, dl,Zo)- V if ^ > «o . 

Let then 7** be any continuous transfoimation, defined in 9f, such that 

(4) KT*, T ,. , 81) < 

It follows that 

p{r*, T, 9i) g p(T*, T„ , 90 + p(T„ , T, ^R) < eik, T, 90 Zo). 

Hence, by the definition of ^(A;, T, 91, «o), 
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(6) N{z, , T\ 90 ^ /c. 

Thus, for n> ih , (4) implies (6), and hence tj serves as an e(/c, , 9i, 2o). 

IV. 1.23, A continuous transformation T \ z ^ t{w), w ^ % will be termed 
'polyhedral if there exists a curvilinear triaugulation of 9t, made up of curvilinear 
triangles 5, , • • • , , such that T maps each 5, topologically onto a rectilinear 

triangle in the «-plane, vertices being carried into vertices. Clearly, if T is 
polyhedral and : z = E: Si:'*’, is topologically similar to T (cf. IV. 1.0), 

then T'^ is also polyhedral. 

Given T iz ~ i(w), w S as in IV. 1.2, there exists a sequence of continuous 
transformations T„ \ z == tn(w), w G 9i, such that each T„ is polyhedral and 
p(n , T, m 0. 

Proof. By 1.2.50, IV. 1.6 we can assume, without loss of generality, that 9t 
is bounded by rectilinear polygons. Lot then 3„ be a rectilinear triangulation of 
9t, such tliat every triangle of 3„ has a diameter less than l/n. Let rj? , • * • , wUr 
be the vertices in the triangulation 3„ , and let us choose in the g-plane an equal 
number of points 2 ’/ , • • • , z^ subject to the following conditions: (i) The points 
m’o distinct, (ii) No three of those points are collinear. (iii) j t^wl) 
— I < l/n for ^ = 1, 2, • • « , iV. Clearly these conditions are compatible. 
Let the points, z" , • • • , be joined by straight segments in the same manner as 
the points w1 , • • • , are joined in the triangulation 3„ . Define now a con- 
tinuous transformation :z — tn(w), w € 9^, as follows: carries the vertices 
ta" of CI„ into the corresponding points z1 , and in each triangle *5" of the trans- 
formation T„ is an affine transformation. Clearly T„ is polyhedral, and p(T„ , 
Tf 9i') —> 0 as an immediate consequence of the uniform continuity of T in 91. 

IV,1.24. Given T :z t(v))y rj G 91, as in IV. 1.2, we define in the «-planc an 
index function fi(z, T, 91) as follows. Let Ci , • • • , be the boundary curves of 
91, each C{ being oriented positively with respect to 91. That is, if Ci is the ex- 
terior boundary curve of 91, *thcn the orientation of C^ agrees with the counter- 
clockwise orientation, and if (7< is an interior boundary curve of 91, then the 
orientation of Ci agrees with tlie clockwise orientation. For each point z, we 
have then an index p(«, T, Ci) in the sense of II. 4.34. Let us recall the con- 
vention stated there to tho effect that. fi(z, T, Ci) *= 0 whenever z G We 

define now n(z, T, 91) as follows: 

(i) If^$T(Ci + +a),then 


(ii) If G 'AC, + • • • 4- O, then m(z, T, dl) - 0. 

The convention (ii) is arUirary, and can he justified only on grounds of technical 
convenience, The following remarks should be kept in mind. If p(2o , T, 91) 0 

for a point Zq , then by (ii) 

^0 C AC, + • • • + C.;) - Tm - 91°). 
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The converse, however, is generally false. Indeed, if ^ 7’(0f - then 
fiizo , T, 9i) is given by (i), and ilie indices > T,C,) may very well cancel each 
other. 

IV.1.25. Continuation. Lei us put 

S(zo , T, 01) = min f tiw) ~ Zo\, iv ^ dt - 0^". 

In other vmrds, 6{zo , T, 0f) i.s the distance of Zo from the imago of the boundary 
of 0?. The following slatomenis are useful in the .sequel: 

(a) If n{zo , T, 0?) 5^ 0, then 5{za , T, 0?) > 0, while the converse is generally 
false. This follows directly from IV. 1.24. 

(b) If 5(^0 , T, 00 = 0, then fi{zo , T, 0?) = 0. Indeed, the assumption implies 
that Zo G T(0t — 01”), and hence ju(2o , "T, 01) = 0 by definition. 

(c) If d(zo , T, 00 > 0, and if the point Zi satisfies the inequality | 2i — 2o 1 < 

5(^0 , T, 01), then ju(2, , T, 00 = , T, 01). 

Proof. Let C, be a boundary curve of 01. Wo can wril.o 

i(w) - == [/OO “ 4- (^0 - «i). 

We have \ iiw) ~ Za\ ^ d{zQ , T, 01) > | I for la G 01 — 01” and hence 

a fortiori for w ^ C^. By tlic theorem of Bouchd (sec 11.4.26, 11.4.34) it follows 
that n{zi , TfCi) = /i{zq , T, Cf), i ~ 1, 2, ■ • • , m. To infer that ^(^*1 , T, 01) = 
}i{zo , T, 01) we must make sure that Zo $ T(01 — 01”), Zi 7' (01 — 01”) (cf. 
IV.1.24). However, Zq 2^01 — 01”) since 6{zo , 2’, 01) > 0, and Zi ^ 2^01 — ^”) 
since | l{w) - «i | ^ | l{w) - | “ i | ^ 5(^0 , 2’, 01) - | — 2!n | > 0 

for w £ 01 — 01”. 

(d) If S(2o , 2’, 01) > 0 and if the continuous Iran.sformation T* : z = 

w G 01, satisfies the inequality p{T^, T, 01 — 01”) < 3(^0 , 2', 01), tlion fi{zo , T*, 01) 

= fi(zo , T, 01). 

Proof. The assumption 6(2o , T, 01) > 0 implies that Zn ^|: 2X01 — 01”). For 
w G 01 “ 01” we have [ | ^ [ 2o ~ X^^) i ~ I I ^ 

Sizo , T, 01) ~ p(T*, T, 01 - 01°) > 0, and hence Sa 2’* (01 “ 01”). Hence, by 
IV. 1.24, 

in m 

/.(«0 , 2',. i«) = E mC «0 , 2', (2,), ,.(*0 , T\ 80 = E m( 2» , 2'*, c<). 

|.>1 1.^1 

Hence it is sufficient to show that 

(1) m(^o , 2’, C.) = fx(zo , 2’^ a,), i - 1, 2, , 7n. 

Now for ia G 01 - 0i” wo have 1 i{w) - | ^ 6{zo , T, 01) > p(T-'‘, T, 01 - 01”) ^ 

i i*(u?) ~ i(R>) |. Since i**'(w)) ~ Zq ~ [i{w) ~ ~ l(ta)], formula (1) 

follows from the theorem of Kouchd (sec 11.4.2(3, II.4.34). 

(e) If fx(zo , T, 01) 0, then N{zo , T, 01”) ^ 1. Equivalently, if ^ 2X01”), 

then p{zq , T, 91) = 0. 

Proof. Since p{zo , 2'', 01) 0, wo have (see IV. 1.24) Zo 61: 2X01 ~ 01”), and 

hence t{w) — Zo 0 for w G 01 — 01”. Fiirtliormoro, by IV.1.24(i), 
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(2) = ZMizo 

1 = 1 

Assume, in contradiction to our as.sertion, that N{zo , T, ) = 0. Then t{w) — 
Zq ^ 0 in Si”, and hence also in 9t, since i(w) ~ Zq 0 on 9? ~ 9?“. By 11.4,28 
it follows that the summation in (2) is equal to zero^ in contradiction to the 
assumption that fi(zo , T, 90 ^ 0. 

(f) Let there bo given two continuous transformations T ; w G 9J, 

2'* : z = w* G 9i'’‘, whore the w- and w'*'-planes ma 3 '' or may not coincide. 

Suppose that 2’ and are topologically similar; that is, there exists a homeo- 
morphism r(9l) ~ 9t* such that t(w) = ^‘‘[r(^a)] for iiJ G 9J. Then 

(3) i,(z, T, 90 ^ fJiiz, T\ dl*) or m(^, T, 90 ^ 2’S 9P). 

Pkoof. Let Cl , C,n he the boundary curves of 9?, positivclj’' oriented 
with respect to 91 (cf. IV. 1,24), and let Cf , • • * , Ct be the boundary curves of 
9t*, positively oriented with respect to 9^'*' (since r is a homeomorphism, 9t and 
9t* have the same connectivity). Now r carries each boundary curve C, into a 
boundary curve Cti of 9?*, but the resulting orientation may or may not agree 
with that assigned to Ct, relative to Dt'*'. To stress this point, let us write t(C'.) = 
\Ct , where = +1 if r carries the oriented curve C, into Cti ^vith the proper 
orientation relative to 9?*, and X, = —1 if this is not the case. Since r is a 
homeomorphism, we have either X, = +1 for f = 1, 2, ’ • • , m, or X, — —1 for 
i =? 1, 2, m. Now let Za be an^’- point. If Zq G ^((71 + • • • + C,„), then 
clearly e P' (C'f + • • ■ + C!0 and m(«o , T, 9t) - 0 = n{zo , T* 9?="). In the 
general case, we have by II. 2.40 

{i(zQ , 2\ C\) = X,a(2'o , Cl), f = 1,2, • • • , m, 

and summation yields the formula (3), since X, is independent of i and also 
independent of Zq . 

IV,1.26. Given 2^ as in IV. 1.2, let Zo be a point such that n(zo , T, 9i) 0. 

Then k(zo , T, 90 > 0 (cf. IV.1.4, IV.1.24). 

Phoop. The assumption implies that 5(^0 j 90 > 0 (see IV. 1.26), Now 
let T* '.z — (w), w G 9i, be any continuous transformation such that piT^, T, 90 

< d{zo, T, 9i). By IV. 1.25 (cl) we have then fx{za , T'*', 9t) = }x{za, T, 90 ^ Oj and 
hence N{z , , 2’*, 90 ^ , T^ 91") > 0 by IV. 1.25(e), applied to T*. Thus 

5(,So , T, 90 serves as an e(lj T, 91, 2o) (see IXM.3), and hence G ^(1> T, 91) 
and finally K{za , T, 91) ^ 1. 

IV. 1.27. Given T as in IV. 1. 2, let be a point in the ^-planc. A Jordan region 
91* C 91 will be termed an indicator region for Zq under T if and only if h{zq , T, 
91*) ^ 0 (see IV.1.24), For brevitj'- we shall say that 91* is an indicator region 
{Zq , T). Note that the condition implies that z^ ^ T(91!' — 91*"), or equiva- 
lently that S(«;o , 2\ 91*) > 0 (of. IXM.25). The converse docs not hold; that is, 
the condition 5 (go , 2\ 91*) > 0 does not guarantee that 91* is an indicator region 
(go , T). An indimtor system (go , 20 o/ order k is defined as a system of h indicator 
regions 91i , ; • • , 91* in, 91, such that 91?91" = 0 for i 7^ j. 
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The point Zo being kept fixed, consider the set T~\zo). This sot is closed and 
possibly empty. If T~\zo) ^ 0, then each component of T~^(zo) is a continuum 
wliich will be termed a maximal model continuum for under T in S'i. Such a 
continuum 7 will be termed essential if the following conditions are satisfied: 
(i) 7 C (if) If ^ contains 7, then there exists an indi- 

cator region (zo , T) in 0 which contains 7 in its interior. Since 2^(7) = 20 , it is 
clear tliat if is an indicator region (zo , T) such that 7 C then necessarily 
7 C Indeed, as noted above, Zq C Let «s note emphatically 

that if a maximal model continuum y has a nonempty intersection with the boundary 
of% then 7 cannot be essential relative to 

IV.1.28. Given T as in IV. 1.2, lot Za be any point, and let K be the number 
(possibly 4- CO ) of the essential maximal model continua for z^, under T in 91°. 
Then K S nizo , T, 91). 

Pnoop. If k( 2 o , T, 91) = + CO or K — 0, then the assertion is obvious. So wo 
can assume that K> 0 and k{zo , T, 91) < + » . Let us put m = 1 4- , T, 

91), and let us assume, in contradiction to our assertion, that K ^ m. Then wo 
have (at least) m distinct essential maximal model continua 7, , * • • , 7,„ for Zo 
under T in 91°. Let 1; > 0 be smaller than the distance of any two of these eon- 
tinua, and let 0, , ^ = 1, 2, ,m, denote the sot of those points w whoso distance 

from 7i is less than r]/2. Then 0,91° is an open set containing 7, , and the sets 
0i91°, ■ • • , Om91° are disjoint. By definition (see IV, 1.27), we have for each i a 
Jordan region 91f such that (i) 7f C 91° , (ii) 9L C 0,^°, and (iii) 91< is an 
indicator region (20 , T). The regions 91i , * • • , 91w are clearly disjoint. As a 
consequence of (iii), we have fiiza , T, 91.) 9 ^ 0, and hcnco, by IV. 1.20, k( 2 o , T, 
91() > 0, i ~ 1, 2, • ■ • , m. By IV.1.21 it follows that 

k(zo , T, 91) ^ s k(zo , T, 91f) ^ TO - 1 4- «(2o , T, 91). 

(“1 

Thus the assumption that K > k{zo , T, 91) leads to a contradiction. 

We proceed to establish a series of lemmas which will yield tho fundamental 
theorem that k(z, T, 91) is actually equal to the number of essential maximal 
model continua for z under T in 91°. Some of these lemmas could bo stated in 
far greater generality, but wo shall restrict ourselves to tho simirlest statements 
adequate for our purposes. 

IV.1.2P. Let 91 be a simply-connected, bounded Jordan region in the ly-planc, 
and let f{w) be a continuous complex-valued function defined on tho boundary 
C of 91 such that/(i«) 0 on O' and (cf, 11.4,26) 

(I) Vo [arg/(ry)] = 0. 

Then there exists in 91 a continuous complox-valucd function F(w) with tho fol- 
lowing properties: (i) F(w) = f(w) on C. (ii) Fiw) 0 for w G 91. (iii) Tiie 
maximum of | F(io) j in 91 does not exceed the maximum of | f(w) \ on C. 

Pnoop, Case (a), 91 is the circular disc \ w \ ^ 1, In view of (1) wo have 
(see II, 4.25(e)) a single-valued, real-valued, continuous function on C, such 
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that f(w) = I f{w) t [cos -f i sin <?!>(w)] for w ^ C. Since /(iw) 5*^ 0 on (7, 
the (real) logarithm of | f(w) [ is continuous on 0. Let us put </(«>) == log | f(w) \ + 
IV ^ C. Then g{w) is single-valued and continuous on C, and 


J{w) » 

AI — max I f(xv) j, 


for w EiC, 

wGC, 


(1 — I w j) log M ~\~ f j g(w/\ w I) for 0 < | to ( ^ 1, 


( 2 ) 

Let us put 
(3) 

and let us define 
G{w) — 

.logit/ forw = 0. 

Then G(w) is single-valued and continuous in 9t (even at w = 0), and 

(i(w) — g(n') for j to | “ I, 

(‘J) 

9f(?(to) = (I — i 10 I) log M 4- j to I log j /(lo/l to I) j for 0 < | to j ^ 1 
There follows the estimate 


9?(7(to) ^ (1 — ( to j) log it/ + ( »’ I log i)/ =» log it/ for 0 . < I to I ^ 1 . 
Since 9ff?(0) = log it/, it follows that 
(6) 9?(?(w0 ^ logM 

From (2), (3), (4), (5) it follows that the function 

F(w) - 

satisfies our requirements. • 

Case (b). 9i is a general simply-connected, bounded Jordan region. Let then 
9t* denote the disc | to* | ^ 1 in. an auxiliary to*-plane, and let to* *= ^(to) be a 
topological transformation that maps 9i*onto 9t* (see 1.2.60). In view of 11,4.31, 
the function/* (to*) » | to''* ( ^ 1, satisfies then the assumptions made 

in case (a) above. If F*{w*) is tlie corresponding function in j to* | ^ 1 whose 
existence wc established in case (a), then the function F(w) — F*[i/(w)], to 6 9?, 
clearly satisfies our requiroraonts. 

IV. 1.30. On tho boundary C of a simply-connected, bounded Jordan region 9? 
in the to-plane, let there bo given a complex-valued continuous function /(to) 
which vanishes at exactly one point Wo on C. Then there exists in 9? a continuous 
function F(w) with the following properties: (i) F{w) = /(to) on C. (ii) F(w) 
5^ 0 in 9i“. (iii) The maximum of | F(w) | in 9J does not exceed the maximum of 
I /(to) I on C. 

Puoop. As in IV. 1.29, case (b), wc can verify that it is sufficient to consider 
the special case when 9t is the circular disc | to | ^ 1. For to tOo , let to* denote 
the second point of intersection of the line through to and tOo wdth the circle 


for I to I ^ 1, 

I w I ^ 1. 
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I w I = 1. Then the function, defined for | j g 1 by the formulas 



W — Wq 
W* — Wn 


Rw*) 


for V) 9^ Wq t 


[O = for = Wo , 

clearly satisfies our requirements. 

IV. 1 .3 1 . Let /(w) be a continuous complc.'c-valued function that is defined and 
different from zero on the boundary (7 of a bounded, simply-connected Jordan 
region 9i in the w-planc, and let w* be an interior point of Then thero exists 
in a continuous function F{w) with ilic following properties: (i) F{v}) = f{w) 
on the boundary of (ii) F(w^) = 0. (iii) F{n)) 0 in 9^ — w**’. (iv) The 

maximum of | F(w) [ in 9^ docs not exceed the maximum of | /(w) | on the boundary 
of 9?. 

Proof, Using an auxiliary topological transformation as in IV. 1.29, wo can 
assume without 1o.sr of generality that 9i coincides with the circular disc j w | ^ 1 
and that == 0. Then the function 


(|wl/(w/|w|) forw?^0, 

F{w) - ] 

* I 0 for 10 - 0. 

clearly satisfies our requiremonts. 

IV.1.32. Given T : z = t(w), w G 9J, as in IV. 1.2, let Zo be a point iu tho 
2 -plane such that N(zo , T, 90 < + “, , T, 90 > 0. Since k{z^ , 2’, 90 S 

N'{zo , T, 9^0 (sec IV. 1.20), k(zo , T, 9?) Is also fimlo. Lot Ic bo a positive integer 
such that k ^ k(zo , T, 90- Then wo have tho incqxmlitics 

(1) 0 <k^ k(z, , T, 90 g N{z, , T, 9^) < d- CO . 

t 

Furthermore, 2o E T, 90, and hence e(k, T, 9i', Zo) is available {see IV. 1.3). 
Lemma. Under ike conditions just described; take any number r such that 

(2) 0 < r < c(/o, T, n,Zo)/2. 

Then there exists in 91^ an indicator system (zq , T) of order k (see IV. 1 .27) comprised 
of Jordan regions 97x , • • • , 9U , such that 

I t{w) '— Zo \ > t/2 for w E 90 - 9t? , f = 1, 2, • • • , /c, 

1 i{w) - Zo] < T for w E 9t.’ , f == 1, 2, • • • , fc. 

Proof. Let G denote the sol of those points w E 91^ where [ i(io) — Zq\ < t. 
Then G contains the sot T~\zo) •9t'’, and hence G is not empty. Indeed, ^"‘(^o) • 

9t contains at least /c > 0 distinct points (cf. (1)). The sot G is clearly open, and 
hence each one of its components is also open. As 2’"' {zo) is a finite set on account 
of the assumption N{zq , 9{) < +«>, the set G has only a finite number of 

components that contain some point of 2’”*(2o). Lot (?i , ■ • • , (7„ bo these 
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components of G, Then each (?, is a domain (connected ojDen set) in and 

i{w) - ^!o 0 for le E 9J'’ “ ((?i + • * • + (?m), 

(3) 

= 0 for i 7 ^ j. 

Let be a boundary point of G', . Since | ^(w) — Zq\ < t in G and hence in G^ , 
clearly | — Zq\ ^ r, and if the sign of equality docs not hold, then must 

obviously lie on the boundary of 91. 

IV. 1.3 3, Continuation. We shall now modify t(w) in each one of the com- 
ponents Gi , • • • , G ,„ . Wc take one of these components G, , and proceed accord- 
ing to the following instructions: 

Case (a). | t(w) ~ Zo j = r on the whole boundary of G^ . Lot then 9'1,„ , 

1, 2, • • • , bo a sequence of finitely-connected Jordan regions that fill up G, 
in the following sense: 

(1) 3(... C , « = 1, 2, • • • , E K. = G. . 

II -1 

Such a sequence 91, „ exists (see 1.2.48). For 7i sufficiently largo we shall have then 

(2) I i{n>) ~Zo\> t/ 2 for le G G, - 9i:„ . 

Indeed, if E, is the subset of 0, where | i{w) - | ^ t/2, then E, is a closed 

bounded set in G, , since ] i(v)) ~ Zo\ == t on the boundary of G, . From (1) it 
follows readily, by means of the Boiol covering theorem, that JS, C 91?n for n 
sulliciently large (of. tho argument u.scd in lY. 1.19), and hence (2) holds. We 
pick a region 91, „ for which (2) holds and denote it by 91, , Then 

(3) 91, CG: , 0 < t/2 < I l(w) - I < r for la e (?. - 91? . 

Since N (zo , 7', 91) < H- <» by assumption, 9L contains only a finite number of 
points of the set T~\zo) in its interior and none on its boundary (cf. (3)). We can 
take therefore a simply-connected Jordan region 91f C 91? such that 91, • T~\zo) C 
91?“. In the Jordan region 91f == 91; — S'lf'’ the function i{w) — Zq is then dif- 
ferent from zero. Hence by IV.1.25(o) (applied to 91 f) wo have 

0 = n{zo , T, 910 = , T, 91.) - ii(zo , T, 91t), 

and hence 

(4) ‘ „(zo = m(z, ,T,m- 

Wo have to consider two subcases. 

Case (ai). m(^o , T, 91,) = 0. Then h(zq , T, 9if) = 0 by (4). Since 91f is 
simply-connected, the lemma of IV. 1.29 applies to the function /(ic) = i{w) - Za 
and iiio region 91? . There follows tho existence of a continuous function F,(w) 
with the following properties: (1) E^w) = tiw) — Zo on the boundary of 91? . 
(2) E,{w) 9 ^ 0 in 91? . (3) The maximum of ] F, (w) \ in 91? docs not exceed the 
maximum of | f{w) \ - \ t(w) - 2 !o | on the boundary of 91? , and hence | Fi{w) \ < 
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r in 9^*“ (observe that C 0,). Wo define now /,(tw) = P\-iw) + Zn for G . 
Then t,{w) possesses tlie following proporiios: 

(a) itiw) is continuous in . 

(b) ^(w)) = f(w) on the ]) 0 undai'y of 9tf . 

(c) I /,(io) - t(io) |. = I F,{w) + ^0 - ^(^<0 I ^ i F,(w) I + i l{w) ~ z„ 1 < 
2t < e(A', T, dl, zo) in 9{f (of. IVJ.32(2)). 

(d) h (w) 7 ^ Zo in 9^f . 

Case (aa). ^(^(i > 9^) ^ olworvo first that 9i\ is in this case an 

indiralor region (zo , T) (cf. IV. 1.27), and by (3), 

j t(iv) -Z,\> Tf2 on 9?. - 9i''; . 

I l{u)) — So I < T in 9i', 

Let us take now a point w, interior to J)i? . Since i(ta) ~ 0 on the l)Oundaiy 

of 9ff , we have by IV. 1.31 a continuous function F, (la) with tho following 
properties: (1) F,{w) = liio) - 2 o on tho boundaiy of 9?f . ( 2 ) F,{w,) = 0. 

(3) 5 ^ 0 in 91f - w, . (^1) Tlic maximum of | F,{w) \ in 9?f doos not 

exceed the maximum of | l(v)) - £o | on tho boundary of 9tf , and hence | F,(w) [ < 
T in 9tf , since 9ff C 9J, C 17, ♦ Wo define fi(tc) = /'\(w) + for w £ 9i'f . Tlion 
tf(w) possesses the following properties: 

(a) t,(w) is continuous in 9i'f . 

(b) i,{w) = ii^v) on tlio Imundary of 9?f . 

(c) I i:,(w) “ ((w) I < €(k, T, 9^, Zfi) in 9f? (cf. the argument in tho case 

(«i))‘ ! 

(d) The equation t^{w) ~ Zq Inus tlm unique solution w = w, in 9if . 
IV.1.34, Continuation. Case (jS). There exists a point wj on the l)oun- 

dary of fr, such that | l(wT) — Zo\ < t. Then wf is necossiii'ily a boundary point 
of 9^(, as noted in IV.J.32, and thus wf lio.s on a boundary curve of 9b On this 
boundary curve we have then a sliort arc rr with tho following pi’oportios: 

(i) wf is an interior point of a. 

(ii) t{w) 7 ^ Zq at tlic end points of tr. 

(in) I i(wj) — Zo\ < T on ff (observe that | ((wf) ~ Zq\ < t). 

As a consequence of (iii), it is clear that pvory point in 9t'’ that lies .sullicientl}'^ 
near to a belongs to C, . Since tho sot T~^{Zo) is finite by assumption, it follows 
that we can join the end points of cr by a simple arc y which lies in C, except for 
its end points, in such a manner that the simple closed curve C = o- + 7 contains 
in its interior all the points of tlie set GrT~'{zQ) and tlie interior of C is con- 
tained in C, . On C wc tlefine a continuous function f{w) as follows. Wo set 
f{w) — t(w) — Zo on 7 , and note that wo have ilicn, in view of (ii), 

( 1 ) !{w) = t{w) - 2 o 7 ^ 0 007 . 

As regards cr, v'o oljserve that J{w) is already dofinocl at the (uid points of cr by 
(i), and that 0 < | S{w) [ < t at tho end points of cr (.see (in)). Clearly, wc can 
extend the definition of /(to) to tho interior points of a in such a way that 
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(2) I f(tv) I < r on <r, J(w*) = 0, 

(3) f(w) ^ 0 on ff ~ wf . 

In view of (1), (2), (3) and of the inclusion y C (except for oinl points), it 
follows that I f{w) I < r on C = cr -h Y, f(w) ^ 0 on C ~ wf , and f{wf) — 0. 
If wo denote the simp ly-connec ted Jordan region hounded by C, then 

we have therefore by IV. 1.30 a continuous function Ft(w) with the following 
pi'opertie.s: (1) F^{w) = f{w) on (7. (2) Fi(w) 5 ^ 0 in 917°, and hence F,{w) 0 

in 9i? — w* , since /(-la) 5 ^ 0 on <7 ~ wj* . (3) The maximum of | F,{w) \ in 9t? 
doe.s not exceed the maximum of [ f{w) [ on (7, and hence | (w) | < r in 9h'‘ . We 

define t,(w) = 7^,(w) -i- Zq , ^v ^ ^)ftf , Then i,(w>) posse.ssos the followng proper- 
ties; 

(a) t^(w) is continuous in 9if . 

(b) t,(w) — t{w) on the simple arc y (cf. formula (1)). 

(c) I i^{w) — l{w) I < 6(Jc, T, 91, Zo) in 9if (cf. the argument in case (cvi)). 

(d) The equation f,(w) — Zo has no solution in 9?f — tr. 

IV. 1,3 5. Continuation. We define now in 9i a continuons ti’ansfornmtion 
T* as folIo'^A'.s 

foj- w e ” (9tf + . . . + m), 

for w e 9tf , i = 1, ■ • • , ?n. 

By IV, 1.33, IV. 1.34 the function t*{w) is clearly continuous in 9i and sati.sfies 
the inequality | i*(w) — i(w) { < e(k, T, 9f, Zn), Thus (cf. IV. 1,1) 

p(T*, T, dl) < e(k, r, % 2„). 

By IV. 1.32(1), IV. 1.16 it follows that 

(1) < k ^ N(z, ,T\dr). 

On the other hand, N(zo , T*, 91“^) is clearly equal to fclie number v of those com- 
ponents fr, for which the case ( 0 : 2 ) occurs (see IV. 1.33, IV. 1.34, IV. 1.32(3)), 
Tims p ^ k in view of (1). Now in the case (a 2 ) wo observed that f?, contains an 
indicator region (zq , T) for which the inequalities specified in the lemma of 
IV. 1.32 hold. Since v k and the components G^i , • • * , f?,„ are disjoint, the 
lemma of IV. 1.32 is proved. 

IV. 1.36. Given T as in IV. 1.2, lot 2o be a point in the 2 -piane, and let k lie a 
npn-negative integer such that k ^ k(zq , T, 9t). Then z^ £ ^'(k, T, 9t) and hence 
c(/c, 'i\ 9(, 2o) is available. Let t be a number such that 

(1) 0 < r < €(A:, T, 9?,2 o)/2. 

Then there exists in 9i“ an indicator system {zq , T) of order 7c, comprised of Jordan 
regions 9ii , ■ • • , 91;t such that | t{w) — Zq\ < 2r for la G f = 1, ’ • • , k. 

PiiooF. If 7; = 0, then the assertion is vacuously true. So we can assume 
that /c ^ 1. Let u.s observe that our present assertion is an immediate conse- 


7'* :z = t*(w) — 
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quencc of IV. 1.32 if we assume iliat V(2o , T, 9^) < + <» . Our jioint is prcciselj' 
to dispense with this assumption. 

By iy.1.23 we have a sequence of continuous transformations T,, \ z = 
ii; E each of which is polyhedral in 9?, such that 

(2) p{T„ , T, 9t) — > 0 for — >«) . 

Since T„ is polyhedral, surely , 9^) < + «> ■ Let us put 

<r = T, 9t, Zo) “ 2t. 

Then a > 0 by (1). Define 

(3) 17 = 2t + c/2. 

Then 0 < i? < e(Jc, T, Zo)- By (2)' and IV. 1.22, it follows that ij will servo 
as an e{k, T„ , dl, Zo) for n s\ifficiently large, say n > no • Vhus wo can choose 

(4) €(k, , 9?, Zo) = V for n> Ho . 

Tn view of (3), (4), we have then 0 < t < 6(/c, T„ , 9J, Z(»)/2 for n > • In 

view of (2), wc shall have p{T„ , T, 9f) < t/2 for ?i largo. By lA^.l.S it follows 
from (2) that k(zo , T ,, , 90 ^ Jc for n large. Summing up, we can choo.se a largo n, 
say 71 = r, such that the following conditions hold simullaneou.sly: 

k(zu , T, , 90 ^ /c> 0. 

(6) p(n , T, 90 < t/2. 

0 < T < c(/c, T, , 9?,^o)/2. 

Since is polyhedral, we have of course V(2o , ?/ , 90 < + “ • Thus the lemma 
of IV. 1.32 applies to 'l \ , and hence there exists in 91“ an indicator system (zq , T,) 
of order k, comprised of Jordan regions 9?, , • • • , 9?* such that 

(6) I tM “ I > t/ 2 for^p E 90 “ 90 , f = 1, • - • , k, 

(7) I t,(w) — Zo \ < T for IP E 90 , f = 1 , • • ‘ , /o. 

We assert that each 9t, is also an indicator region {zq , T). Indeed, since iK, is an 
indicator region (zq , T,), we have (see IV. 1.27) 

(8) pizo , 'J\ , 90) 0. 

(6), (6) yield (cf. 1^01.25) p{l\ T, , 90 - 9t0 < 5(2o , T, , 9?0. Hence, by 
lV.1.26(d), 

(9) 90) = 90). 

(8), (9) yield p{zo , 2', 90) ^ 0. Hence 91^ is an indicator region (^o , T), by 
IV. 1.27. From (5), (7) we infer, for ip E 9J, , 

I fN - 2o I ^ I t{w) ™ /,(ip) ] + I ON - ^^0 1 < t/ 2 4- T < 2r, 

and the proof is complete. 
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IV.1.37. Given T os in IV. 1.2, lei Zo be a point in the 2 -plane, and let be 
an indicator region {Zo , T) in Q?'’. Given any number 7 ? > 0, there exi.sts a 
Jordan region Ofa with the following properties: (i) dU C 9ii • (ii) % is an indi- 
cator region (zo , T). (iii) The maximum of [ t(w) - 2 o 1 in 9?2 is less than v- 
Proof. Since % is an indicator region {zo , T), we have , T, 9h) 5 ^ 0 by 
IV. 1.27. Plence «(2o , T, 9?,) ^ 1 by IV. 1,26 (applied to T in 9?i). Thus we can 
^J'pply IV. 1.36 to 'r in 9h with k — 1 and any t that satisfies the inequality 

(1) ()< T < e(l, T, % ,2o)/2. 

Wo choose r to satisfy’ both (1) and 

(2) T < 7j/2. 

By IV. 1.36, we have then in 9i'? an indicator region ( 20 , T), say 9?2 , such that 
j t(w) — 2 o I < 2r for G 912 . In view of (2), 9?2 satisfies our requirements. 

IV.1.38. Given T a.s in IV. 1.2, let Zo bo a point in the 2 -plane, and let 9t^ be 
an indicator region ( 20 , T) in 91®. Then there exists in 9i^ an es.sential maximal 
model continuum for Zo under T (cf. IV 1.27). 

Proof. Let »/„ be a sequence of positive numbers converging to zero. By 
successive applications of fV.1.37, we obtain a sequence of Jordan regions 9t„ 
•with the following properties; 

(i) 9i„,i C 9?:: C 9fi , a - 1, 2, ••• . 

(ii) 91„ is an indicator region (zq , T), n ~ 1, 2, • • ■ . 

(iii) The maximum of ] /(la) — 2 o | in 9t„ is le.ss than 7j„ , ~ 1, 2, • • • . 

Lot us define 

(1) T = n ». . ■ 

n-l 

Since each 9t„ is a continuum, it follows from (i) (of. 1.2.39) that 7 is a nonempty 
continuum (which may reduce to a single point). Clearly 7 C 9^^ . As a conse- 
quence of (iii), i{w) ~ Zo on 7 . Hence 7 is contained in a maximal model con- 
tinuum r for Zo under T, We assert that 1 — 7 . Assume indeed that there 
exists a point tWo G P, Wo ^ 7 . Then (cf. ( 1 )), we shall have Wo ^ 91„ for some n, 
Now r is connected and r9?“ 0, since P 3 7 and 7 C 9?» . Hence (see 12,40) 

P • (9?„ — 9In) 5 ^ 0. But this is a contradiction, since i(w) = Zq on P, and ((w) 7 ^ Zq 
on 9?„ ” 9?n since 9In is an indicator region ( 20 , T) (cf. IV. 1.27). Hence 7 = P. 
In other words, 7 itself is a maximal model continuum for Zq under T. • To show 
that 7 is essential, let 0 be any open sot that contains 7 . In view of (1) and (i), 
we shall have 9f„ C 0 for a large. Then 9t„ is an indicator region ( 20 , T) that 
contains 7 and is contained in. 0. Hence 7 is essential (see IV 1.27). 

IV.1.39. Tiieouem. Given T as in IV 1 . 2 , let Zq be a point in the z~plane. 
Then k(zo , T, 9?) is equal to ike number (possibly + « ) 0 / the essential maximal 
model coniinua for Zo under T in 91®. 


290 


IV. 1.39 


Proof. Let K denote the niimbci' (pos.'^ibly + <» ) of tiic es.sontial maximal 
model coiitinua for Zo under T in St”. By IV. 1.28, k( 2 :o , ^ K. The com- 

plcment.ary inequality h(zo , T, 90 g K will l)c established if wo can .show that 
cvciy non-nogath'’e (finite) integer k that satisfies the inequality k ^ k(zo , 7’, 9?) 
also satisfies the inequality k ^ K. In verifying this fact it is clearly suflicient to 
consider the case wlien k > 0. Now if 0 < /c g k(zq , T, 90) fhon by TV. 1.30 wo 
have in 9?:“ an indicator system (zo , f) of oi-der k. Lot 90 , ■ ■ • , 90 be tlio regions 
of this system. Then Oil'S?? = 0 for i 7 ^ j, and by IV, 1.38 each region 9?, contains 
in its interior an o.s.senlial maximal model continuum 7, foi- Zo under T. 'Thus 
we obtain a system of k distinct coiitinua jt , ••*, 71, and hence k ^ K. 

IV. 1.40, Lei T : z - i{w), lu ^ T* \ z = w'*' G 9?^ bo two continuous 

transformations, where the w- and wi‘''-planes may or may not coincide. Suppo.se 
that T and 7’* are topologically'' similar (cf. IV. 1.0). Tliat is, there exists a 
homeomorphism r(9i) — 9?”' such that i(w) — l^[r{w)] for w G >)?■ Lot Zq be any 
point ill the 2:-plane, and lei 9i) be any indicator region (^o , T) in 9?”. Then 
9?f = r(9Ji) is an indicator region (2:0 , 2''*') as an immediate consequence of 
IV. 1.25(f), IV. 1.27. In view of IV. 1.27 it is now clear that if 7 is an essential 
maximal model continuum for z^ under T in 9?”, then 7* — 7(7) is an (‘.ssential 
maximal model contiimuin for z^ under in 91*”. 

IV.1.41, The following definitions will be used constantly in the sequel. Let 
9i be a (bounded, finitely-connected) Jordan region in tho w-plano. A sequence 
of Jordan regions 9?„ will be said to fill up 9i from the interior if the following 
conditions hold: (i) 9I„ C 9?, w = 1, 2, > • ■ . (ii) If F is any closed sot in 9?®, 
then F C 9i» for n sufficiently largo. 

Lot 2D bo a bounded domain (connected open set) in the w-plano. A sequence 
9?„ of Jordan regions will be said to fill up 20 from the interior if the following 
conditions hold: (i) 9?^ C 5), n == 1, 2, • • • . (ii) If 7^ is any closed sot con- 
tained in SD, then F C 9?? for n sufficiently largo, Tho term closed sot is u.scd 
here in the absolute sense (relative to the la-plane, and not relative to ID). Since 
3D is bounded, a closed ,sct F C 2D is then compact (see 1.2.38). 

IV, 1.42. Wg shall now consider transformations T given in tho form 

T \ z = i{v})f w G 2D, 

where the following standard conditions will be Ovssumed to hold: (i) 2D is a 
bounded domain (connected open set), (ii) t{w) is continuous and bounded in 
2D. Note that the boundedness of f(w) is now a separate requirement, since 2D 
is not compact, Wo shall use simultaneously^ the real representation 

T :x == x(u, v), y ~ ?/(w, v), (a, v) G 2D, 

\vJiero X iy ~ z, u -f iv = w, .^(ti, v) + iy{u, v) ~ 

IV. 1.43, Given T as in IV. 1,42, lot us take a point z. Let 9?„ be a sequence of 
Jordan regions that fill up 3D from tlic interior, in the sense of IV.1.41 (such se- 
quences exist by 1,2.48). We assert that the sequence k(z, T, 9L) is convergent 
(its limit being ]iossibly + <» ). Indeed, since 9?i is itself a closed sot in 2D, we 
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shall have C 9^, foi' fixed k and for j sufficiently large. Hence by IV. 1.14 
k{z, T, S k(Z) 2\ 9?,) for fixed k and large i. For / —>«> it follows that 

K(Zf 2\ Jli\) ^ lim infK(2, T, 

For k — > CO we obtain now 

limsup/f(0, T, 9ii) g lim infK(2;, T, 9i\). 

/.-.oo ,->ca 

Since the notation used for the subscripts is of course immaterial, the last relation 
proves the convergence of the sequence k{z, T, din). If 9?|f is a second sequence of 
Jordan regions filling up 3D from the interior, then by the same argument the 
sequence k(z, T, 9f*) is also convergent. Since 9ii , 9?f , • • • , 9^„ , 9J,t , • • ■ is 
also a sequence of Jordan regions filling up © from the interioi*, it follows that the 
sequences k{z^ T, 9t„), k{z, jT, 91*) have the same limit. In other words, the 
limit of K{Zf T, 91„) is independent of the particulai’ choice of tho sequence 91„ . 
We can therefore define 

k(z, T, to) - lim k(z, 7’, 91»)- 

Tlic function K{Zy 7’, D) will be termed the essential mulLifUcily of the point z in the 
image of 2D under 7\ 

IV,1.44. Continuation. If 91 is any Jordan region in 2D, then «(«, T, 91) ^ 
k{z, T, 20). Indeed, lot 91„ be a sequence of Jordan regions that fill up 2D from 
tho interior (see IV. 1.41). Then 91 C 91„ for n sufficiently largo, and licnco, by 
IV. 1.14, k{z, T, 91) ^ k{z, T, 91„). For n —>«> wc obtain the inequality k(z, T, 91) 
^ k(z, Ty D). 

IV. 1.45. Continuation. Let Zq be a point in the 0-plaue. If k is any non- 
negative integer such that k ^ /((zo , T, 2D), and if 91„ is a sequence of Jordan re- 
gions that fill up 2D from the interior, then wc have k ^ k(z:o , T, 91„) for n suffi- 
ciently large. Indeed, if we put » k(zo , T, 91„), then by definition — > 
k{zq , 'i\ 2D). If k{zo , 7’, SD) = -f oo, then it follows immediately that > k for 
n largo enough. If K{z,i , 7\ 2D) < +«, then k„ < -f “ also (see IV. 1.44), and 
since k„ and /c( 2 q , 7’, 2D) are integers, tho relations k{zo , 7’, 2D), /c ^ /^(^o , T, 
2D) clearly imply that k„ = k(zo , 2] 2D) and hence k„ g k for n sufficiently large. 

IV. 1.46. CJoNTiNUATioN. Givon a point Zo in the 2-plane, consider tho set 
2'~^(zo) in 2D. Assume that 7’” ‘(20) 7^ 0. If 7 is a component of 7’"^(2o), then 7 is 
connected, but 7 may not be closed (since 2D itself is open). It may happen how- 
ever that 7 is closed. In this case, since 2D is bounded, 7 is a compact connected 
set, and hence a continuum that may reduce to a single point, Wc shall say then 
that 7 is a maximal model conlimtumfor Z(, under 2' in 2D. If for every open set 0, 
that contains the maximal model continuum 7, tliere exists a (fiiiiloly- connected) 
Jordan region 91 such that 7 C 91°, 91 C G2D, ju-(2o , 2\ 91) 7 ^ 0 (cf. IV.1.24), then 7 
will be termed essential (for under 7'' in 2D). According to the terminology 
introduced in IV.1,27, wc shall term a Jordan region 91 with the properties 
91 C 2D, , T, 91) 0 an indicator region (20 , 7’) in 2D. If 7 is an essential 
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maximal modol coRtinuum for Zo iiuclor T in ^), and if ;Do is nuy sub-domain of SD 
that contains 7 , then clearly 7 is also an essential maximal model continuum for 
Zo under T in a:)o , and the converse is equally obvious. 

IV.1.47. Theorem. Given a continuous transformation .T : z = t{w), w G JD, 
as in IV. 1.42, k{z, T, 3)) is equal to the number {possibly + 00 ) 0 / essential 
maximal model conlinua for z under T in aD (of, IV. 1.40, IV.1.43). 


Proof. Let boa sequence of Jordan regions that fill up 31 from the interior, 
and let K be the number (possibly + co ) of the essential maximal model continiia 
for z under T in SD, and let K„ bo the corresponding number for (cf. IV. 1.27). 
By IV. 1.39 we have K„ — k{Zj T, 9?„), and by definition k{z, 'i\ SD) = lim k{z^ T, 
9t„). Hence Kn — > k{z, T, SD). If 7 is an essential maximal model continuum for z 
under T in 91" , then clearly 7 is also an essential maximal model continuum for z 
under T in SD. Thus K„ ^ K, On the other hand, if 71 , • • • , 7,,, is any finite 
system of essential maximal model continiia for z under T in SD, then 71 + • • • + 
7„ is a closed set, and henco 7, , • • ■ , 7„, will be contained in 91" for n sufliciontiy 
large. Thus lim inf K,, ^ K, It follows that — > K, The rolations K„ —> K, 
K„ = k(z, T, 91„), k(z, T, 91„) — > ti(Zf T, SD) yield k(z, T, 3 j) = K. 

IV. 1.48. Continuation, If SDu is any sub-domain of SD, then k{z, T, SDo) ^ 
k{z, T, SD). This is an immediate corollary of IV. 1.47. A second eoroliary is 
concerned with the invariance of k{z, T, SD) under topological similarity. Let 
T \ z = i{w),w ^ 3D, and \ z^ /‘'(wj'*'), G 3D^ b(; two transformations as in 
IV. 1.42, and suppose that there exists a homoomorphism t(SD) = SD”' such that 
t(w) = i*[T{w)] for u; G 3D. If 7 Is an essential maximal modol continuum for a 
point z under T in SD, then the same argument as that used in IV. 1 .40 shows that 
7 * = 7 ( 7 ) is an essential maiiimal model continuum for z under 7’”' in SD'b In 
view of IV. 1.47 it follows that k{z, T, SD) = k{z, ‘ D ”') if T and T^‘ are topo- 
logically similar. 

IV. 1.49. Continuation. If T is topological (that is, if implio.s that 

i(^ei) 9 ^ then k{z, T, S)) = N(z, T, SD) (cf. IV.i.l), Indeed, in this case for 

every point Wo G 3^ wo have Wq ~ T ^(zf), whore Zn = l{wn). Thus Wq is a maxi- 
mal model continuum for Zq under T in SD. Let now 9i denote a small circular 
disc with center • Then clearly /i(«o , T, 9C) = =1= 1 , and henco is an e.s.sontial 
maximal model continuum for 3 o under T in SD. Thus k{z, T, SD) = J if N(z, T, 31) 
= 1, and clearly (ef. IV. 1.4) k{z, T, SD) == 0 if N(z, T, SD) == 0. 

IV.l.SO, Given a continuous transformation T \ z ~ t(w), w G 9^ in 
IV. 1.2, wo defined in IV. 1.4 the cssoniial miiUi]fiicUy function k{z, T, 90- On 
the other hand, wc can consider T as ojairating from the domain SD = 9i", and 
then we have the e.sscntial multiplicity functiomK( 2 , T, 9f") as defined in IV. 1.43. 
Wc assert that k{z, 'J\ 90 = k{z, 7', 9t"). This follows from the definition given 
in IV. 1.43 and from the result in IV. 1.17, or more immediately from the theorems 
in IV.J.39 and IV. 1.47. 


IV.1.51. 
of z. 


Given T as in lAM 


.42, k{z, T, SD) is a lower seini-continuous function 
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Pnoop. Let bo a sequence of points converging to Zo . Let be a sequence 
of Jordan regions filling up SD from the interior. For fixed n we have then, by 
IV.1,11, IV.1.44, 

k(zq , T, i)f„) g lim inf k(z, , T, 9U ^ lim inf k(z, ,T,^). 

;w»oo i-i3> 

For ?} — )oo wo obtain, in view of IV. 1.43, 

, T, 5)) ^ lim inf k(z, , T, 2)). 

IV. 1.52. Let there be given continuous transformations 

T :z - l(w), ta G SD, 

T, : z = t,(w}, e SD, , J = 1, 2, • • • , 

as in IV. 1,42. Suppose that the following conditions hold: 

(i) If F is any closed .set contained in 3D, then F C. S), for j sufficiently large. 

(ii) If F is any closed set contained in SD, then p{T, , T, F) 0 for j —><» 
(ef. lAM.l). Note that this requirement is meaningful, since Tf is defined on F 
for j sufficiently large, by condition (i). 

Under these condition.s, wo have the inequality 

(1) k(z, 2\ ©) ^ lim inf k(z, T, , ;D,) forj^®. 

Proof. Let be a sequence of Jordan regions that fill up 3D from the interior. 
By condition (i), will be defined on for fixed n and for j sufficiently .largo. 
In view of condition (ii), it follows therefore from IAM.12, IV, 1.44 that 

k(z, T, 9i\) ^ lira inf k(z, Ti , 9h,) ^ Hm inf k(z, T/ , SD,) forj-*" . 

For n —^co we obtain, in view of IV. 1.43, the inequality (1). 

IV. 1.53. Wo shall say that a sequence 3D/ of domains fills up the domain 2D if 
aD, C 2D, j s= 1, 2, • • • , and for every clo.scd set F C 3D we have F C 3D/ fory 
.sufficient^ large. Using this terminology, wo have the following corollaries to 
n^.1.52, 

Corollary 1. Given T as in IV. 1.42, let ‘S:^, be a sequence of domains that fill 
up 3D. The?i k{z, T, 2D) = lim F, 2D,) for j <» . 

Indeed, \vc have F, 2DJ ^ k{z, F, 3D) by IV. 1.48, and hence the assertion 
follows from IV. 1.52, applied mth ; z =: t(w), lo S 3D, . 

Corollary 2. Given the continuous Iransfoi'mations T \ z = t(w), w G 2D» 
and Tjiz ~ tfw), -la G 2D,y — 1, 2, • • • , as wIV.1.42, suppose that p{Tf T{ f F) 

0 for every closed set contained in SD. Then k{z, F, 9D) S hro- inf k(z, Fy , 2D) for 

j ^ CO, 

This is merely the special case SD, = 3D of IV. 1.52. 

Corollary 1 stales a continuit}'' property of k(z, T, 3D) with respect to the third 
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argument (D, while Corollary 2 .states a property of lower .semieonbinuity of 
k{z, T, D) with respect to the .second argument T. 

IV. 1.54. Given T :z — i(w), la g 33, as in IV. 1.42, let 3D, denote a (finite or 
infinite) .sequence of domains in 3D, .such that 3D, 3D, = 0 for f 7^ j. Then 

E *(*. T, ffl.) g k{z, T, B). 

t 

The proof follows directly from IV.1.47, nM.46. 

IV.l.SS. Continuation. Let us put — 3D — 2 thou 

k{z, T, 5D) - 2 a^.) for« ^ 

t 

Proof. In view' of IV. 1.64, it is sufficient to show that 

(1) k(^, 'J\ SD) ^ 2 T, 3}.) for 2 ! ^ T(E). 

1 

Now let Zq be any point not in T(E), and let to be any essential maximal model 
continuum for Zq under T in SD. Since T(yo) = Zq , and Zq ^ T{E), it follow'.s that 
yoC^ ~ E >= 2 . Since 70 in connected, 70 niiist lie a .subset of a component 

of 2 a>, . By L2.39, the components of 2 ^Df are precisely the domains 3Df . 
It follows that every essential maximal model continuum for Zo under T in 3D is a 
subset of some domain 3D, . The inequality (1) follo^vs now directly from 
IV.1.47, IV.1.46. 

IV.1.S6, Given T \ z = l{w), w G 3D, as in IV. 1.42, wo introduon certain sub- 
sets of SD that will play an important role in the sequel. 

(i) The set S(7’, 3D). A point tVo G 3D belongs to 8(7’, 3D) if Wo , taken by itself, 
is an essential maximal model continuum, under T in 3D, for its imago Zq = i(wo) 
(cf. IV.1.46). 

(ii) The set S*(I7’, 3D). A point -Wo € 3D belongs to 8’*' (7’, SD) if and only if Wo 
lies on an essential maximal model continuum, undor T in 3D, for its imago Zq = 

(iii) The set 77(2’, 3D). A point tiJo G 3D belongs to 77(2’, 3D) if and only if (a) 
Wo G S(2’, 3D), and (0) tliero exists an open set 0 such that Wo G 0 and no 
essential maximal model continuum, under T in 3D, of the point Zn ~ t{wa) 
intersects the set 0 — Wo . 

(iv) The set ^(T, 3D). A point lao E 3D belongs to a (2’, 3D) if and only if 
tliere exists an open set 0 containing Wo such that iiw) ^ 1 (wq) for w G 03D — Wo> 

Observe that one or more of the sets just defined may bo empty. Clearly 
8‘''(2', 3D) 3 8(2’, SD) 3 77(2’, 3D). If 3Do is any subdomain of 3D, then the defini- 
tions apply to T considered in 3Do , and yield the sets 8(2’, 3Do), S*(2’, SDo), 77(2’, 
3Do), 0{T, 3Do). Clearly (cf. IV.1.46) S(T, 3Do) = 3Do8(2’, 3D), 77(2’,, 3Do) = 3Do 77(2’, 
3D), a (2, 3Do) = 3DoSf(2’, SD). On the other hand, the formula 8^(2’, 3Do) = 
3 Do 6*(7’, 3D) is generally false. Indeed, suppose that there exists a point Zo that 
possesses an essential maximal model continuum 7 under T in 3D, where 7 does 
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not reduce to a, single point (examples for this may be easily constructed). Lot 
Wa be a point of % and let IDo bo a sub-domain of SD such that Wo G SDo , 7(3) — 
3)o) ^ 0. For example, we may choose D© as an open circular disc with center 
at Wa and with a radius less than half of the diameter of y. Then Wo S 3)ofi*(7’, 
3)), but-iao ^ S*{T, SDo). While the formula &*(T, SDo) = 3)oS'''(7’, 3)) is generally 
not available, the inclusion S *( 7 \ 3)o) C 3)oS*(jr, 3)) is obvious (cf, IV. 1.46). 

If there is no danger of misunderstanding, then wo shall use the more concise 
notations &(T), 8(SD) or simply 8 instead of 8(7’, 3)), with similar conventions 
concerning 8^ 7^, d. Then clearly (cf. IV. 1.1, IV. 1.47) 

(1) N{z, T, J^) S N{z, T, 8 ) ^ k( 2, T, 3)) ^ N(z, T, S'*). 

Suppose now that we have k(z, T, 3)) = N{z,T, < + «> for a certain point z. 
This means that z has a finite number of essential maximal model continua under 
T in 3), each of which reduces to a single point. Clearly it follow.? that the sjign 
of equality holds throughout in (1). 

Let us next as-sumc that wo have N{z, T, S’*") < + “> for a certain point z. 
If 7 is an e.ssential maximal model continuum for z under T in 3), then y must 
reduce to a .single point. Indeed, if this were not the case, then 7 would contain 
infinitely many points (observe that 7 is connected), and we should have 
N{Zf 7’, S'*") = + <», while we as.sumed that N{z, 7’, 8*) < + «•. It follows now 
immediately that the sign of equality holds throughout in (1). Thus we see that 
for the sign of equality to hold throughout in (1), for a certain point z, either one 
of the following two conditions is sufFicient: (a) N{z, T, 8) ~ k(z, 7', 3)) 
or (b) N(z, T, 8’“) < H-c«. 

IV. 1.57. Continuation. Lot w bo a positive integer and m any nonzero 
integer. Define a subset E„„ of 3) as follows. A point tWo G 3) J^elong.? to Em» if 
and only if there exists a (bounded, finitely-connected) Jordan region 91 with the 
. following properties: (a) Wo G 91®, 91 C 2D. (jS) 91 is contained in tlio open cir- 
cular disc \ v) ~~ Wo] < l/n. (7) 91] = m (cf. IV. 1.24). We as.sert 

that E„„ is an open (possibly empty) set. 

Proof, If E,„„ — 0, then there is nothing to prove. If i?„,„ 5^ 0, then let Wo 
be any point of E ,„„ , and let 91 bo a corresponding Jordan region with the proper- 
ties (a), (/3), (7). We assert that 91 has these same properties (a), (/?), (7) with 
rc.spect to ovory point Wi that is sufliciently clo.se to wo (once this is verified, it 
will be established that E„n is open). As regards the properties (a), (^), our 
assertion is obvious. As regards (7), let us note that T, 91] 1 == m 0, 

and hence S[i(«>o), 7', 91] > 0 by IV. 1.25(a). Since t(v}) is continuous, it follows 
that we have an jj > 0 such that | i{Wi) — i(Wo) | < 5[i(«>o), T, 91] for | la, — lao | 
< 1 ). By IV. 1.25(c) it follows that T, 91] = M[f(wo), 7’, 91] = m for 

I to, — lao I < n* Thus 91 possesses the property (7) with respect to every point 

Wi that is .sufficiently close to Wo , 

IV.1.58. Continuation. The set 8 (see IV. 1.56) is a Borol set (see 1.2.46). 

Proof. Since the set (see IV. 1.67) is open (or empty), our assertion fol- 
lows from the formula 
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(1) S = n E 0, 

n » 1 )H >= " CO 

Avhich wo slmll presently. 

(i) Take any point Wo E. 6) a-nd let n be any positive integer. Then Wq is an 

essential maximal model continuum (under T in 2D) for the point Zq ~ t{wo), and 
hence (of. IV. 1.46) avo have in the open circular disc | u; ~ Wo | < 1/n a (finitely- 
connected) Jordan region that contains Wo in its interior and is an indicator 
region (liwn), T) in 2D. Then 0- Hence, if we put m = m[^(wo), 

Tj 9t], then m 9^ 0, and G (cf. IV. 1.57). In other words, for every po.sitivo 
integer n the point Wo belongs to for some integer m ^ 0. Thus the set on 
tlie left in (1) is a subset of the .set on the right. 

(ii) Suppose conversely that Wo G 2D is a point of the set on the right in (1). 

Let 0 be any open set such that G 0 C 2D. Choo.so a po.sitive integer n so 
large that the open disc | iy — ] < J/a is contained in 0. By assumption 

-f 00 

^<^0 G E J ni 9^ 0. 

Hence avc have some integer m ^ 0 such that Wo G -K'mn (ol)Hervo that m depends 
upon n). By the d(?finition of avc have then a Jordan region with the 
properties (a), (/3), (7) listed in IV. 1.57. Note that since m depends upon n, 
the notation is justified. Then Wq G St" , *9tr, C 0, m[^(^o), 7’, 9L] = m 7^ 0. 
Thus 9i„ is an indicator region (f('W}o), 7") containing Wo and contained in 0. 
Furthermore, the diameter of 9f„ is lcs.s than 2/n. Now let 70 be the component 
of T~^[l(wo)] that contains Wq . Since 2\yo) = t(Wo) and i.{w) 5^ 1 (wq) on tlie 
boundary of 9t\, a.s a consocpience of the relations ^[^('1^0)1 7', 9i\,] = m 7^ 0 (cf. 
IV. 1.24), it follows that 70 C Rl . ' Thus the diameter of 70 docs not exceed 2/n. 
Since this holds for all sufficiently large values of n, 70 reduces to tlio point Wq 
itself. Thus lyo G B (cf. IV. 1.56). In other words, the set on the right in (1) 
is a subset of the sot on the left. 

IV. 1.59. Continuation. The set of IV, 1.56 is a Bore! set. Since the 
argument is quite analogous to that used for S in IV. 1.68, wo shall merely sketch 
the proof. For every positive integer n, define a sub.set of 3D as follows. A 
point Wo G 3D belongs to E„ if and only if there exists a (finitely-connected) 
Jordan region 9? with the following properties: (a) G 9^^ 91 C 2D. (/3) 7’(90 is 
contained in the open circular disc | z - iiwa) \ < i/n. (7) fiUiwo), T, 9J] 7^ 0. 
Then E„ is an open {po.ssibl3^ empty) sot and S* == FI , n = 1, 2, • • • . Hence 
6* is a Borcl set. 

IV. 1.60. Continuation. The sot JV of IV. 1.66 is a Borcl set. Again, we 
shall merely indicate the proof. Using the notations of IV. 1.3, TV. 2. 3, IV. 1.60, 
the first stej) consists of verifying the formula 

7 ^= S'E - r''[ff(2,r,s)]l, 

j-i 


« G , s C 3D. 
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Now the sets 7’, 7’, s) arc open (cf. IV.l.O), and hcnco tlio oorre- 

sponding inverse sets are also open. Since 8 is a iiorel sot by IV. 1.58, it follows 
that JV is a Borel set. 

IV.1.61. Continuation. The sot of IV. 1.56 is a Borel set. 

Proof. Let m, n be po.sitive integers, and let us define a subset C„,„ of ID as 
follows. A point Wo G 2) belongs to G„,„ if and only if the following conditions 
hold: (a) The closed circular disc \ w — Wo\ ^ 1/wis comprised in 2D. (/?) t(w) ^ 
t{v}o) for l/{m -j- n) ^ \ w ~ Wo 1 g 1/w. Clearly G„n is an open sot, and 

= f n G.. . 

W1 “ 1 II = 1 , 

Thus ^ is a Borel set. 

IV.1.62. Continuation. Lei Wo be any point of the set // (see IV. 1 .5(5), and 
let 0 be any open set sucli that Wo G 0, Then there exists a Jordan region 
with the following jn’operties. (a) lao G C OS), (b) 91 is simply-connected, 

(c) t(w) ^ t{wo) for a; G 9? — 9l“. (d) ti[t(wQ), T, 9?] 7 ^ 0. (c) K[i(w^D), 7", 91] = 1. 

Proof. Let us denote by ?7(Wo , p) the open circular disc | w — Wo I < p- 
Since Wo G 7v^ C 3>, wc Can choose p so small that Uiwo, p) C OSD and no essential 
maximal model continuum of the point 2© = K'^o) intersects the sot U (ipo , p) — 
Wn . By the definition of .V, we have then a finitely-connected Jordan region 91''' 
such that 

(1) mo G yi*", “ p[l{wa), T, 0, 91* C (/(w^ , p). 

If 91’*' happens to be .simply-connected, then Jll ** satisfies all of our ro(iuiromoni.s. 
Indeed, (a), (b), (d) arc then clearly .satisfied, (c) is a conseciiienee of (d) (see 
IV. 1.24), and (e) is a con.sequcnce of the fact tliat no essential maximal model 
continiuina of the ])oint /(mo) intersects ?7(mo , p) — Wo (note that an cssontuil 
maximal model continuum for /(wo) under T in 9t* is also an essential maxima] 
model continuum for /(mo) under T in 2D). If 91’*' is multiply-connected, then let 
Co be the exterior boundary curve of 91 and let C, , ■ • • , be the other boun- 
dary curves of 91’*'. Let 9?o , 91, , • • ■ , 91m l^e the bounded, simply-connected 
Jordan regions bounded by (7o , fli , • ■ • , C„^ respectively. Since C, C tI(mo , p) C 
OS), ^ = 0, 1, • • • , m, it follows that 


91. C OID, - 0, 1, • ‘ - , m, Wo G 91? , 
mo ^ 91, , f = 1, 2, ■ ■ • , 91. C U(wo , p) — mo , f = 1 , 2, • • • , m, 

7n 

(2) „[((»„), r. SKT = MtOo), T, 9!o] - E Mv-hi), T, 9i,]. 

1 «1 

9?o clearly satisfice the conditions (a), (b), (c). Wo assert tliat 

(3) Mwe), T, 9(,] = 0, . - » 


;• = 1 , 2, ■ ■ . 


m. 



298 


IV.i.62 


Indeed, if nUiwo), 9^,] 0 for some 1 ^ -i ^ m, then is an indicator region 

{t(w^), T), and lienee (sec IV. 1.38) 9^? contains an essential maximal model con- 
tinuum 7 for t{wo) under T. Then y C C U{wo , p) — lao , in contradiction 
to the fact that no such continuum intersects U(wo , p) ~ Wq . Now (1), (2), (3) 
imply that T’, 9to] 0. Thus 9?o satisfies (d) and hence also (c) (cf. 

IV. 1.24). 

IV. 1.63. Continuation. Let Wo bo a point in JV, and let , Sta be two 
bounded, .simply-connected Jordan regions with the following properties: 
(a) G C 3D, i = 1, 2. (b) p[iiwo), T, 9t,] ^Q,i= 1, 2. (c) k[^(«;„), 

r, dl] = 1, z = 1, 2. Then p[tiwo), T, 9?.] = M[i(«;o), T, 9t,]. 

Proof. By IV.i.62, \to have a Jordan region 9J with the properties (a)-(e) 
listed there, where we choose now 0 ~ 9J?9i2 . Let Ci , C 2 , C ha the boundary 
curves of , 9i2 , respectively, and lot 9if be the doubly-connected Jordan 
region bounded by and C. Clearly C , Wq G ~ . In view of 

property (c), Wq is tlio only essential maximal model continuum for i(wo) in 92, , 
and hence we have by IV.L38 (applied to 92f) 

(1) , M[i(w^o)> T, m] = 0. 

On the other hand, clearty 

(2) p[i(wo), T, 9f1] = Mw,), T, 92,] - p[iiwo), T, 92], 

(1) and (2) yield p[l{wo), T, 92,] = m[^(wo), T, 92]. Similarly it follows that 
9 ^ 2 ] = T, 92]. Hence /;[2(u>„), T, 92,] = M[2(«yo), T, 922]. 

IV. 1.64. Given T as in IV. 1.42, we define for each point G 3D an essonlial 
local indeX' L(w, T) as follows: 

(i) Foria G 3D — TV, wo putL(ty, T) = 0 (cf. IV.L6G). 

(ii) Consider next a point Wq G TV. By IV. 1.02 wo can choose a simply-con- 
nected Jordan region 91 such that (a) Wo G 82“, 92 C 3D, (b) p[l(wo), T, 92] ^ 0, 
(c) K[f(tro), T, 92] = 1. By IV. 1.03, Mi^Cw'o), T, 92] has the same value for all simply- 
connected Jordan regions 92 with these properties (a), (b), (c). Honco we can 
define it{wQ , T) iJi[i(wa), T, 92], where any simply-connected Jordan I’cgion 92 
with the properties (a), (b), (c) can bo used to evaluate L(r^o , T). 

The function ig(w, T) is now defined for every point lo G 3D, and wo sec that 
(see property (b)) 

i,(w, T) - 0 for w G 3D - TV, Uv), T) 9^ 0 for w G TV. 

By IV.1.62, for a point w G TV we can choose a Jordan region 92, suitable for the 
evaluation of L(ii>, T), in any assigned open sot 0 that contains the point w. Now 
let a>o be a point in 3D, and let 3)o be a subdomain of 3D that contains Wq . Let us 
put TVo = 3)oTV = 3 DoTV(7’, 3D). Bj'’ IV. 1.66 wo have then TVo ~ TV(T, 3D). Thus 
the inclusions Wq G TV(Tj 3D), Wq G ,TV(!ir, 3Do) hold or fail to hold simultaneously. 
These remarks show that the value of i,{w, T) at a point w G 3D depends solely 
upon the behavior of T in the vicinity of tliat point. It also follows that if 
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Ti'.z ^ ^(w), w G SD| , '/'a : 2 ~ t 2 {w)y w G JDj , are two continuous transforma- 
tions and Wo is a common point of 3D, and SDa such that s in a certain 
vicinity of Wo , then , ?',) = i^iwo , 7 * 2 ). These observations justify the term 
local index, and the lack of reference to 3D in the notation it{w, T). The term 
essential is used to distinguish this local index from a strong local index to be 
defined in the sequel. 

If the transformation T is clearly identified by the context, we shall use the 
notation %(w) instead of i^(w, T). 

IV. 1.65. Continuation. Take a point Wq ^ ?J = N(7\ 3D). Let be a 
sequence of Jordan regions with the following properties: (i) Wo G C 3D> 

(ii) is simply-connected, (hi) The diameter of 9?„ converges to zero as 
?i. (iv) t(w) 9 ^ t(wo) on — 91° . Then /i[<(tyo), T, 91n] = i,(wo) for n 

sufficientlj’- large. 

Proof. Since Wo E N, we have a simply-connected Jordan region 91 with 
the properties (a), (b), (c) described in IV.1.64(ii), Since the diameter of 91^ 
converges to zero, we shall have 91,, C 91° for n large. Let us then denote by 91? 
the doubly-connected Jordan region 91 — 91° . Since Wa is the only essential 
maximal model continuum for i{wo) in 91 (note that Ktl(ii>o), T, 91] = 1 and Wo G 
TV), we have, by IV. 1.38, nUiWo), T, 91?] = 0. Since n[i(wo), T, 91] 0, we have 

iiw) H l{wr) on 91 — 91°. By assumption, Hw) l{wo) on 9i„ — 91°. By IV. 1.24, 
it follows that 0 =*= T, 91?] - juli(wo), * f, 91] — 91,,]. Since 

ju[l(iao), T, 91] = i>{wo) by IV. 1.64 (ii), it follows that T’, 91„] = f,(uJo) as 

soon as 91„ C 91°. 

IV. 1.66. CoN^'iNUATioN. ‘ The function t,(w) is Borel measurable in SD. The 
argument is entirely analogous to that used in IV.1.67, IV. 1.58, and hence we 
shall merely outline the proof. Let m be an integer different from zero (ni may 
be positive or negative), and let F„ denote the set of those points w G N where 
^■^(^y) = m. The first step of the proof consists in verifying the formula 

F,n ^ N fl Fn,,. , 

II ".I 

where is the set defined in IV. 1.57. Since each set is open (see IV. 1.57), 
and since TV is a Borel set (see IV. 1.60), it follows that is a Borel set, m =* 
d=l, ±2, • ' ■ . Of course, F„, may, bo empty. Given any real number a, let Ea 
denote the set of those points w G SD where i,{w) ^ a. Since ie(w) takes on only 
integral values, clearly (cf. IV. 1.64) Ea~ , m ^ a, if a > 0, = (SD — TV) 

-f £ ^ a, if a ^ 0. Since , 3D, TV are Borel sets, it follows that i^w) 

is Borel measurable. 

IV.1.67. Continuation, The function i^w) assumes only integral values. 
On the set 3D — TV, iM vanishes by definition. On the set TV itself i,{w) may 
have any integral values different from zero. Consider, for example, the trans- 
formation 


I m; I < 1, 




(i) 


T, :z = w”' 
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where m is a positive integer. It is to verify that n(0, Tj) = m. On the 
other hand, if \vc consider tlic transformation 

(2) Ti ',z ^ W\ I w I < 1, 

where m is a positive integer and w = w — iv is the conjugate of ta = w + iv, 
then we find that f«(0, T 2 ) = -m. An easy discussion shows that i,(w, '1\) ~ 
+ 1 for 0 < I ta i < 1 , and T 2 ) — —1 for 0 < | la j <1. Thus in these two 
very special cases the ineqiialitj | A(^a) | > 1 holds onlj'' at isolated points. It 
would seem unreasonable to expect a statement of comparable simplicity for a 
general continuous transformation T :z ~ /(uj), ^ ID. And yet, wo shall see 

presently that the inequality j T) | > 1 can liold at most for a countable 
sot of values of w. The proof requires a series of lemmas. Several of these 
lemmas involve a positive integer k and are trivially true if k — 1. Hcnco we 
shall consider only the case h > 1, 

IV. 1.68. Given a continuous transformation T :z — tiw), w G Hi', as in IV. 1.2, 
suppose that tlic follovrag conditions hold: 

(i) H? is simply-connectcd. 

(ii) Tlic point z ~ 0 possesses precisely one c.sscntial maximal model con- 
tinuum under T in Hf, and this continuum reduces to a single point ^ytl • 

(iii) iX^o) = wliero k is a positive integer greater than 1. 

Then i(w) possesses a single-valued continuou.s /ctli root in (cf. II.4.19). 
PnooF. Let us ob, serve that t(w) may vanish at iioints other than Wq , as far 
as our assumptions are concerned. This fact aecounls for tlie cautious ircaimont 
of the following argument. 

By assumption, k(0, T, 9t) = 1 (cf. IV. 1.39), and hence (see IV. 1.1 6) wo have 
for each positive integer 71 a continuous transformation : z — /n(w), w G 9?, 
such that 

(1) , T, m < Nio, T„ , 90 = iV(0, , r) = 1. 

The condition (ii) implies tliat Wq^ 7^ (T, 9i°), and hence by IV. 1.02, IV. 1.64 wo 
have a Jordan region 9? ** with the following properties: («) Wo G' C 9t”. 

(fi) 9^*^ is simply-connectcd. (7) /i(0, T, 9^0 = iX'^a > 2') = dzic. By IV. 1.26 (a) 
it follows that 5(0, T, 91*0 > 0, and hence (1) yields, in view of IV. 1.26(d), 

(2) /u(0, 7 ; , 91*) = m(0, T, 91*) = ±k for large. 

Since k 7 ^ 0,ii follows from (2) by IV. 1.25(e) that 

(3) N(0, T„ , 91*0 > 0 for n large. 

(1) and (3) show that 

(4) V(0, T„ , 91 - 91*“) = 0, V(0, , 9?*“) = 1 for n large. 

In view of IV. 1.25(e), (4) implies that 

(5) ju(0, , 91 - 91*“) = 0 


for n large. 



IV.L70 


3()i 


By (1) and (2) we have Uiw) 0 on and also on n largo. 

By IV.1.24 it follows that iu(0, - 9?*°) - m( 0, , 9i) - /i(0, 

Hence, by (5) and (2), 

(6) At(0, , 9?) = for n largo. 

(1) and (6) imply, by II.4.33, IL4.34, that t„{w) posscs.ses a single- valued continu- 
ous kth. root in 9?. Since C(w) i(w) uniformly in 9J by (1), it follows that l(io) 
itself possesses a single-valued continuous /cth root in (see II. 4.23). 

IV. 1.69. Let there be given two continuous transformations T \ z ~ i(w), 
w G 3D, T'*' : 2 — w E: ^ (cf. IV. 1.42), such that the following conditions 
hold: (i) ^(-1^) =■ ^''*(w)^ where 7c is an integer greater than 1. (ii) «(0, T, SD) > 
0. Then k(0, T*, 2D) > 0. 

Proof. The assumption implies (.see IV. 1.47, IAM.4()) iliai there exists an 
indicator region 9? for the point 2 = 0 under T in SD. Wc have then /u(0, T, 9i) 

0. By II. 4.25 it follows that g(0, T, 91) = 7cju(0, T*, 9f), and hence /x(0, T'^", 9i) 

0. By IV. 1.26 wo obtain k( 0, T", 9i) > 0, and licnce k(0, T*, SD) > 0 by IV. 1. hi. 

IV.1.70. Continuation. In view of IV.1.61 the inequality k(0, T*, 3D) > 0 
implies that 7’*, SD) > 0 if | f | is sufficiently small. Lei I" be any point in tlio 
2-plane such that f 0 and «(f, T*, 2D) > 0. Wc have then (see IV. 1.47) some 
essential maximal model continuum y* for f under T'^ in 2). Wo as, sort that y* 
is an essential maximal model continuum for the point under T in 2D. 

Proof. The assumptions imply that i*(w) = f for w G 7'^ Hence liw) = 
i*{wy = for w G Thus y* C T“'(l'‘'). Since is oonnccied, it follows 
that y* is contained in a component 7 of 7’”'(f^). Wo assert that 7’*’ — 7. In- 
deed, wc have t{w) = for r; G 7> Hence, in view of the I'olation l(w) ~ 
the function f*(tR) cannot Jissiimc more tJmn k distincl' value.s on 7. Since t^(iu) 
is continuous and 7 is connected, it follows that /'•'(r;) is consUiiii 0117 (see 1.2,45). 
But i*{w) = for R) G 7* C y- Hence i'^(w) = f on 7. Since 7'*' is a inaxunal 
model continuum for f under 7’* in 2D and 7* C 7, it follows that 7* = 7. 

Thus it is established that y* is a maximal model eontinuum for under T in fD. 
Wo have yet to show that 7* is essential for f under T. Lot now 0 bo any open 
set such that y* C 0. In view of the relation t(io) - l*(wy wc have the identity 

(1) . t(w) -- f* = t*(wy - = [i^(w) - r](7(t^), 

where we have put 

giw) - ^’^(r;)*"' -h + • • • + 

The function o{w) is continuous in D, and clearly g(w) = 7iT*"‘ 0 for lu G 7*. 

Hence we have an open set 0* such that 

(2) 7* C O'** C SD, g{n)) 0 for w E O*. 

Since 7’“ C 0, we have 7“ C 00^, Lei us recall that 7 is an essential maximal 
model continuum for f under T** in D. By IV. 1.46 we have ihcreforc a (finitely-, 
connected) Jordan region 9^ such that 
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(3) T* C ncoo^c a). 3^ 0 . 

( 1 ), (2), (3) imply, by IL4.28, that (x{t\ T> 90 = ju(f, T*, 9?) 0. Thus 9? is an 

indicator region (f*", T) containing y* and contained in the arbitrarily assigned 
open set 0 D T”*- Hence 7 * is an essential maximal model continuum for 
under T (see IV. 1.46). 

IV. 1.71. Given T as in IV. 1.42, lot 2 o be a point such that k( 2 o , T, 3D) = 1. 
Then Zq possesses a unique essential maximal model continuum under T in 3) 
(seo IV. 1.47). Let us further assume that this continuum reduces to a single 
point Wo sucli that where h is an integer greater than 1. Under 

these conditions wo assert the existence of a fi > 0, such that k{z, T, 3D) ^ k for 
0 <\z - Zo\ < 5. 

PuooF. Clearly we can assume, without loss of generality, that Zo = 0. Let 

be a simply-connected region such that Wo G 91”, 9i C 3D. Then T, considered 
in 9 t, satisfies all the assumptions of IV. 1 . 68 , and hence we have in 9i a single- 
valued continuous function such that i(w) ~ in 9?. Consider now 

the transformations T iz = w G 9i”, : z = w £ 91°. Then the 

assumptions of IV. 1.69 are satisfied (with 3D replaced by 91°), and hence x(0, T*‘, 
91®) > 0. By IV.1,61 there follows tlie existence of a p > 0 such that 

( 1 ) x(f, n, r )>0 for 0 <|r|<p. 

Let us put & ~ p*, and lot us take any point z such that 0 < | ^! | <3. Then z 
possesses k distinct /cth roots ‘ , fA, , and clearly 0 < | | < p,i ~ J, * • • , 

k. Hence, by ( 1 ), x(f, , T-^, 81°) > 0 , r — 1, • ■ • , /c. By iv.1.47 it follows that 
for each i wc have an essential maximal .model continuum yf for f, imdor T* in 
91°. The continua 7 ,* , ■ " ,yt are distinct, since t*{w) = 1*; on yf and the points 
fi > ‘ ‘ > fji nre distinct. By IV. 1.70, yf is an osaeiiiial maximal model continuum 
lor ft — 2 under T in 81°, z ~ 1 , • • • , /c. Hence k(z, T, 91°) ^ k by IV.1.47, and 
thus afoHioni({z, T, 3D) ^ k (see IV, 1.44). 

IV. 1.72. Given T as in IV. 1.42, let k be an intogor greater than 1 , and lot 3Do 
be a subdomain of a). We defiim an auxiliary set E{k, 7\ 3Do) in the z-plano as 
follows. A point Zo belongs to E{k, IDo) if and only if (i) Zq has a unique 
essential maximal model continuum under T in 3Do , and (ii) _J.his continuum 
reduces to a singlo point whore i^w, T) ~ 6zk. Wc assert that E{hf T, 3Do) is an 
isolated and hence ^iinlable (possibly empty) set. 

PiiOOF. If 2o G E{k, T, 3Do), then by IV.1.7J , applied to 2’ in 3Do, there exists 
a 5 > 0 such thai. k(z, T,_Pq) ^ /c > 1 for 0 < \ z ~ Zq \ < 5. Since clearly 
k(z, T, 3Do) = 1 if 2 : G E(ki 7], SDq) (cf^ IV.l .^17), it follows that the donmin 
0 < I 2 ~ ^0 i < 5 is clear of points of E{k, 7\ SDq). Thus every point of E{k, 
T, 3D(,) is an isolated point. 

IV. 1.73, Given 2’ as in IV. 1.42, and an integer k S 2, lot A/(/c, 7\ 3D) denote 
the set of those points w G 3D whore z.(w, 2') = zt/c. Then 7V(/c, T, 3D) i.s a 
.countable (possibly empty) sot. . 

Pkoof. Using the notations of IV. 1.72 and IV. 2.3, we first verify the formula 
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7TW', T, :o)) - z i: 'm, 'l\ o. « e A. , c ©. 


feiipposo fii'Ht that ^0 £ T[N{]c, 7\ 33)], Then there oxints a point Wq such that 
Zo ~ Wo G N(k, T, 33). Since k 7 ^ 0, it follows by IV. 1.04 that Wq ^ 7<j. 
By the definition of 7^ (roc IV. 1. 56), is then an e.s.sential maximal model 
continuum for Za under T in 33, and there exists an open .set. 0 containing u»o such 
that the act 0 ~ Wq i.s not intorsoctod by any os.scntial maximal model continuum 
for Zo under T in 33. Poi^‘ largo, we shall have a sciuare s such that Wq^s° C 0, 
s G Am • Clearly Zo £ E{k, T, s^). Thus the set on the left in (1) is a subset of 
the set on the right. Convoi'scly, let Zq Im a point such that for some j and foi' 
some s £ Dp, we have the inclusion Zo G D(/c, T, s'*). Then Zq has a unique essen- 
tial maximal model continuum under T m s'", this continuum reduces to a single 
point Wo , and i,{wo , T) = d=/v (see IV. 1.72). Clearly Wo G ^{k, T, 33), and 
hence t(wo) - Zo E: T[N(k, T, 53)]. _ 

Tims (1) is verified. Since each sot lt:(k, T, s") is countable hy IV. 1.72, it 
follows that T[N{k, T, 53)] is countable. We proceed to show that 7^(k, T, 33) 
itself is countable. If T[Mlk, T, 33)] = 0, tlicn Mk, T, 53) = 0, and the assertion 
is ol)viou,s, Bo we can fissume that T[N{k, 2\ 53)] 7^ 0. Clearly 


( 2 ) 


T, fO) = X) z G nm, T, 5))]. 


Now consider a point G T[N{k, T, 33)], and let Wo bo a point such that Wo G 
T, 33)T”^(2„). Then i,(wo , T) =: ±k, and hence (cf. IV.1.G4), Wo E 
N7’-‘(2o). Thus NC/o, T, ^)T-\zo) C ^^“'(^ 0 ). On the other hand, for fixed 
Zo the set NT '(zq) is clearly countable, in view of the definition of N. Hence 
N{k, 'J\ 53)T~^(zo) is countable for every Zt, G T[N{k, T, 33)]. Since T[N(/c, T, 33)] 
is countable, (2) shows that N{k, 'I\ 53) is also countable. 

IV.1.74, TpuoKEivr. Given T as in IV.1 .42, ihe set of those points -w G 33 where 
T) 0, dzl is countable (possibly empty). 

Piioop. If this set is clcnoied by D, then clearly D — X k = 

2, 3, • • • (see IV. 1,73). Since each .set N(k, T, 33), A; ^ 2, is countable by IV, 1.73, 
the theorem follow.s. 

IV, 1,75. Given T as in IV. 1.42, wo define a .s‘/roa^ local inde.!) function i,(w, T) 
as follows: 

(i) If G ^ 33 ) (cf. IV. 1.56), then i,(w, T) =0. 

(ii) If u?o G d(Ty 33), then we proceed as follows. By the definition of y (T, 53), 
there exists an oi)en sot 0 such that Wo G 0 C 33 and i(v)) 7^ t{wf} for w EO ~ 
Wo . As a consequence, there exist Jordan regions with the following properties: 
(a) E Qi”, C (0) is simply-connected. ( 7 ) i(w) 7^ ^(lOo) for w G 3? — 

' ivo . AVe define 


A(wo , T) = M^Vo)y T, 3?]. 





IV. 1.75 


It remains to show, of course, that i,(,Wo , 7’) is indcpeudeiit of the particular 
choice of 9^, provided that satisfies the conditions (a), (/3), (7). Lot 9'?,, denot.o 
the closed circular disc \w — Wo\ ^ 1/n. Given any Jordan region that satis- 
fies the conditions (a), (0, (7), we shall have 9?,, C Si'’ and t{w) 7^ tiwo) on 
— 9t° for n sufficiently lar^e. If 9f* denotes the doubly-connecLcd Jordan 
region 9i — 9?° , then l{w) 7^ t(iVo) in 9i,t , and lienee, by IV. 1.26(e), IV.1.24, 

0 = Mioo), f, dm = Mwo), T, 9fl - mi’o), T, 9iJ. 

Hence 9i] = m[^(wo), 7’, 9i,.] for n sufficiently large. Thus ix[t{wo), T, 

9i] is independent of the choice of 9? (subject to the conditions (a), (jQ), (7)). 

The preceding romarlcs also show that f,(w, T) depends only upon the behav- 
ior of T in the vicinity of tho point w. If T is clearly identified by the context, 
then we shall write i,iw) instead of i,{w, T). 

IV.1.76. Continuation. i^{w) — i,{v)) for w E: d (cf. IV.1.66, IV.i.G4). 
Indeed, if i^{w) 7^ 0, then clearly w G A^, and = f,(w) as a direct conse- 
quence of IV.1.G5, 11 w E: ^ and = 0, then clearly w ^ A/, and hence 
f«(w) = 0 (see IV. 1.04). 

IV.1.77. Continuation. i,{w) is Borel measurable. 

Proof. By IV. 1 .76, IV, 1 .76 wo have 

{ z\(ia) foriaG^f» 

0 for ir E Jf> ” 

Since 3) and 3 are Borcl sots and ^«(ta) is Borol measurable (see IV.1,61, IV.1.66), 
it follows that i^w) is Borol measurable. 

IV.1.78. Continuation. Lei us denote by 3q{T, 3D) the subset of 4(7', tD) 
where i,{w, T) — 0. If there is no danger of ambiguity, we shall write 4o(7'), 
4o(3)), or simply £/„ instead of 4o(2', SD). In view of IV. 1.76, we have 4 q = 4 — A/, 
and hence 4o is also a Borol set (cf. IV. l.GO, IV. 1.01, IV.1.G4). As a formal con- 
sequence of the relaf.ion 4(, = 4 — A?, wo obtain tho inolusion (ID*— A/) (JD — 4o) 
C D - 4, 

IV. 1.79. Continuation. L(ta, 2') — 0, d:l except at the points of a countable 
set (which may bo empty). Indeed, lei 7? be the subset of ID on which | i,{v), T) j > 
1. Since A (to, T) == 0 for w G D ~ 4, it follows that E C 4. By IV. 1.7G it fol- 
lows that I itiwj T) I > 1 on J?, and hence E is countable by IV. 1,74. 

IV. 1.80. We shall now discuss, to the extent needed in tlio sequel, iransfonna- 
tions of the .special form 

7' : .r = f(n, y), y = v, (u, v) 6 En , 

whore Rq : aa ^ n. S , Cq ^ v ^ do is an orionted rectangle and f(u, a) is con- 

tinuous in Rq (and not merely in Rl), Wo shall use, if convenient, tho compact 
notations S, A/, • • • instead of 8(7', i?o), A7(7', 72o), • • ' j and wo shall write 
N(x, y, E) instead of N{z, E), with analogous conventions for other functions 
that wo shall have occasion to consider. Since f{u, v) is continuous in Ro , it is 
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also bounclecI_thore, and honcc T(Rq) is comprised in a certain oriented rectangle 
of the form Z?n : — il/ ^ .r ^ il/, Cn ^ ^ g do . Lei X bo a number such that 

(1) Cq X do • 

Wc shall then denote by the segments ao ^ u ^ bo , v — \ and —M S 

a; ^ M, y = X respectively. Clearly T(y{) C 9\ , = Qk . For fixed X, 

satisfying (1), lot us define a subset 8 ^ of as follows. A point (uo , X) of px 
belongs to 8 x if and only if for every e > 0 there exist two points (wi , X), (wa , X) 
such that the following conditions hold, (i) Uo < th < i(o < U 2 < &o • (ii) 
ih — ih < e. (iii) [/(»! , X) — f(uo , X)][/(^ 2 , X) — f(iio , X)] < 0. Of course 
Ui , ii 2 depend on e. AVc assert that (of. IV.i.50) 

(2) • SxC 8 = 8(7’,7?S). 

PnooF. Take any point («o , X) £ Sx . Give any e > 0, and let (ui , X), 
(wa > X) bo a pair of corresponding points with the properties (i), (ii), (iii). Since 
f{u, v) is continuous, we can then select two numbers ^ 1,^2 such that the following 
conditions hold, (a) Co < wi < X < Wg < do . (/3) ^2 — Wi < 6 . ( 7 ) [/(ui , y) — 
f(uo , X)]f/(w 2 , y) /(wo , X)] < 0 for yi ^ y ^ yg . Lot us now consider the 
oriented rectangle r : ih ^ u ^ th t ^ v ^ . Clearly /(w, y) ^ f(uo , X) on 

the vertical sides of ?’ and y X on the horisjontal sides of r. The point (wq , X) 
is interior to r, and the cliamoier of r is less than If wo put Wo = Ua + i\, 

Zo ~ fiuo , X) -H fX, thou l)y II. 4. 35 it follows that n{zo , T, r) = dbl. More 
precisely (see II.4.35), 

, T, r) = +1 if /(a, , X) < /(n,, , X) and /(ua , X) > /(«n , X), 

lji(gn , T, r) == “ J if fiih , X) > j'(uo , X) and /{v, , X) < f(uo , X). 

Thus r is an indicator region for the point Zo ~ T(wo) under T in (cf. IV. 1.40). 
Since the diameter of r is arbitrarily small, it follows b}'- IV. 1.50 that Wo G 8 . 
IV. 1.81, Continuation, For fi.xccl X, satisfying Co < X < do ,®wo have 

(1) N(x, X, Ro) = Nix, X, Rl) = Nix, X, 8 ), 

with the possible exception of a countable set of points (.t, X). 

PiiooF. X being fixed, T may be considered as a continuous transformation 
from the segment //>, into the segment 'g\ (see IV. 1.80). The set 8 ^ coincides then 
with the sot of III. 2 . 8 , and hence the set — Sx coincides with the set E of 
III.2.8. Therefore, by III. 2.8, the set T(i 7 x — 6 \) is countaldo (possibly empty). 
Hence it is sufficient to verify (1) for points (.Tq , X) such that 

( 2 ) (.Vo ,x) C ngi. - S.)^ 

Now if NiXa , Xj Ro) — 0, then all the terms involved in (1) vanish. So we can 
assume that , X) 0. Lot us take any point (wo , X) .such that 

(3) iuo , X) G T-\xo , X). 


f 
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(2) and (3) imply lhat (tio , X) G - H(‘ncc' (an , X) G 8 by IV. 1.80(2). Since 
(?/o > X) was any jmint oP T~'(xo , X), it follows that T~\xq , X) C 8, and hence 

(4) V(.^*o , X,/il«) ^ N(xo , X, 8). 

Since obviously N{xq , X, R-o) ^ -VCi',, , X, /i*") ^ j X, 8), (4) yicjlds N{xu , X, 
i?o) = A^(a‘o , X, 7^“) - A^Cro , X, 8). 

IV. 1.82, Continuation. The set (?x*(A-o — couslsts of precisely two 
points (recall that Co < X < dn), and hence (ho set T[r/x- (/r’o - contains at 
most two points. The same remark apjdu's if 7?o i« replaocd by any oi'ientod 
rectangle E C R(y , given by li \ a ^ u ^ b, c ^ v ^ d, and if X is lustrioted by tlio 
inequalities c < X < d. Since obviou.sly 7V(.r, y, eJt^) ^ k(x, y, R°) S N(x, y, 
E.'^R°) ^ N(x, y, R^) (cf. IV. 1.66), it follow.s from IV. 1.81 (applied to H) tliat 
N{x, X, - k{x, X, R'^) = N(x, X, 8’''/^") - ]\f{x, X, 72') = N{x, X, E) for fixed 
X satisfying c < \ < d, with the po.ssiljlc ex(! option of a c()iin(-a])lc sot of poinls 
(x, X). In fact, the same conclusion holds if the condition c < X < d is replaced 
the condition 9 ^ c, d. Indeed, if either X < c or X > d, (hen all (ho terms 
involved vanish, and thus the assertion is obvious. 

IV, 1.83. Continuation. Assume again that Co < X < do , and let (-ao , X) 
be an interior point of the segment f/x (see TV.J.80). {Suppose that the partial 
derivative > X) exists and is dlffw'ent from «cro. Wo as.sert that i,{uo , X) = 
Rgn/„(ao , X) (ef. IV.J .75). That is, f,(t/„ , X) == +1 if /„(?/n , X) > 0, and i,{uQ , 
X) - -1 if/.,(wo , X) < 0. 

Proof. The cases /„(i<f) 1 X) > 0, /„(^/o > X) < 0 can be treated in the same man- 
ner, and wc discus.s the proof only for (he case when /u(?<fl , X) > 0. W(^ have, 
by the definition of /u , two points (t(i , X), {ih , X) siuh tluit (i) a,, < < Wu < 

V 2 < bo , (ii) f(u, X) < f{na , X) for Ui S < Vo , (hi) f(u, X) > /(«„ , X) for 
Wo < ^ Wa . Let Vi , ^2 be any two numbers sueh that C(, < < X < < da , 
and let us consider the rectangle 11 : Ui ^ u ih , y, ^ ^ Vis . We as.sort that 

(1) T(u, v) 7 ^ [f{iio , X), X] = T(t{o , X) for (?/, v) <S E ~ (wo , X). 

Indeed, the contlitions/(w, r) = /(«o > X), 2 / = X, {u, v) ^ E ~ (iio , X) imply that 
y = X (see IXM.SO) and hence (hc.so conditions yield tlio relations f(n, X) = f(uo , 
X), u 7 ^ Uq , Ui S u ^ V'i which contradict (ii) or (iii). Tluis (1) holds. It 
follows that (wo , X) is a point of tlio set d defined in IV, 1.6 6. Hence liy IV. 1.76, 
u(iiq ) X) — ju[7’(wo , X), T, 72]. On tlu' oth(ir hand, by IT. 4, 3 5 the conditiens 
(i), (ii), (iii) imply that ti{T(uo , X), T, 72] = -[-1. Thus i,(uo , X) = -hi == 
sgn/«(uo , X). 

IV. 1.84. Transfonnations of the foi-m T \ x = a, y - /(«, y), {u, v) G Ra > 
give rise to results entirely analogous to (Jiose discns.se(l in IV. 1.80 to TV. 1.83. 
Of course, this ca.so may Ije con.sidered as differing from (.ha(. in TV. 1.80 merely 
in the notations for (lie variables. 





CHAPTER IV.2. METRIC FOUNDATIONS 


IV.2.1. iVs in Chapter IVJ, we shall bo concerned with transformations 
T :z = t{w), w G 3D, where JD is a ])ouncled flomain, and ,i{w) is single-valued, 
continuous and bounded in SD. Under certain conditions it will be eonvenient to 
give T in terms of real equations of the form 

T ; .T ^ 4ii, o), y = f/(a, v), (u, tf) G 

where x + iy ^ z,u-\- iv ~ w, x(v, v) -j- iy{u, v) = t(w). Then o), y{u, v) 
are single-valued, real-valued, bounded, continuous functions in SD. It will bo 
imperative to condense notations to the extent compatible with clarity. If 
v) is a summablo function on some measurable set E (Z then vve shall also 
write /(w) instead of /(a, v), and to denote the (Lebesgue) integral oif{u, a) on E 
we shall use any one of the symbols 

fjnu,v)dudv, Jl f(u, y), //'. // f(w) du <Ju, j/ /(^)* 

H K K Ji B 

Similar conventions will he used concerning integration in the 2 == a; iy plane, 
with w, u, V, du, dv replaced by z, .r, y, dx, dy. As regards integi’ation in the 
2 -plane, in most cases in the sequel the integrand, say h(x, y).ov h(z), will bo 
defined in the whole plane and will vanish outside of some l)oimded measurable 
set E, In such cases we shall write 

// '' II 

w 

and it will be understood that if the range of integi'ation is not displayed, then 
the range is the set on whicli h ^ 0 or equivalently an 3 '’ bounded measurable set 
outside of which h vanishes. To illustrate, let H(z) be defined and measurable 
in the whole 2 -planc, and lot E(z, T, /?3D) denote again the number (possibly -j- <» ) 
of distinct points in the set T~^(z)E^, where E is any set in the ta-planc (cf, 
IV. 1.1). Since T is bounded, N(z, T, jKSD) == 0 for z outside of a certain circular 
disc A and hence the same hold.s for n{z)N{z, T, EsS). According to our agrc(*- 
ment, the symbol 

■( 1 ) jj imN(z,r,ES,) 

designates then the integral of H{z)N{z, T, E*SS) extended over A or equivalently 
over any measurable set outside of Avhich the integrand vanishes (the existence 
of the integral being assumed). Since the function k{z, T, 5)*), where is any 
subdomain of SD, vanishe.s outside of the sot T(3D) (sec IV. 1.47), analogous re- 
marks apply to integrals of the form 
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( 2 ) Ij mzMz/r, 'D*). 

It will happen that H{z) is defined and measurable only on some measurable set 
E that contains tlie set T(a)). In such a case, we may ^xtend the definition of 
II (z) to the whole plane, by setting II (z) = 0 outside of E. Clearly, integrals of 
the form (1) or (2) are entirely independent of the values of II {z) outside of 

IV.2.2. Continuation. If E is a set m the 2 -plane, tlmn g{z, E) will denote 
its cliaracteristic function. That is, g{z, = I z E: E and <y( 2 , 7i') = 0 if 
z ^ E. If E is a set in the ?y-planc, then A(^3D, h) will denote the set of those 
points z where N{z, ETi) — k. We have used here the simplified notation 
N{Zf Ep) instead of A^{z, T, Ep (cf, IV. 1.1) and k is permitted to be infinite. 
Thus A(2D, + «>), for example, is the .set of those points z for which N^{z, JD) = 
-h oo , Clearly 

g[z, T{E)] ^ N(z, '1\ E^). 

Obviously, if g[Zo , T{E)] - 0 for a certain Zo then N {Zq , !/\ E) = 0. _ldiG symbol 
A{E^, k) depends also upon T and we shall use instead the symbol A(7?iD, 7', k) 
if explicit reference to T is desirable. If Ei , • • • , E„, are di.sjoint subsots of a sot 
E C then clearly 

S N(z,E), 

1 = 1 

and a fortiori 

iff [«,?'(*'()] g 

1=1 

IV. 2, 3. The following remarlcs will be useful in the secpiel. The domain 3D 
being bounded, wo can choose a square Q, with sides parallel to the u- and y-axes 
respectively, such that SD C Q. Let pi , /Jg , • * * , 7 >j , * • • bo the sequence of 
positive primes. Thus pt — 2, p 2 = 3, pa = 5, • ■ • . Let 7)„, denote the subdivi- 
sion of Q into pj congruent smaller squares. To express the fact that a square s 
occurs in the subdivision Dp, we shall write s E Dp, . The convenience of those 
.subdivisions Dp, results from the following remark. Let tCo = Uq + iv^ bo any 
point in SD, and suppose that Wo is a boundary point of a certain square s E Dp, . 
If I is the side length of Q and (a, j9) is the lower left vortex of Q then it follows 
that we have either 

«/ an integer, 0 < n, < pi , 


771 i an integer, 0 < w, < p, 


0) 

»o = a T- , 
Pi 

or else 


(2) 

il 

+ 

li 

V, 
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Suppose (!) happens for two different primes p, , Pt , i < j- Then we should 
have UiP, — Uip, , and hence p, , being a prime, should be a divisor of eitlicr n, 
or of Pi which is impossible since 0 < n, <Pf ,0 < p, < Pi > Thus (1) can happen 
for at most one prime p, and the same holds of course for (2). It follows that for 
given Wu G 2) it can happen for at most two values of j that Wo is a boundary point 
of some square s ^ Dp, , Hence, for given ?ao G h), we have fij('iVo) such that for 
j > the point iVo is an interior point of precisely one square s ^ Dp , . Now 
let us consider any finite system of points Wi , • • ■ , w,„ in [D. For j large enough, 
no square s ^ Dp, -will contain more than one of these points, and by the preceding 
remark none of these points will be a boundary point of any square s E: D^, . 
Hence, for j large enough, the number of those squares s E Dp, that contain some 
point of the system • , w,„ will be precisely equal to m. 

In the sequel, wo shall use rectangles in the w-plane with sides parallel to the 
u- and v-axes respectively. For brevity wc shall use oriented rectangle to refer to 
a rectangle of this type. Thus an oriented roetauglo D is given in the form 

R \ a u S l>, c ^ a ^ d. 

The symbol if will denote the set of the interior points of R. 

IV.2,4. Given T as in IV.2.1, let E be any sot in the w-planc. Then 

(1) im fe E #. 

(2) N{i, ESi) = lim E l/C*. IXiE)], 

9 y-iM 

(3) N(z, E‘S)) S E N(z, 

(4) Nisi, ESS) = lim E Nisi, s°E), 

where the summations are extended over all squares s that satisfy the conditions 
(cf. IV.2.3) s e Dp, , C 3). 

PaooF. (3) follows directly from IV. 2. 2, and by IV. 2. 2 the inequality (1) is a 
consequence of (3). Furthermore, by (3) and IV. 2.2, the relation (4) is a conse- 
quence of (2). Thus it is suflicient to verify (2). Now (2) is obvious, in view of 
(1), if Nizo , jESD) s= 0 for a given point Zq . Hence we can assume that N{zo , 

> 0. Let then m be any positive integer not exceeding N {zq , E'D). Then wc can 
pick m distinct points Wj , • * > , iu the set (zo) • ES). By IV.2.3, for J 
sufficiently large there will be precisely m squares s E Dp, such that w, E f for 
some i ^ 1, , m, Hence, for J large enough, we shall have 

E 0[^o , T(s%], s s" C SJ. 

Hence 

m ^ lim inf Z , 'JVE)i, s E Dp, , f C D. 

J-ICO 
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Since m wius aii.y positive int(ig(M’ no(. exceeding' N{zn , /i’aj) ilic* relation (2) follows 
an view of (1). 

Rkmauk. If N{Za , Itl'SS) < -fcx> then wo can choose vi = N{zq ^ F/SS). The 
preceding argument is worded to cover the ease N{Zi) , iH'SS) ~ ~\-co also. 

IV.2.S. CoNTiNiJAi’ioN. If E is any sot in th(' tc-plano and 0 is any op{>n 
.set in a>, then 

ma.m s 

N(z, m = lim E fffs, rm], 

N(z,m a 'En{z,s°e), 

N{z,E0) = lira j:N{z,d'E), 

/-♦QQ 

where the summation is oxtondod over all Htiiuiros ,s such that s ^ C 0. 

The proof is entirely analogous to that in IV.2.4. 

IV.2.6. Criven T as in IV,2.J, let B be a Borol sot in ID. Then N{zy B) is 
measurable. 

Proof. By IV, 2. 4 

a) N(z, li) = lira E i7is, nn)], « e , «“ c ». 

Now ff[z, jf’(s°i3)] is a moasurablo iuiustioii, Hiiioo a°Ii is a Boml h(iL (hoo 1.2.40). 
Thus for each, j the summation in (1) is a mensurable function of z and hence 
N{z, B) is also mensurable. 

IV.2.7. Given T as in IV.2.1, we choose in th(3 tw-plane a llond set (h, not 
necessarily a subset of 3), which will l)e kej)t fixed an<l will bo referred to ns the 
base set If B is any Borel set in 33 then the set is mea.Muriiblo by 1.2.40 

and the function N(z, B(\\) is measurable by IV. 2.0. • 

IV.2.8, Continuation. Suppose that T satisfies the following condition: 
if e is any Borel sot of measure jjero in 33 then | T{c.C^) \ = 0. Tiien w (5 assort that 
N{z, E(&) is mcasumble for every measuralile sot E C fi3. 

Proof. Case (i). | Tit’ | ~ 0, Tlion tlieri) exists (see 1.3.7) a Borel set E^ of 
inoasiiro zero such that E C E*. Since /i/’^330i is tlicn also a Borel sol. of measure 
zero, we have | T{E*m) j = 0, Ah N{z, /'/‘"iDdl) = 0 for z C-|: 7’(A''‘’IDm) it follows 
that V( 2 , £^''‘33®) = 0 a.e. Since E C E^', a fortiori N{z, A'Ol) = 0 a.e,, and hence 
V( 2 , E(&)M measuralde. 

Case (ii). E is any inoasurable .sot in ID. Then (see 1.3.7) we have a Borel set 
B such that E = B Ea , 7^A'n == dj 1 Ea \ ~ 0, and lienee 

N(z,E(i\) = iV(z,B(\\) -I- N{z,l<fm). 

Thus the measurability of N{z, E6i) follows liy IV.2.7 and ca.se (i). 

IV.2.9. Continuation. Under the conditions stated in rV.2.8, \ E \ ~ 0, 
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E C. ^ ii'nply that | T{E(S*>) \ — 0, and for every measinviblo sot 1? C 3D the set 
TiE(R) is measurable. 

Proof. The first assertion follows from the proof in XV, 2.8, case (i). Since 
T(E6\) is the .set where N(z, i?®) > 0, the second assertion follows from the 
measurability of N{z, Ed). 

IV.2.10. Continuation. Given T as in IV. 2,1, we define for oriented rec- 
t.anglc.s E C ft) (cf, IV, 2.3) 

0(E) = I TiE'^as) |. 

Then 0(E) is a non-negative, finite rectangle function. In view of IV. 2. 2, 
IV.2.1 we have t he equivalent formula 

G(m = jj g[z.T(li°a)]. 

Nolo that G(R) depemds also upon T and the base sot ®, and more explicit nota- 
tions like G(R, T), G(Ef ®), G(E, 2', ®) may be used if desirable. 

IV.2.1 1, Continuation. Given T ns in IV.2.1, T will be termed BVffl in SD 
(of bounded variation mlh respect to the base set ® in SD) if the rectangle function 
G(R) of IV. 2. to is BV in SD (see III. 1.52). 

IV.2.12, Continuation. The following remarks are useful in dealing with 
the definitions given in IV. 2. 10, IV.2.1 1. If R is an oriented rectangle such that 
22° C SD but R itself is not a subset of SD, then the definition of G(R) still applies. 
Let r„ be a sequence of oriented rectangles in i?“ such that ri + • • • -f- r„ + • • * = 
22", r„ C ?n+i . Then 2’(?» C 2X22“®), and T(22'’®) = T(t?®) -}--•• + 
2’(r"®) 4- ' ■ • • Ilcnce clearly g[z, T(r°®)] — » g[z, T(j^®®)] and consequently 
G(r„) — > ^(22). Now let 22? , • • • , 22?, be any system of oriented open rectangles 
in SD without common interior points, and let 22f , • • • , 22,1| bo oriented rectangles . 
such that 22f C 22? for f = 1, > • • , m. Suppose that T is BV® in aD.Thcn we 
have a finite constant M, depending upon T, and 3D only, such that 

(?(22t)+ d-f?(/2*)^K. 

By the preceding remark, wo can choo.se 22 f , • • • , 22* in, such a way that the 
summation on the left differs as little as we please from t.he summation obtained 
by replacing 22 f , • ■ • by 22i , • • • . Ilcnce wc have also 

G(R^) +•••-{- G(R,:) S ill. 

In other words, wc can use oriented rootangles 22 that are not in 3D provided that 
22“ C 3D. 

IV.2.13. Continuation. T is BY(S> in SD if and only if N (z, SD®) is simmahle. 
Proof. Suppose first that. T is BV® in SD. Then there exists a finite constant 
M such that 


( 1 ) 


G(i\) +•••-}- (?(rj ^ M 
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foi’ every finite system of oriented rectangles ?’i , • • • , ?•„, , without common 
interior points, such that C 3D (of. IV. 2. 12). Define, for y = 1, 2, • • • , 

= E s e D,„ , / C 3D. 

By IV. 2.4 we have then the relations 

(2) S N(Z, aD®), -> N{z, 3D®). 

Clearly (cf. IV.2.10, IV.2.12) 

(3) If = E ow. s e D ., , s“ c ». 

(1), (3) yield the inequality 

(4) ■ y=l,2, •... 

Since \^f(z) and N(z, D®) are non-negative functions, (2) and (4) imply the sum- 
mability of Niz, 3D®) by 1.3.10. 

Suppose conver.sely that N(z, 3D®) is summable. Let , < - • , bo any finite 
.system of oriented rectangles, without common interior points, such that C 3), * 
t = 1, ■ • • , w. Using IV.2.2, IV.2.10, IV.2.12, we obtain tlie inequality 

E G(r,) s If Bfls). 

Since tire integral on the right exists by assumption, it follows that 2’ is BV® in 3). 

_IV.2.14. Continuation. Coiiollaky. If T is 717® in ID, then the set 
A (3D®, -!-'») is of measure zero {cf. IV.2.2). Indeed, N{z, 3D®) fs summahU hy 
IV.2.13 and hence N{z, 3D®) < « a,c, 

IV.2.1S. Suppose that T, given as in IV.2.1, is BVfl^ in SD, * If ‘J>(iy) is a finite- 
valued, real-valued function in 3D, then we define in the ^!-plano a function <r{z, ‘P) 
a.s follows (cf. IV.2,2). 

[• 0 if 2! G A(3D®, + co), 

[ E ^ G 2’“‘(2!)' 3Dfll if z (-1: il(3D®, +'»}♦ 

In other words, a{z, ‘I») = 0 if 2 : luis infinitely many inverse points in the sot 3D®. 

If z ha.s a finite number of inverse points Wi , • • < , in 3D® tluiii a{z, <I>) = ‘I»(wi) 
4‘('i^m)' If ^ has no invensc points in the set ID®, that is, \iz<^ 2’(®®)> 
then <r( 2 :j 4>) = 0. Clearly a{z, '!>) ~ 0 for z ^ 2'(3D). Since T is bounded, it 
follows that a{z, 4>) vanishes outside of a certain circular di.so. Thus the remarks 
made in IV.2.1 apply to integrations involving <t{z, '!>). The follo^ving romarks- 
should be kept in mind in dealing with u{z, ‘h)- 
(i) ij{z, 4>) depends also upon T, 3D, ® and more explicit notations like ff{Zf «I>, 


I 
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T), and so on, may bo used if desirable. A completely explicit notation would be 
<r(2, <I>, SD, (33). _ 

(ii) Indepen^ntly of fb, <r(z, $) = 0 for z ^ 7^(2)) and for 0 E A(SD(B, + «). 

(iii) Since | = 0 (see IV. 2. 14) the arbitrary convention of 

setting <f(zj $) = 0 for z E .^.(2)©, +co) i<5 irrelevant as far as integration is 
concerned. 

IV,2.1d. Continuation. The following properties of a(z, $) are listed for 
convenient reference: 

(i) If ‘I’fw) = 0 in SD then <t(z, 4^ ^ 0. 

(ii) If ^ 0 in 3) then (t{z, 4>) ^ 0. 

(iii) If Cl , ' ' • , c„, are constants, then 

<t(z, c,e>i -h • * ‘ + c A) = Ci(t(z, <I)i) + . . . + 

(iv) If 4*1 (w) ^ <f'2('w) in 3) then (x{z, <!,) ^ <x{z, 

(v) If 'i5„(to) ':I>(ic) in SD then (r{z, 4>„) <f(z, 4>). 

(vi) If <I’(u>) is the characteristic function of a set 15/ C 3D| then (r{z, ‘I*) = 
N(z, E6S) a.c. in the gi-plane. 

These statements arc obvious consequences of the definition of it(z, $). As 
regards (vi), the exceptional .set is easily seen to be a subset of A(2)(B, -f- “) which 
is of measure zero by IV. 2. 14. As regards (i) to (v), these statements are worded 
to apply for every choice of 03. 

IV.2.17. Continuation. Wo proceed to list conditions for cr{z, 4) to be 
measurable. It is assumed that T is BV((3 in S). 

’ (i) If 4>(w) is the characteristic function of a Borel set B Q 'D, then cr(0, 4) 
is measurable, This follows directly from IV.2.16(vi), IV, 2,7. 

(ii) Let ‘I^(w), i = 1, 2, • * • , ??i be the characteristic function of a Borel set 

J5, C fD, and lot Ci , • • • , c„, bo constants. Then (r{z, Cj^Jj 4- . . . is 

moasuraiilc. This follows directly from (i) above and IV. 2. 16 (iii), 

(iii) If <I>('ia) is Borel measurable and bounded in 3D, then a(z, is measurable. 

Proof. By assumption we have a constant M such that | 4>('U>) | <M in 3D. 

Given a positive integer > 1, define B” as the set of those points w E 2D where 


•M H- 


2Mj 


g <I»(w) < ~M -\- 


2M(j 4- 1) 


J = 0 , 1 , 


R — 1. 


Then Bt , B" , • - ■ , Bl-i arc disjoint Borel sets whose sum is 3D. Let be 
the characterktic function of the sot B'l , and define 

j ' 71 / 

By (ii) above, cr(z, «I>„) is measurable. Clearly 

I <t('ia) — 'I>„(‘iy) I < 2ili’/>i in 3D, 

and hence 4>»(w^) 2D. Thus <t(z, —> ff{z, 4>) by IV.2,16(v), and hence 

a{z, 40 is measurable. 


V) 
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(iv) If 4>(w) is fin ito-v allied and Bore! inenHurjibk' in D, tjieii a(z, 4») is meas- 
urable. 

PnooF.. Define, foi‘ each positive integer n, 




n 

^(w) 

~~n 


if <l5(w)) ^ n, 
if I <b(te) ( < n, 
if ‘Ijfw) ^ -w. 


Then (see 1.3.8) 4>„(w) is bounded and Borol measurable, and hence (r{z, <&„) is 
measurable by (iii) above. Clearly $(w) in SD, and lienee a-{z, 4’„) — > 

o-(z, fh) by IV.2.16(v). Thus a-(z, is measurable. 

IV.2.18. Given T as in IV,2. t, let Hiz) bo a finite-valued, roal-valiiod function 
in the ^-plane. Define 

F(w, H) - H[i(w)], e 5). 


The function F{vt>i H) depends also upon T and !D and more explicit notations 
like F{v}, H, T), and so on, may be used if desirable. The following properties 
are obvious: 

(i) If H(z) = 0, then F(w, li) m 0 in 3). 

(ii) If }i{z) ^ 0, then Fiw, H) S 0 in 33. 

(iii) If Cl , • ' • , Cm are constants, then Fiw, Ci//i -}- • ■ • -p c,Mm) = CiF(w, 

Hi) -f • • ' -h Ih), 

(iv) If 1-Jtiz) ^ Fl 2 iz), then F{w, II i) ^ F{w, II^). 

(v) If H„(«) H{z) everywhere in the 2 -planc, then 

F{w, F(w, H) in 33. 

(vi) If H{z) is the characteristic function of a set F in the «-plane, then 
F(v}^ H) agrees with the characteristic function of the set in T~'^{E) in 33. 

IV.2.1b. CoKTiNUATioN. To obtain information about the measurability of 
FiWjJI), \ve need the following remark. If B is a Borel set in the 2 -plane, then 
T~\B) is a Borel set in 33. _ 

Pnoo^ Let K denote the class of all those sets E in the 2 -plano for which tlie 
set T" ’(!?)_ is a Borol set. _Then K possesses the followmg properties: 

(i) If E Ls closed, then E G. Kj_ Indeed, the set T'\E) is then closed relative 

to 33 (see L2.26) and hence T~\B) is a !^orel_set. _ 

(ii) EG K then thi^ complement F of H is also in K. Indeed, T“‘(F) = 
33 — T~\F^. Since T~*(F) is a Borel set by assumption, the assertion follows. 

(ih) If Hi , • • • , ■ belojig to K, then their sum E also belong.s to K 

since (cf. 1.2.5) 

'r\B) = D T-'{E„). 

HI 

As a consequence of these properties (i), (ii), (iii), li contains all Borel sets (see 
1.2.46), 
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IV.2.20, Continuation Wo now obtain readily the following statements: 

(i) If H{z) is the ch<araot(n‘istic function of a Borol sot B in the 2 -plane, then 
F(w, H) is Borel mensurable. This follows directly from IV.2.18(vi) and IV.^.19. 

(ii) If H^{z)ji = Ij 2, • • • , n is the characteristic function of a Borel sot JS, in 
the 2 !-plane, and if c, , ■ • ■ , c„ are constants, then /^(w, c, //, -f- • • • + cjir^ is 
Borel measurable. This follows from (i) above and IV,2.18(iii). 

(iii) If n{z) is Boj’cl measurable and bounded in the 2 -plane, then H) is 
Borel measurable. The proof is entirely analogous to that in IV.2.17(iii). 

(iv) If n{z) is finite-valued, Borol measui’able in the 2 -]^lano, then F(w, H) is 
Borel moasuralile. The proof is entirely analogous to that in IV.2.17(iv). 

Riomark. Note that we do not now need the as.su mption that T is BVffl in 3D, 
and that in the conclusions we obtain Borel measurability. In die .sequel it will 
happen tliat the function n(z) is defined only on some subsei E of the 2 -plane. 
In such ease.s wc sh^l agree to sot II (z) — 0 for z ^ E. If II {z) is Borel measur- 
able on a Borel set. E, then the function so extended is clearly Borel measurable 
in the 2 -plane. 

IV.2.21. Let us now assume that T, given as in IV.2,1, is BY03 in 3D. For 
every Borel set B C lb, the function N(z, R(B) is then summable by IV. 2.7, 
IV.2.13 (note that 0 ^ iV( 2 , RcB) ^ W(2, SDCiJ)). Wc can therefore introduce the 
set function (cf. iy.2.1) 

pl(b) If m.m), 

defined, finite, and non-negative for all Borel sets B c(3D, We assert that n{B) 
is complete^'’ additive on Borel sets in :1D. Indeed, if Ri , • ■ • , , • • • is a se- 

(luonce of disjoint Borel sots in 3D, and if B is their sum, then clearly 

N(z,B(Si)= 

»-l 

Since all the functions involved arc summable and non-negative, termwise 
integration is poi'missible, and we obtain the desired relation 

kW = Ez-W- 

Thus n{B) is a measure on Borel sets in 3D, and consequently jx(B) gives rise to a 
(iu)4ntcgTal (sec 1.3. 17). Since n is defined only for Borel sets in 33, only Borel 
measurable functions will be integrated with respect to The measure fi(B) 
depends also upon 'J\ 3D and (B and more explicit notations like (x(B, T, (B), and 
so on, may be .used if de.sirabl(’. 

IV.2.22. CoNTiNUA'J’iON. Let be a finite -valued, Borel measurable 

function in 3D. Wc propose to cslablish the transformation formula (cf. IV.2.21, 
IV.2.1) 

(1) jj <I> d/i = jy ff(2, 5>) 

a) 
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in the greatest possible generality. Let us repeat that n and <t depend upon 
T, SD and 03 too. As will become apparent in the sequel, this formula is of funda- 
mental importance for the study of the transformation of double integrals. We 
shall proceed by proving (1) for a sequence of special cases of increasing generality. 

IV.2.23. Continuation. (1) in IV. 2, 22 holds if agrees with the charac- 
teristic function of a Borel set B in 3D. Indeed, in this case we Iiave the obvious 
relations (cf. IV.2.21, IV.2.7, IV.2.17, IV.2.16(vi)), 

jj ^dfi = jj dn = ii{B) = JJ N(z,B(R), JJ a(z,i>) = JJ N(z,B<Si). 

aj It 

IV.2,24, Continuation. Let Ci , ■ ■ • , c,„ bo constants, and let agree 
with the characteristic function of a Borel sot in 3D, z — I, 2, > ■ • , w. Then 
IV.2.22(1) holds for ‘I> = Ci4>, . -f , as a direct consequence of IV.2.23, 

IV.2.16(iii). 

IV. 2.2 5. Continuation. Suppose that is Borel measurable and 

bounded in SD. Then IV, 2. 22(1) holds. 

Pro Of. By assumption we have a constant M such that | <h(w) | < ilf in 3D. 
For each positive integer n, let us introduce the function as in IV.2.17(iii). 
Clearly 

(1) ‘L, ^ ‘h ^ -h 2M/n. 

By IV. 2. 16 it follows that 

( 2 ) 0'(2, «-,) S (r(2, 4.) g (.(2, <I.„) + ^ Nil, m). 

fy 

By IV.2.24 wc have 

(3) jJ dM fj c(z, 

' I) 

(1), (2), (3) yield successively (cf. IV. 2. 21) 

/ f ‘r>. dit g Jf <I> dit s fj <I>„ * + ^ 

£> !D 03 

// tr(2, ‘I>„) g JJ (7(0, ‘h) g Jj <r(z, 4>„) -t- ^ n(5S), 

I /I dfx ~ JJ a(z, 40 I ^ 

Since n is arbitrary, IV, 2. 22(1) follows, 

IV.2.26. Continuation. Now let ^’(m)) be finite-valued, non-negative and 
Borel measurable in 3D. IFe assert that if one of the two integrals 
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( 1 ) Jf jj 

!D 

e^ish^ then, the other one exists also, and IV.2.22(1) holds. 


PnooF. Por each positive integer n define 


By IV. 2. 25 wo liavc then 



if ^ n , 

if < n. 


( 2 ) 

Clearly, since <[' ^ 0, 

(3) 0 ^ 'P, ^ ^ ^ • . • , ^ in SD, 

and hence, by^TV.2. IC, 

(4) 0 g <x{g, 'Pj) ^ ^ cr(z, 'P„) ^ , (r(«, 'Pn) «r(«, 


everywhere in tlxc 2 !-plano. Ilcnco, by the lemma of Fatou, ‘I>(w) is (/i)“summable 
in JD if and only if the sequence of the integrals of the function-s 'I'„ , with rc.spect 
to n in ID, is bounded, and <r( 2 , <I>) is suminablo if and .only if the sequoneo of the 
integrals of the functions a{z, 'P„) is bounded, In view of (2) it follows that the 
integrals (I) exist or fail to exist simultaneously. If they exist, then by 1.3.11 
we obtain from (3) and (4) the relations 


(t(z, JJ ff(z, $), 

and IV.2.22(J) follows in view of (2). 


IV»2,27, Tiikokem. Suppose that T, given as in IV.2.1, is BV(& in JD. If 
4>(iy) is finite-valued, Borel measurable in 30, then the for mtda (cf. IV.2.21, IV. 2. 16, 
IV.2.1) ‘ 

< 1 ) <S>dlX^ If 


hotels as soon as the integral on the left exists. If ^ 0 in 30, then the formula 
holds as soon as one of the two integrals involved exists. 

Proof. The second half of the theorem i.s merely a restatement of IV. 2. 26. 
To prove the first half, assume that 4'('U>) is summable (pi). 'J'hen | | is also 

summable (ix) (sec 1.3.17), and hence by IV, 2.20 
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// I «. I = // 'r(2, I ‘I> I). 

Purthormoie, j | — also summal)lo (fi) and non-ncgativo. Hcmce 17.2.26 

jj (I <I> I - 4’) = jj <^(z, I '!> I ““ '10- 

*1} 

Subtraction yields, in view of IV.2.1(i(iu), the fonnula (I). 

IV.2.28. To derive an important application of the preceding ro.sult wo need 
the following remark. Lot 7' be BV(R in and let //(«) bo a finite-valued 
function defined in tlic whole e-planc, Then (of. IV.2. 15, TV.2. 18) 

(1) <r[z, F(w, II)} = II(z)N(z, 

ft.e. in the 2 - plane. _ 

Pnoov. Since T is liVCB in JD, the set yl(SDffl, + «>) in of measure zero (see 
IV. 2. 14). Thus it is sufTieient to show i.liat (1) holds if z 6^ yl (JDGi, -f oo). '’I’liGii 
z has at most a finite number of inverse points in the .sch [D(B. If no .such mvoi-sc 
points exist, tlien (1) hohls since ilien both sides are equal to zero. So we can 
assume that tliert! exist such points; lot us denote them by Wi , * ■ * , lai . 'Tlion 
A’ = JV(z, fDCll). Hy definition 

4s, J''(w, //}] = E /'’(«>, , //) = E J/HMl 

1.-1 i"i 

= E^fW “ “ Af(2, 'M)m, 

I M I 

and (1) is proved. 

IV.2.29. Tiikohem. jSuppose that T, given as in IV.2.1, is BV(S> in Let 
II {z) be a finite-valued, Borel mcasurahh function in the z-plane. Then the formula 
(cf. iy.2.21, IV.2.1) 

(1) // //[«(»)] rf/i = // »ffi) 

H) 

holds as soon as one of the two integrals involved exists, 

PnooF. (i) Suppose that the integral on the left exists. In view of IV.2.28 
the formula (1) is then merely a special case of IV.2, 27, IV.2.20, for 45 ( 1 /?) - 
H[t{w)] = Fiu), II). 

(ii) H{z) ^ 0, and the integral on the right in (1) exists, In view of IV.2.28 
the as.sei‘tion is again a special case of the second half of the theorem in IV.2.27. 

(iii) The integral on tlie right in (I) exists. Since N{z, S)dl) ^ 0, it follows 
that the integrals 
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If I n(z) I N(z, M), // [| im I - rmmz, w.) 

alfto exist. I'loiicc, by (ii) above 


ff I //[/Ml I dM = II I //(«) I -ttR), 


II (!//[/(«)] I - //[/Mil <//. = II [| rm.\ - rm]m, »»). 

!D 

Subtraction yields tho formula (1). 

IV,2.30. Given T as in IV.2.1, hi Ex , • • • , E„ bo disjoint .sul)s(5ts of a sot 
EC'S). Then (cf. IV.2.], IV.2,2) 

(1) E A',) - o(c, m,m s n) - niz, rm- 

i“i 


Proof. Let Zq be a point in tho ^-plane. Then (1) is obvious if N{zti , E) ~ 
-f CO. I'lence we can assume that N{zo , E) < -|- «>. Tf ff[zo , T(E()] = 0 for a 
certain j, then Eizo , E{) ~ 0 for thaty (see IV.2.2). ITcnco, if g[Z(i , TiEf)] — 0 
for every y, then every term of tho summation in (1) is equal to zero, and (I) if’ 
obvious. So we can assume (j[Zq , T(E,)] = 1 for at least one J. Tlion (of. IV.2.2) 


E 


i-i 


mz. > E,) - 


( 7 (^ 0 , nEi))] 




E Eizu 


Lj“1 



i ^ N{z, , E) - 1 


g N{z,,E) - (i[z',,Tm. 

IV.2.31. Suppose that T, given as in IV.2.1, is BV(j3 in !D. We dofino, for 
every oriented rectangle U such that /f” C S) (cf. n^2.21), 

G*(7f) = - // N(z,R%). 

Clearly (of. IV. 2. 10) 

0(R) g 0*(E), 

li Ux , ■ • • , are oriented rectangles, without common interior i)oints, in an 
oriented rectangle R such that C S) then (see IV.2.2) 

£ V(0,Z2?(B) ^ N(z,R''6i). 

t 

Integration yields the inequality 

E 0*(Rf) ^ G*(R). 



320 


IV.2.31 


Hence the rectangle function G*(R) is of type >d in SD (cf. 111.1.52). As a con- 
sequence the derivative of G*(R) exists a.e. in JD. Wo shall denote this derivative 
by Z)*(u}). This derivative depends also upon T and (55 and more explicit nota- 
tions like D*(Wf <R), and so on, will be used if desirable. By ITT. 1.62, 7)*(w) is 
summable on every oriented rectangle J? C 3) and 

(1) II ^ G*(U). 

M 

In fact, this inequality holds as soon ns C 3) as we shall verify prc.scntly. 
Indeed, suppose that jR" C SD- bet r„ be a sequence of oriented rectanglo.s such 
tlmt r.. C C 72 C • • • , n + • • • H- r„ + • • • == Thm r„ C JO and hence 

(2) fj D*(w) s a*fy.) = JJ N{z,r%) S jj 

rn 

Note that G*{R) < + « since T is BV(B in (cf. IV.2.13), Since (2) liolds for 
every n, the inequality (1) follows. We proceed to show that D'^{w) is suinmablo 
in fD itself. Indeed, since [D is a bounded domain, wo have a se(iuenco of oriented 
rectangle.^ Rj , ' ” , Rk , ■ ' > «nch that 

(3) 1) — X) Ri> ) RV^'I = 0, f j. 

(3) implies, in view of IV. 2.21, the inequalities 

(4) t, ow = t Mlit) g ».(») < + » . 

*-•»» A~1 

(1) and (4) yield 

(5) E // A>*(w) S «(») < + » . 

By T.3.10 the .summability of D*{w) in ID follows. In fact (6) yields, in view of 
1.3.10, the inequality 

11 D*(,w) S ^(»), 

a> 

which will be generalized in the sequel. 

IV.2.32. Continuation. Lot again , • • • , R„, be oriented rectangles, 
v'ithout common interior points, comprised in an oriented rectangle R such tliat 
R° C By IY.2.30 we have then the inequality 

m * 

E [A^(s, 72?(B) - g(z, T{R%))] ^ Niz^Rl^a) o\^, T(R%)]. 

bince T is BV(S in 3i, all the functions involved arc summable (sec IV.2,13). 
Integration yields (cf. n^2.10, TV.2.31) 
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E [G*(R,) - ^ G^{R) - (}{R). 

Since clearJy Ct*{H) ^ G{R)f it follows that the rectangle function Q'{R) = G*(R) 
— G(R) is also of typo A in ID (cf. 111.1.52)4 As a consoquonco, G*{R) has a 
derivative Z)'(?y)‘a.o. in <‘D, and furthermore D^{w) is summablc in every oriented 
rectangle 72 C SD and satisfies the inequality 

( 1 ) If 7)'(w) ^ G'{U) = G^(R) - (?(/?). 

II 

Consequently, G{R) = G’^{R) — • G'{R) also has a derivative D{w) a.e. in !D, and 
clearly D(iv) = — D'(tr) a.e. in SD. Since G*{R) ^ G{R) for every 72 C 3), 

(2) D^{iv) ^ D{v)) a.e. in SD. 

The inequality (1) can now 1>(‘ ]’(‘wi‘itten in the form 

(3) Jj \D*(^o) - D{w)\ ^ G^iR) - G(R). 

II 

The derivative D(w) will also l)o denoted by D(w, 03) if explicit I'eferenco to tlie 
base set 03 is desirable. 

IV.2.33. Continuation. Wo assert the inequality (cf. IV.2,21) 

(1) ///)■•{«>) S mW 

II 

for every Borel sot 7? C JD. 

I’wooF. By iy,2,31, is summablc in ID. 'Thus ^ve can define a set func- 

tion 0(B) by the formula 

m = // 

ji 

for all Borel sets (in fact, for all measurable sets) BCD. Clearly 0(B) is non- 
negative and eomplclely additive on Borel sets m D (see 1.3.16). By IV,2.31(1) 
wo have 

0(72) ^ m(72") ^ m(72) 

for every oriented rectangle BCD. By IILL46, 111,1.62 the inequality (1) 
follows. 

IV.2,34. Continuation. We assert tliat D{w) — D^(w) a.e. in D. 

Proof, Take any oriented rectangle 72 C D. Let us put, for j ~ I, 2, • - • 
(cf. IV.2.3), 

(1) 

By IV. 2. 6 we have then the relations 

0 ^ 0,(2) ^ JV( 2 , 72“CB), 0,(2) Niz, B°®). 


« 6 77,, , C 72^ 
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Since N{z, R^(^) is sumnmblc (cf. IV.2.13), it follows that fof. J.3.11, IV.2.1, 
IV.2.10) 

(2) / ( He) = Z G(s) / f N(ji, ff’rti) = «(«''), 

where the summation is extended over the same square’s s ns in 0). Similarly, 
if we put 

X.(2) = E^V(0,s"m), C /f*’, 

then we have by IV.2.5 the relations 

0 ^ \i{z) S N{z, \,{z) -> N{z, 
and termwise integration yields this time the relations (of, IV.2.31) 

( 3 ) // x,(2) = Z (?*« // /V(2, rm = „(«“). 

(2) and (3) yield ’ , 

(4) 0 = lim £ [(;*(8) - (?(«)], e , / c H". 

I-ICO 

Now the rectangle function (7*(7(!) — G{R) is non-nogativo and has a derivative 
a.e. in SD (see IV. 2,32, IV.2.31). Hence, by III. 1.26, it follows from (4) that 
i)*(w) = D{w) a.e. in R, Since R was any oriented njctanglo in tD, it follows 
that D*{w) = D{w) a.e. in 3). 

IV.2.35. Continuation. I>{w) = '0 a.o. on H ~ {B. 

Pkoop. Since (B is a Borel set, we have by IV.2.33, IV.2.3d 

jj D{w) g /u(2D ~ (B) = JJ N\z, (3) - <B)ml = 0. 

5)-(B 

Since D{w) is non-negative, the assertion follows. 

I, IV.2.36. Suppose that T, given as in IV.2.1, is BV(B in D. Lot R bo a sot of 
measure zero in the z-plane. Then D(w) =0 a.o, on tho sot T^\R). 

_ Paoop. Since T is bounded, it is clearly sufficient to consider tho oaso when 
E is bounded^ 

Case (i). jGf is a Borel set of measino zero. Then T~\E) is a Borcl sot (see'' 
IV.2,19). Hence, if wo put E = T~\E), wo have by IV.2.33, IV.2.3^I 

jj Dim) S ixiE) = /I N(z, m). 

E 

Since N{z, E&) = 0 for z ^ T{E) and T(E) C E, it follows that N(z, EOi) == 0 
a.e. in the 2 :-planc. Hence 

// /)(«.) = 0 , 
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Since D(w) is jjon-negative, it. follows that D(w) ~ 0 a.e. on ^ 

Case (ii)^ E is any bounded set of measure zero. By 1.3.7 wo have tlien a 
]3orcl sot B of measure zei-o^sucli that_^^ C B. By case (i) we have D{w)^ 0 
a.e. on Since T~'(E) C '^~\B)f a fortiori D(w) = 0 a.e. on 

IV.2.37. CortoLLAUY JL D{w) — 0 a.e. on the set 
IV.2.2). Indeed, the set ^(a>0^, is of measure zero by IV.2.14. 

CoKOrnwVRY 2. If E is a subset of SD such that \ T{E) \ = 0, timi D(w) ~ 0 
a.e. onE. h^ced, if we put E = TiE), then clearly E C T~^(E). Since D{w) == 0. 
a.e. on T~^(E) by IV.2.30, a fortiori D(w) = 0 a.e. on E. 

IV.2.38. Given T as in IY.2, 1, we shall work in tlio .sequel with several differ- 
ent base sets simultancou.sly, and the following remarks will be useful. Lot (B, 
(Bi , (Ba bo Borol sets in the ^l^-l)lanc, such that 0? = ffi, -|- (B 2 . 

(i) T is BY® if and only if T is both BY®) and BY ®2 in D. 

Proof. Lot us put, for every oriented icctangle 12 C 3D, 

G(R) = I m\s\) I, (7.(22) = 1 T{R%d j, G,{R) = | TiR%,) |. 

Since ® = (B. -f (1^2 and hence T(R^(R) ~ 7’(72”®,) d- 7'(2?®®2), we have the 
inequalities 

(1) G,{R) S G(R:), G,{R) ^ G{R), G{R) ^ (7,(22) + G,{R), 

and the assertion follows in view of the definitions given in IV. 2. 11. 

(ii) Suppose that T is BVfli in SD. By IV.2.32 the derivatives D{v), ffi,), 
D{w, ffiji), D{w, ®) exist then a.e. in 5D (cf. (i)). The inequalities (1) imply that 


J){w, ®,) ^ D{w, ®), D{w, fflj) ^ D{w, ®), 


(2) 

D(w, ®) ^ D(v>, ®i) + D(w, ah) 

a.e. in £D. 

By IV.2.36 wc have 


(3)' 

D{w, 05,) = 0 

a.e, on 3D ~ ®i , 

(4) 

D(u), ®2) = 0 

• 

a.e. on 3D — ®a , 

From (2), (3), (4) wc infer the relations 


(6) 

D(w, ®i) = D{w, ffi) 

a.e. on 3D — ffla , 

(6) 

E(w, ® 2 ) = E(w, ®) 

a.e. on 3D ~ ®j . 

(hi) 

Then 

Using the notations and assumptions of (ii). 

suppose that = 0. 

(7) 

2)(w, ®) ■= D(w, ®i) -f D{w, 

® 2 ) a.e. in SD. 


This is a formal con.sequenee of (3), (4), (6), (6). 

(iv) Using the assumptions and notations of (ii), avc as.sert that 

(8) D{w, ®) = D{v}, ffli) 


a.e. on . 
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Indeed, by (iii) (applied to the base sets (Bj and 05 - (B,) \vc have D(tw, (B) 
D(w, (Bi) + D{w, (B — (Bi) a.c. in 3D. By IV.2.35, applied to the base set 
(B - (Bt , we have D(w, (B - (B,) - 0 a.e. on (B, , and (8) follows. 

(v) Using the assumptions and notation.s of (ii), we have 

(9) D(w, (B) = D{w, (Bi) = D(w, (Bg) a.e. on (BiGia . 

Indeed, (8) implies that D{w, (B) = D{w, CB,) a.e. on (Bi , and lioncc a fortiori a.e. 
on (Biffia . Interchanging (B, and (Bg , we have similarly D(w, m) = D(w, (Ba) a.e. 
on (B,(B 2 , and (9) follows, 

IV.2.39. Given T and a base set (B (see IV.2.7), wc shall say that T is AC® in 
SD {absolutely continuous in SD mill respect to the base set ffi) if and only if the rec- 
tangle function G(U) of IV.2.10 is AC in 3D (sec 111,1.52). Explicitly, T is AC® 
in D if for every e > 0 there exists an riie) > 0 such that the following statement 
holds. Let Ei , • ■ • , be any system of oriented rectangles in 3D without 
common interior points, such that 

(1) 1 E. I -h • • — h I n.. \ S ^;(e). 

Then wc have the inequality 

(2) H- • . . -h G{R„) S e. 

According to the definition given in III. 1,52, it is assumed that C 3D, ?! = 
1, 2, • • • , w. Wc want to verify that. (I) implies (2) oven if we only require 
that i?? C 3D, z = i, 2, • • • , »i. Indeed,' let us select, for each t = 1, 2, • < • , m, 
an oriented rectangle iBf C • Then in view of (1) wc have \ Rf \ + • • • -f- 
I E?, I ^ r]{t), and hence by assumption 6'(^f) + • • • -h 0{Rm) ^ e. By the 
argument used in IV.2.12, we can choose Rf in such a manner that G(R7) dilTers 
as little as we please from G(R,)) and hence the assertion follows. This reasoning 
assumes that T is BY® in 3D, and this is indeed the case, because the bounded- 
ness of 7' implies obviously the boundedness of the rectangle function G{R), and 
hence (see III. 1.52) 7' is BY® if it is AC® in 3D. Summing up: in dealing with 
(1) and (2) we can use oriented rectangles R such th^it R° C 5D. Furthennorc, 
if T is 4C® in SD, tlum it is also BY® in 3D. As a consequence, the results derived 
previously, under the assumption that 7' is BY® in SD, apply if 2’ is AC® in SD. 

IV.2.40, Suppose that 7\ given as in I’\^.2.1, is BY® in 3D. Then 7' is AC® in 
3D if and only if tlnj associated sot function p{B) (.see IV.2.21) is AG on Borel sets 
in 3D (cf. 1.3. IG). 

Proof. Suppo.so first that fx{B) is AC on Borol sets in 3D. If 1?“ is any oriented 
open rectangle in SD then olearly 

G(R) = I T(R°ai) 1 S Jf N(z, I{%) = (,(«"). 

Hence, UR'l, • • • , Rl, is any disjoint system of oriented open roctanglca in 3D, then 

p* m / >n \ 

E<?W s E/<W) = 4 E/e?)- 

1=1 («i \ ...1 / 

By 1.3.16 it follows that 7' is AC® in 3D. 
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Suppose, conversely, that T is AC(B in S). Then T is also BV(B in 3) (see 
IV.2.39). Take any open set 0 in ID. Lot us put, foi-y — I, 2, • • • (cf. TV. 2. 2, 
IV.2.3), 

•^,(2) = E lib, s e i \, , s" c 0. 

By IV. 2. 6 Avo have then « 

(1) . 0 ^ ^,( 2 ) ^ N(z, Offi), -> N(z, OOJ). 

Since N{z, 0®) is summablc (cf. IV.2.13), termwise integration of the sequence 
^,( 2 ) is permissible by (1) and 1.3.11, and wc. obtain the relation 

(2) / f = E If N(z, om) = dO). 

where the .summation is extended over all squares 5 such that s G H,,, , s” C 0. 
Noav give € > 0. Since T is AC® in SD, we have an ij(€) > 0 with the property 
explained in IV.2.39. Suppose now that the open set 0 C SD satislie.s the in- 
equality 

(3) I 0 I ^ i?(e). 

Then, for j = 1, 2, • • • , clearly 

g 1 0 I a E l« I. se o„ ,s“co. 

Hence, by the dofinition of 

( 4 ) tgEG(s). sez)., ,s“C 0 . 

(2), (4) yield the inequalily 

(5) fi{0) ^ €. 

Thu.s (3) implies (6). Now lot B ho any Borol sot in 3D such that 

(6) \B\S ^(^)/2, 

By 1.3.7 we have then an open set C 3D such that B C 0^ and | 0, | < »?(€). 

By the preceding argument, we have then ju(0«) ^ c and hence aforUori 

(7) ii(B) S e. 

Thus (6) implies (7), and hence /n is AC on Borel sets in 3D (cf. 1.3.16). 

IV.2.41. Given T as in IV. 2.1, T is AC® in 3D if and only if the rectangle 
function G*{R) (see IV.2.31) is AC in SD (see III. 1.62). 

PiiooP. Since (?(/?.) ^ G*{R) = ii(R°), the assertion follow's immediately 
from IV.2.40. 

IV, 2,42. Suppose that T, given as in IV.2.1, is BV® in SD. Then T is AC® in 
3D if and only if j T{eQi) ] = 0 for every sot e C SD of measure zero. 

PnooF. Suppose that | T(e®) ] — 0 for every set e C 3D of measure zero. 
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Lei us choose tlien in I) any Borel set. e of meaaui’e zero. Sinoc' N («, e®) == 0 for 
z ^ T{e(9i)f it follows tlial 

n{e) = Jf N(z, e®) = 0. 

« Hence /x is AC by 1.3.16, and hence, by IV.2.40, T is AC® in SD. 

Suppose conversely that T is AC® in 3). Lot e bo any set of nioasuro zero iii 
3D. Since by IV.2.40 the set function (x is AC on the Borel sols’ in SD wo have for 
every c > 0 an ^/(e) > 0 such that fi(B) ^ e for every Borel sot 5 C 2D such 
that \ B\ ^ Since \e \ = 0, we have in SD an open sot 0. sucli that c C 0, , 
and I 0, I < };(e). It follows that 

If Nil, OM = m(0.) s .. 

Since ^(c®) C 2^(0,®) and | T(0,6i) \ < JJ N(z, 0,®), it follows tliat the exterior 
measure of 2'(e®) does not exceed 6. Since € was arbitrary, the assertion 
I T(e(R) I ~ 0 follows. 

IV, 2.43. Continuation. In the sufficiency part of the proof, wo used ac- 
tually the assumption that | 'f(e(^) ) = 0 if j e | = 0 only for Borel sots e C 
Hence we have the following statement. If T is BV® in 3D, and if | !ir(c®) | = 0 
for every Borel set e C 3) of measure zero, then T is AC® in 3D. 

IV.2.44. Suppose that T, given as in IV. 2.1, is AC® in 2D. Then (cf. IV.2.32, 
IV.2.39, IV.2.21) 

(1) m(B) = // D(») 

li 

for every Borel set B C 3). 

Proof. Since n is AC by IV.2.40, we have (sec 1.3.17) a non-negative, Borel 
measurable, siimmable function 5(u>) in 2D, such that 

( 2 ) niB) = If Siw) 

I) 

for every Borel set B in 3D. In particular, wc have for every oriented opou 
rectangle C 3D 

= fj S(w) = JJ S(w), 

n- « 

and hence (see IV.2.31) 

G*(B) = Jj Siw). 

R 

By 1.3.13 and IV.2.31 it follows that D*(to) = 5{w) a.o. in 3D, and hence, by 
IV. 2. 34, 
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(3) ' D(w) = 8{iu) a.e. in SD. 

(2) and (3) imply (1). 

IV.2.45, Tiieohbm. Suppose that T, given as in IV. 2.1, is in SD. Then 

(cf, IV.2.32, IV.2.13) 

(1) If DM s If N(z, 3D(B), 

33 

<md the sign of equality holds if and only if T is AC(Si in ID, 

Proof. (1) holds by IV. 2.34, IV.2.33. Suppose now that T is AC(B in ID. 
Then the sign of equality holds in (1) by IV. 2.44. Suppose conversely that 

(2) . If D(w) = If N(g,3M). 

33 

By IV.2.33, IV. 2.34, IV. 2. 21 we have, for every Borel set B C 3D, the inequalities 

(3) // S // 

33-33 

(4) //OW S // W(s,Bffi). 

I) 

We assert that the sign of equality hold.? in both (3) and (4). Indeed, we would 
obtain otherwise, by addition, the inequality 

II D(w) < II N(g, Dffi), 

33 

in contradiction to (2). Thus we have 

(6) If DM If mz,B(S.) = m(JS) 

n 

for every Borel set B C 3D. Now (6) clearly implies that /t(B) = 0 if | B | — 0, 
and hence y. is AC on Borel sets B in 3D (cf. 1.3.16). By IV. 2. 40 it follows that 
T is AC(B in 3D. 

IV.2,46. A.ssume that T, given os in IV. 2.1, is AC(B in 3D. Then yit(B) is AC 
on Borel sets in 3D by IV. 2.40. Hence there exists a non-negative, Borel measur- 
able, suramable function S{w) in 3), such that 

Jj ‘l5(uj) dy ~ JJ ^(w)8{io) 

33 33 


( 1 ) 
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for every Bor el measurable function as soon as one oi‘ the two integrals 
involved exists (see L3.17), Choosing as the charactoristic function of a 
Borel set B C fD, wo liavc by (1) 

(2) m(B) == 5(10). 

n 

By the HJ'gument used in IV. 2.44, wo infer from (2) that ^{w) = D{v)) a.o. in ;D. 
Thus (1) can bo rewritten in tlie form 

(3) ff = // 

3) S} 

and this formula holds for every Borel measurable function lus soon as one 
of the two integrals involved exists. In view of (3), the (ju) “integrals apiiearing 
in the transformation formulas of IV. 2. 27, IV. 2. 29 can he replaced by Iicbc.sgue 
integrals if T is ACCB in 3D. The formulas obtained in this manner (*an however 
be further generalized. We proceed to discuss this point. 

IV.2.47, Assume that T, given as in IV. 2. 1, is ACOJ in 3D. Let <!>(?«) bo a finite- 
valued measurable function in 3). We assert that the function (r(z, '!>) of IV.2.16 
is men.sui'ablc in the 2-plano. 

Proof. Since is finite-valued and measurable in 3D, "we have (see 1.3.8) 
a finiic-vnliied, Bore) measurable function ‘hi(ia) in tO, such that 

(1) $(«!)” <[>i(wj) a.c. hilD. 

Let E be the sot of those iiomts la G 3D where (1) fails to liold. Tlion j A' j = 0 
and hence | T(E(S>) | — 0 by IV.2.42. Clearly (r{z, 4’i) = (t{z, <I>) for z ^|: y’(7?(B). 
Since a{z, <E>,) is measurable by IV.2.17, the measurability of cr(2, <!>) follows. 

IV.2.48. Assume that T, given as in IV. 2. 1 , is AC'ffl in ^0. If ID Is any mensur- 
able set in 3D, then N(z, is measurable. 

Proof. Let 4’(w) ])o the characteristic function of E. Then is defined, 
finite-valued and mcasuralile in 3D, and hence (r{z, 4>) is measurable by IV.2.47. 
^ince N(Zf E(S>) = (t(z, 4>) a.o. by IV.2.I6(vi), IV.2.39, the measurability of 
V(z, E(R) follows. 

IV.2,49. Assume that T, given as in IV.2.1, is ACfiJ in ID. Let 4>i(ty), <h2(w) 
be two finite-valued functions in 3D such iliai ‘I’l — <I>2 a.o. in 3D, Then (r{z, 4>,) - 
ff(2, 4>2) a.c. in the z-plaiie. 

Proof. Let E be the sulisot of 3D whore ‘I>i 5^ , Then \ E \ = 0, and hence 
I T{E(^) I = 0 by IV.2.42. Since clearly cr(z, 4’,) — <r(z, ‘hj) for z ^t: the 

assertion follows. 

IV.2.S0 . Theorem. Assume that T, (liven as in IV.2.1, is ACffl in 3D. If 
'5(w) is a fmite-vahieil, measurable function in SD, then 

Ij Hw)D(w) = JJ (r(z, 40 , 


(I) 
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as soofi as the tiilegral on the left exists. Jf <I> ^ 0, then the form ula holds as soon as 
one of the two integrals involved exists. 

PiiooF, Case (i). m finite-valued and T3orol measurable in D. Then the 
theorem is an immediate consequence of IV.2,27, IV. 2.^1 6. 

Case (ii). is finite-valued, measurable, and <b(w)D(w) is summable, Jiy 

1.3.8 we have a finite-valued, Borol-mcasurable function <^i(w) in ,1:), .such that 
<I> = <E>i a.o. in SD. Since <h(?a)D(zc) is summable in !D, it follows that <l\(w)J)(w) 
is also summable in ID. Plence, bjf case (i), a- ( 2 , <I»i) is summable, and 

(2) <l\iw)D(w) = jj* <r( 2 , ‘hi). 

fO 

But (T(g, ‘Iq) = a(z, ‘I>) a.e. in tho 2 -planc by CV’.2.49, and = i^(w)D(w) 

a.c. in 3D. lienee (2) implies (1). 

Case (iii). ‘I>(ia) is finite-valued, mcji^surablc, non-nogativc, and (t{z, <I>) is 
summable. Let again <hi(ta) be a finite-valued, Borel-measuiable function in 3), 
such that «I>i = ‘I> a.e. in tD. Since <T> S 0, we can assume that iq ^ 0 also. Then 
(r{g, i>i) = a(z, <h) a.o. by IV. 2.49, and hence criz, <!>,) is also summable. By case 
(i) it follows that <S}i(w)D{xv) is summable in SD and (2) holds. 8iucc (t{z, 4>) - 
cr{z, <[>j) a.o. in the s-plane and 43(«))7)(ia) — <l\(w)D(w) a.c. in :d, the formula (1) 
follows. 

IV.2.51. Assume that given as in IV. 2.1, is ]3VfR in ID. If II (z), H'^{z) are 
finite-valued functions in the 2 :-plano such that II (z) ~ H*(z) a..c,, tlion 

(1) II[({io)]D(io) ~ II*[l(io)]Diw) a.o. in JD. 

Proof. Let lU denote the set in the .s-planc whore II(z) 7 ^ 11^ {z). Since | i? ( = 
0 by as.sumption, we have by IV. 2. 3 (5 

(2) I)iw) - 0 a.o. on T~\E), 

and olcarl)'^ 

(3) //[/(aO] = for w ^ 

Finally, by IV. 2. 32, D{w) exists (and hence is finite) a.c. in 3D. Hence formula 
(1) holds a.o. on ID — T~^{E) in view of (3), and it holds a.o. on T''''{E) in view 
of (2). 

IV.2.52. Assume that 7’, given a.s in IV.2.1, is BV(K in SD. If B.{z) is finite- 
valued and measurable in the 2 -planc, then Il[i{v})]D{w) is measurable in 3D. 

Proof. By 1.3.8 we have a finite-valued, Borcl-measurablc function if* ( 2 ) 
.such that H{z) — II* {z) a.e. in the g-planc. By IV. 2. 6 1 , we have then II[t{w)]D{w) 
— n*[t{v))]D{w) a.c. in SD Since II*[t{w)\I){u>) is mca.surablc by IV.2.20, the 
measurability of H[t{w)]D{w) follows. 

IV.2.53. Tiikorbm, Assume that T, given as in IV.2.1, is ACGi in 3D. If 
II (z) is a Jiniie-valued, measiirahle function in the z~plano, then 
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(1) If //[Wll)(w) =" II H{z)N{z, 3D(B), 

as soon as one of the iv)o integrals involved exists. 

Proof. By 1.3.8, we have a finite- valued, Borel measurable function H*{z) 
such that H*{z) = H{z) a.e. in the 2 -plane. Since N{z, SDOJ) is finite a.e. in tlio 
2 -plane (see IY.2.39, IV.2.14), it follows that 

(2) H^{z)N{z, 2D(B) = //( 2 )Ar( 2 , SD(B) 
a.e. in the 2 -plane. By IV.2.51, IV.2.39 it follows further that 

(3) . JI*[l{w)]D{w) = H[i(R;)]Z)('w) a.e. in 30. 

Now suppose that one of the two integrals involved in (1) exists. By (2) and 

(3) there follows the existence of one of the integrals involved in the formula 

(4) II H*[t{w)]D{w) = 11 H*{z)N{z, 3003), 

» 

and hence (4) holds by iy.2.29, IV.2.39, IV. 2.46. In view of (2), (3), (4), formula 
(1) follows. 

IV,2.S4. Assume that T, given as in IV.2.1, is BV® in SD, The corresponding 
set function (see IV.2.21) gives rise to a Lobesguo decomposition (see 1.3.10) 
which we shall study presently in more detail than absolutely necessary, in 
order to clarify its geometrical implications in this particular situation. Let K 
denote the class of all Borel sets of measure zero in SD. By the general theory 
(see 1.3.16), there exists a set Bq G A' such that 

(1) m(B) ^ ix{Bo) for B 6 . 

Lot us put 

( 2 ) = B^(S>. 

Then ®i is a Borel set of measure zero, and (of. IV.2.21) 

(3) At(®i) = JJ iV(2,®i®) ^ JJ N(z,BQ6i) = n(B(,). 

(1) and (3) show that 

(4) g m(®i) for B 6 K- 

Let now jB be any Borel set such that B G j B C 3) “ ®i • Then B ^ 6ii Q K, 
and by (4) it follows that 

n(B) -h /x(®i) = m(B + ®i) ^ Ai(®i). 

Hence fi(B) = 0, Thus we see that 

(5) ti(B) = 0 


if B G /C, B C » ~ . 
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Let us i^ut now 

(6) (Ba (B - (Bt . 

Then (Bz is a Borel subset of (B, and we have the relations 
(B = (Bj -h ®2 , (BiOJg = 0, I (B, 1 = 0. 

We assert that T is BV(Bi and ACCBg . Indeed, by IV.2.38, T is botli BV(Bi and 
BVCBz . In view of IV. 2. 43 the proof will be complete if we can show that 
1 T(e(^ 2 ) I “ 0 foi’ every Borel sot e C SD of measure zero. Now lot e be such a 
set. By (5) and (6) w^e have then 

0 = ^(eCBa) = Jf A(2,e(Baffi) == fj V(2, eOSz) ^ | T(c(Bz) 

Hence [ TieCRi) \ = 0. 

IV,2.5S, The sets CBi , (Bz of the preceding section are not determined uni- 
vocally by their properties listed there, Bor convenience of reference, wc slate 
the result obtained in the following form. 

Tiieoubm. Suppose that T, given as in IV.2.1, is BViR in JD. Then there exists 
a decomposition of the base set ® into two Borel sets tB“ (B* such that the foUoudng 
holds: (i) (B = (B“ + ®“(B* = 0. ,(ii) ! CB' |.= 0. (hi) T is 7iF(B' and 

dC(B" in 3D. 

Indeed, it folio w.s from IV. 2. 54 that the sots (B* == (Bi , (B" = (Bz satisfy our 
requirements. A little later we .shall discuss another way of obtaining a decom- 
position with the properties (i), (ii), (iii). 

IV.2.56. Continuation. In terms of any decomposition CB = CB" -\- (B*, 
with the properties described in IV.2.55, wo can construct the Lobesguo decom- 
position of the sot function p{B) os follows (cf. 1.3.16, IV. 2. 21). Let us use the 
explicit notations- (j* (72, CB), ii(B, CB), D(ia, CB) to refer to G*(R)) p(B), D(w) 
(cf. IV.2.3i, IV.2.21, IV. 2.32). We shall consider simultaneously the base sots 
CB", CB' also, using corresponding notations (?*(22, CB'*), n(B, CB“), D{w, CB"), C?*(/2, 
(B*), fi{B> ®')> B{w, CB'). We have then the relations 

(1) D{Wf CB) = D(w, CB") a.c. in 3D, 

(2) D{w, (B') = 0 a.e. in 3D. 

Indeed, 7)(ia, CB‘) =0 a.c. on SD — CB' by IV. 2. 35, and j CB' 1 — 0. Thus (2) 
follows. On the other hand, D{w, CB) — jD('W, CB") a.e, on SD — CB' by IV.2.38, 
and (1) follows .since ] CB’ 1 = 0. Furthermore (cf. IV.2,65, IV.2.21) 

14(5, CB) - jj N(z,BS^) = JJ -b fj N(^,BSi*) 


(3) 


= p(B, flV) + p(B, CB'). 
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Since T is AC®*’, the set fuiietion fi(B, is absolutely continuous on Borcl sots 
in S), by IV.2.40. On the othci' hand, fi(B, ®‘) is singular. Indeed, if B is any 
Eorel set in SD — (B*, then Niz, B(R") = 0, and hence 

is(B,i^‘) = jj N(z,B(5S‘) = 0. 

Since | (B‘ | ~ 0, it follows that m( 5, (B*) is singular (see 1.3. lO). Thus (3) yields 
the Lebesgue decomposition of ii{B, ffi). As 'we knou^, this decomposition of 
n{B, 05) is iinivocally determined (see 1.3.16). 

IV.2.57. Theorem. that T, given as in IV. 2.1, is j?F(C in SD. Then 

ike correspondmg set function n{B) (see IV. 2. 21) admits of a univocally determined 
Lebesgue decomposition 

m = ii.(B) -f ix,{B) 

for Borcl sets 15 C 3D, where jUo is absolutely c07ilinuous, and fx„ is singular. Lei 
4>(ty) he any finite-valued, Borel measurable function in 3), and lei H(z) be any 
finite-valued Borel measurable function defined in the whole z-plane. Then (cf. 

IV. 2.32, IV.2.15) 

(1) JJ 3>(w)i)(?y, 05) + JJ <J7(iv)dM. = fj (r(z, '!>, d5), 

® 3 > 

as soon as the integrals on the left exist. If ^ 0, then the formula holds as soon as 
one of the two sides of (1) exists. Furthermore 

(2) JJ H[l(w)W(«’, ®) + // ^/[‘(w)] <lt‘. = JJ imme, »m), 

J) 'D • 

as soon as one of the Hoo sides of (2) exists. 

Proof. Let ffi“ + (B‘ = (B be a decomposition as in IV. 2.66. By IV. 2. 66 wo 
have then the fonnulas MoC-S) = fi(B, 05“), nAI^) ~ n{B, (&‘). Assume that the 
integrals 

// Hw)D(w, ®), jj (l>(w) dp, 

w I) 

exist. By IV.2.66(1) we have then 

(3) Jj ^(w)I>(w,(R) ^ jj ^w)Diw,6!>‘'). 

:o aj 

Since T is AC®" in 3), we have by IV.2.46 

(4) jJ ^w)D{w, ffl") = JJ <J>(w) dp., . 


1 
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Hence (see IV.2.27, IV.2.5C)(3)) 

JJ (B) + jj dfis ^ fj Xw) dis„ + jj <Xw) dfx, 

a) a) iD <(;, 

== // Clu = JJ ff(2, (B). 

x> 

Thus (1) is established in the general case. 

Let us assume next that <I> ^ 0 and cr(^, 3>, Oi) is summable. By IV.2.27, we 
have then (cf. IV. 2. 38) 

Jj (r( 2 !, (B) = JJ (l^w) df .1 = JJ <L>(iv) d/j, + JJ ^w) dn, . 

0 ‘U D 

Since T is AC(B" in ID the formulas (3), (4) are available and (1) follows. 

Taking up (2), assume first that the integrals 

/ f flUMWiw , «) , II H[t(w)] dix. 

exist. By 1V.2,6G(1) we have then 

( 6 ) II immWHm, ®) ■= II BllMWw, (&■). 

Since T is AC(B" in ^D, we have by IV, 2.46 

( 6 ) II imw)]D(w, «") = II // 1 (( 10 )] d^. . 

By IV.2.56(3), IV. 2. 29 wo obtain, in view of (5), (6), 

II imw)]D(w,(Si) + II //[((w)] <i(., = // IJ[l(w)]dix. + II imw)]dix. 

a) D S) B 

= II HUM] * = II H(z)mz, B(B). 

0) 

Assume finally that II(z)Niz, SD(B) is summable. By IV, 2.29 we have then 

JJ N(z)N(z, aiffi) = JJ H[im IJ + // ■ 

Si D B 

Since T is‘AC(B" in ID, the formulas (5) and (6) are^ailable, and (2) follows. 
IV.2.S8. Given as in IV. 2.1, let us denote by D(w, ffl) the upper derivative 
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of the rectangle fun.ction_G(i?) defined in IV.2.10. Let Wo be any point in SD. By 
definition (of. III. 1.24), D(wq , (B) is then equal to the least upper bound of 


lim sup 

n-»co 


I 


for all possible choices of the seque^e of oriented squares s„ such that tWo G s” , 
C 2D, I St, 1 0. Let us note that D{wo , ffi) may be infinite. Now let cr„ be any 

sequence of oriented squares such that tWo G o’,, C 2D, | o-^ | — ^ 0. Wo assert that 

(1) lim sup I I ^.D(wo , GJ)." 

n-.» I I 


Pboof. The assertion would be obvious if we had assumed that G . 
Since we only assumed that Wo G a ,, , some explanation Is needed. Since a-„ C 2D, 
we have for each n an oriented square s„ with the following properties; 

(i) £»•„ C s“ , s„ C 2D. 

(ii) I 5„ i < (1 + 1/n) 1 tr„ 1, ' „ 

Then ivo G s® , s„ C 2D, | s„ [ —> 0, and hence, by the definition of D{wq , Gi), 

lim sup ^ I ^ J)(wq , (B), 

n-ico I Sr I 

Clearly, (i) and (ii) imply that j r(ff„(B) ] ^ ] r(s®Gi) [, | s„ |/| o- J ^ 1, and (1) 
follows. 

IV.2.5P. Given T as in IV.2.1, choose any base sot (B. Lot e be a subset of 
ffi2D such that 


( 1 ) 


1 e I = 0, D{w, CB) < M 


for w ^ G, 


where M is a finite constant. Then | T{e) \ = 0. 

Pboof. Let us introduce a network of oriented squares in the ty-plane (see 
1.3.4). Let e > 0 be given. Since | e | = 0, we can choose an open sot 0 such 
that e Cl 0 C 2), I 0 I < e. Let us denote by fF the family of those network 
squares o- for which the following conditions hold; 

(i) <T CO. 

(ii) I Tia(S.) 1/1 0- i < M. 

Let Wq be any point in e. Then Wo G 0, and hence wo have a sequence of net- 
work squares a„ such that tUo G o'n C 0, | cTn | “> 0 (note that wo could not gen- 
erally assert the inclusion Wo G o-“). (1) implie.s, by IV.2.68, that 

lim sup I < M, 

II-*” I I 

Hence we shall have, for n suflSciently large, 


I O-n I 


CTn C 0. 


Thus (r„ belongs to the family SF for n sufficiently large. In other words, the 
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squares of the famil}' IF cover c. Hence (see 1.3.4), Ave have a (finite or countably 
infinite) sequence of oriented squares s, such that s, E ff, e C X] 
for j 9^ k. Since c C it follows that c = c® C X) hence 

(2) T(e) = T(effi) C E 
On tlie other hand, 

(3) T, I 2’(s.<B) I < L 1 s. I ^ -il/ I 0 1 < 

Since e Avas arbitrary, (2) and (3) imply that | ^(e) 1 = 0. 

IV.2.60. Given T as in IV, 2.1, choose any l)ase set ®. Let be a subset of 
®Id such that 

(1) 1^1=0, D(w, ®) < 4- “ foi’ V) ^ E. 

Then 1 T{E) \ = 0. 

_ Proof. For each positive integer 7t, let e„ be the subset of E on Avhich 
D(w, ®) < n. In view of (1) \vc have then IS — E hence T{E) C E ^(O* 
Since j T(e„) | = 0, 7t = 1, 2, ■ * • , by iy.2.59, it folloAvs that | T{E) j = 0. 

IV.2.61. Suppose tlmt T, given as in IV. 2,1, is BY® in 5). Let ®m bo the 
subset of ® on AAhich Z)(w, ®) = We assert that the sets 

. ®“ ® - ®„ , ®* = ®„ 

satisfy the conditions stated in the theorem of IV. 2.66. 

Proof. In the first place, ®„ is a Borcl sot (see III. 1.24), and hence ®'', ®* 
are both Borcl sets. Since ] ®« | = 0 by IV.2.32, and since T is surely BVffl“ and 
BV®* by IV. 2.38, Ave have to show only that T is AG®“. For this purpose it is 
sufficient lo A'^erify (cf. IV.2.42) that the conditions 

(1) c C ai, I c I - 0 

imply tlmt 

(2) I - ®„)] 1 = 0. 

NoAvJf we put ^ = e* (® — ®„), then E is a subset of measure zero of 31® (cf. (1)), 
and 31 (m, ®) < + co on A? by the definition of ®„ . Hence, by IV. 2, 60, ] T{E) \ = 
0, and (2) is established. 

IV,2,62, Theorem. Suppme ihal T, given as in IV.2.1, ts jSV® in 31. Let 
®„ &e the subset of ® on which Z)(m, ®) = 4- “ . Then the Lebesgne deco 7 nposUion 
fi{B) = fiaiB) 4 - M»(-S) of the corresponding set function {cf. IV. 2.21) 

MB) = // mz.m) 

is given by the formulas 


m.(B) = 11 N[i,B-{(S, - ffl.)] 
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IV.2.f)2 


M.m = If 

wherr is absoiuiely continuous and fi, is singular on Borel sets in [D. 

Pnoor, By IV.2.61, the sots 6i" = (B — d3a, , (0* = (Bo, satisfy the conditions 
stated in IV’.2.55, and henco the assertion follows directly from IV,2.56. 

Rbwark, Let ns recall that the Lebosguc decomposition of y is nnivocally 
determined (see 1.3.16) and the preceding theorem merely indicates a particular 
way of determining this tlccomijosition. 

IV.2.63. Theorem. Suppose that T, given as in TV. 2.1, is in (D. Let 
(B« he the subset of CB on which D(w, 01) = + “ • Then T is A C(B in 3) if and only if 
I !r(®„) 1 = 0. 

Proof. Since [ (B„ ! == 0 by IV. 2. 32, the neee.ssity of the condition follows 
from IV.2.42. To prove tho sufficiency, assume that [ 7’((B<o) | = 0. If J3 is any 
Borel set in 2), then a fortiori \ T(B(&„) \ = 0, and hence N{z, BGioi) = 0 a.e. in 
the 2 !>plane, since N(z, J5(Beo) = 0 for z 6^ T(Rffl»). By IV. 2. 62 it follows that 
the singular set function ju,(B), in the Lebesgue decompo.sition of p(B)f vanishes 
identically, and hence n(B) is absolutely continuous on Borel sots in ID. By 
IV.2.40 it follows that T is AC(B in 30. 

IV.2.64. In i)resenting the preceding theory, wo operatcul with oriented rec- 
tangles, that is rectangles with sides parallel to the axes u, v in tho 'la-plano. 
Tlierc arises the quo-stion whether the concepts and tho results of (Iks theory are 
independent of the choice of the coordinate system. Tho affirmative amswer, 
as far as the fundamental concepts and tho principal ro.sults are concerned, is 
suggested by a glance at tho main transformation formulas obtauicd. Foi’ exam- 
ple the formula (see IV.2.29) 

If di^ = If i-mmi, m) 

o 

contains only quantities that arc clearly in-\'-ariant under changes of tlio C’artesian 
coordinate systems in both the uv- and tho aiy-planes. To obtain precise state- 
ments concerning the invariant chavacLev of the theory, lot us malce a preliminary 
remark. Suppose that T, given as in IV. 2.1, is in 3D. I’licn wo havcj at our 
disposal the corresponding non-negative, completely additive function p{B) of 
Borel sets B C SD. Lot to l^c a point in 3D and let l:)e a sequence of scpuu’es, not 
necessarily oriented, such that w 6 s" , Sr, C 2D, 1 s„ j 0. By III. 1.29, wo have 
in 2) a set e of measure zero, such that for ^ c the limit of the ratio m(s«)/ 1 I 
exists .and is independent of the choice of tho sequence . Let us denote this 
limit by d(w). In particular, we can use oriented squares in computing d(i«), 
and by IV.2.31, IV.2.32, IV.2.34 it follows that d(w) — D(w) = D*(w) a.o. in 3D. 

Let us observe now that tho summability of the function N{z, 2)(B) is clearly" 
a feature of tlie transformation T itself and is independent of the choice of the 



Cartesian, coordinate systems in the uv- and .r.v-pliuics j-ospoctivoly. liy IV.2.13, 
T is BV(B in SD if and only if JD(B) is siimmablc. Hence the property of 
being RVCB in 2D is also independont of the choice of the Cartesian coordinate 
sj^stem. Now by IV. 2. 4.0, T is AC® in 3D if and only if it is BV® in 35 and if the 
corresponding set function ii{B) is absolutely continuous on Borcl sots in 3). 
This criterion is also independent, in view of the previous remarks, of the choice 
of the Cartesian coordinate system, finally, from our preliminary remark con- 
cerning tho derivatives rZ, D, D'^ it follows that 7) and Z)'’' are also invariant if sets 
of measure zero are disregarded, which is of course all we need in studying formu- 
las involving double integrals. Tho invariant character of our theory is thus 
established, as far as the main concepls and results arc concerned. 



CHAPTER IY.3. DERIVATIVES AND JACOJHANS 


IV.3.1. Wc shall combine presently the metrical and topological information 
obtained in IV. 1 and IV. 2. In particular, we shall investigate the relationsliips 
between derivatives corresponding to various choices of a base sot fli (see IV.2.7). 
The quantities to be studied will depend upon arguments lilce w, T, z, and 
notations threaten to become excessively involved at times, h'or oxampU?, to 
be quite explicit, we should have to use a symbol like D[w, T, &'{T, JD)) (cf. 
IV.2,32, IV. 1.56). We shall write instead D(v), T, S'”) or even more concisely 
D{w, G*) if no misunderstandings are likely to arise. 

IV.3.2. Given T as in IV.2.1, we introduce in the 2 :-i)lane a multijdicity 
function p{z, T, 2D^), where is any subdomain of [D, as follows: 

(i) If N(Zq , SD^N) ~ + CO, then we put p(zq , T, 0)^) = 0 (cf. IV.2.J, LV.l.hO). 
(U) If N{zo , 3D^N) < +CO, then the set ^P~‘( 2 o)lO^W is linito, and we put 
(cf. IV.1.64) p{zo , T, = E Uw), w e 
If the summation is vacuous (that is, if the set 2’“ ' (so) • 10.^ is ompt.y), Hum 
it is understood that v{zo , T, 3D^) = 0. Clearly, v(z, 7\ SD^) coincides with the 
function a{z, defined in IV. 2. 16 wit,h a), 'h replaced by , N, i» respec- 
tively. Since i,{w) is Borel measurable l)y IV. 1.66, it follow.s (nee IV.2.17) that 
v( 2 , T, 2D^) is measurable as soon 'as T is RVA' in ami lienco afoHiori if T is 
BVA in D. Since T is bounded, clearly v{Zf T, ID^) vmiishes o\itsido of a suffi- 
ciently large circular disc. 

IV.3.3. Continuation. We a.ssort that | p{z, T, aj) | ^ k(z, 'J\ :d), with tho 
possible exception of a countable sot of points z, 

Paoor. Let E be the subset of ID where | L(w) j > J . Then PJ is a coimtablo 
(possibly empty) set by IV. 1.74. Hence the set T{E) is also countalile. Hence 
our assertion ’^^411 be pro^'•ecl if wo shou' that 

(1) I , T, ») I ^ Kizo , T, ID) if tj: TiE). 

If v(zo ,T,S>)~ 0, then (1) is obvious. So we can assume that v{zq , T, ID) 0. 
But then (see IV.3.2) the set T '(2o)*IDA is finite and nonempty. Let ?a, , • ■ • , 
be the iioints of this sot. By definition 

(2) , T, ID) - L(w,) 

Clearly (cf. IV.L66), m g k{zo , T, ID). Since Allows that w, (-l^ E, 

J = 1, 2, • ■ . , m. Hence j L(«),) | ^ 1, j = 1, 2, • • • . u?. 44 iuh | v(z „ , T, ID) [ g 
?n by (2), and (1) follows. 

IV.3.4. Continuation. Let be a finitely-coimeetcd .Iordan region in ID, 
and let Zfi be a point satisfying the following eondition.s: 

(i) N{zo , S*) <+ CO (cf, IV. 1.56). 

(ii) $ 2’(9? - r). 

Then v(z , , T, T) = ii{z, , T, J),') (cf. IV. 1.24). 

83fi 


Proof. Cafie (a). k{zq , T, 9i) = 0. By TV.3.2, IV. 1.26 it follows iminc'di- 
ately that y{zo , T, 9J") = 0 = m(«o , T, 9?"). 

Case (h). k(zo , T, 9i) > 0. Then conrlilioii (i) implies that the point has, 
under T in a finite number of essential maximal model continua, each of 
which reduces to a single point (ef. TV.l.fifi). Let Wi , • • ■ , be these points. 
Clearly (see IV. 1,56) 

(1) e W, j = 1 , 2, • • • , m ; yiz„ , St") = E Um.) • 

( “1 

By IV.i.C4, wo have then Jordan regions ^ — 1, 2, • • • , ni, satisfying the 
following conditions : 

(a) w, e , % C 

(0) is simply connected. 

(7) C{%o) Zo for la G — 9t*,' . 

(8) = 0 hir j 9 ^ k. 

(e) f^{Zo , T, 9J/) = 

Let us denote by 9i^ the Jordan region 9t — (9i? ■ • • + Since doo.s 

not contain any of the points Wi , • ‘ > we have (cf. IV. ) .47) niza , T, 9?*) == 0, 

and hence by IV 1.26, IV 1.60 

^ m 

0 = , T. 91,) =■ dz„ , T, 90 - E . 'J', >«.)• 

111 wl’iting the last term of this formula, wo used (ii) and (7). In view of (t) anti 
(c), the formula p(Zo , T, Si”) = nizo , T, 9i) follows. 

IV.3.S, Let T :z == L{w)^ la G 9t, be a continuous transformation defined in a 
finitely-coiinecLcd, bounded Jordan region 9t (and not moroly in 91“). Thon the 
argument used in IV. 3.4 applies, as inspection sliowfi, not only to Jordan sub- 
regions of 9i° but also to 9i itself, and wo have the following result. Let 2:0 bo a 
point such that N{zq ,6’*') < + « and z^ ^ T(yi — 9i‘’). Then vCzq , T, 91'’) = 
fji(zo , T, 9i). In this statement. S'*' denotes tho set 9i®) (see IV 1.66). 

IV.3,6, Given T as in IV.2.1, we introduce tho folloiving notations, whore 
denotes any oriented open rectangle in SD. 

gi{z, 72") denotes tho characteristic function of tho sot in the 2:-plano where 
p{z, T, 72") 0 (cf. IV.3.2). 

Qiih R^) denotes tho characteristic function of the set 7’(72"iV) (cf. IV 1.56). 
f/a(2, 72") denotes the characionstic function of the set 2’(72"8) (ef. IV. 1.56). 
g^{Zf 72") denotes tho characteristic function of tho set in tho ;g-phino whore 
k{z, T, 72") 0 (cf. IV1.43). 

gf,{zj 72") denotes the characteristic function of tho sot 7’(7^2”8'‘‘) (cf. IV. 1.66). 
t7fl(2, 72") denotes the characteristic function of the sot 7’ (72"). 

, Since T is bounded in S), the functions r/,(^, 72"), 2 = 1, 2, • • • , 6, all vanish 
outside of n sufficiently large circular disc in tho e-plane. Tho functions g({Zj 72"), 
i ~ 2, 3, 6, 0, arc measurable by 1,2.46 and IV. L.68, IV. 1.59, IV. 1.60. Tho func- 
tion 174(2!, 72") is mcasiirnblc since k(z, T, 72") is measurable (cf. TV. 1.51). As 
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IV.3.G 


regards (ji{z, R°) we can only assort that Oiiz, /?") is measuralile if T is BVTs? in 
(cf. IY.3.2). As an immediate conscqiicnec of the definitions given, we have tlic 
inequalities 

R°) S (I, h(^, /?"), f = 1,2, • • • , 6. 

IV. 3. 7. Continuation. Wc introduce now the rectangle functions (cf. 
IV.2.1) 

G.{R) = Ij oAoJi"), £=l,---,(i, 

where U is any oriented rectangle in 3D. In view of the I'cmarks in IV.S.O, Gi{R) 
is defined only if T is BVA? in 3D, while G,(7?), i = 2, • • • , G, is defined witlioui 
any further restriction u]ion T. Assuming the existence of Ave have by 

IV.3.G the inequalities 

Gm s i - I, 2, ... ,5. 

For f = 2, 3, 5, 6, clearty G^R) coincides with the rectangle function G{R) of 
IV. 2. 10 if the base sot (B is cho.scn ns A/, S, fi'*', JD rp.spectivoly. It seems that no 
such simple interpretation is available for G,(R) and Gi(R). 

IV.3.8. Continuation. Let us now consider the functions N(Zf 
A^(z, R°S), k(z, 7', R°), R°8‘’), iY(z, /?“), where R'^ is any oriented open rec- 

tangle in 3D (cf. IV.2.1, IY.1.56). All of the.se functions arc measurable. Indeed, 
/<(z, 7\ R°) is measurable by IV. 1.51 Avhilc ihe remaining four funclions are 
measurable by L2.46, IV. 1.58, IV.1.69, IV.1.00, IV.2.0, Since T is bounded in JD 
all the.se function.s vanish outside of a sufficiently large circular disc in the z-plano. 
Without further restrictions upon T avc cannot assert that these functions arc 
summable. In defining nOAV five more rectangle fimctioas Of{R), i = 2, • ■ • , G, 
it is understood that any particular one of these definitions can bo used only if 
the function involved in that definition is summable. The definitions arc as 
follows: 


0^{R) = 

If mz.ifN). 

G%R) = 

II N(z,li''S}. 

G*m = 

II 

G%{R) = 

II JV(z,«“b*). 

GM) = 

[[ N(z,ir). 


In view of IV.1.6G, we have the inefiualities 

Crf{R) g i = 2, 3, 4, 5, 

as soon as the qimntilios involved exist, it being obvious that the existence of 
G^+^iR) implies the oxistenee of G'^(R). Clearly (cf. IV.3.7) 

GXR)^GT(R), ^ = 2. •■•,0. 

as soon as Gf (/?) exists. Clearly, G*(R) coincides, for i ~ 2, 3, 5, 6, with the 
rectangle function G*(R) of IY.2.31 if the base set 0^ be chosen as N, S, 8’’’, JD 
respectively. No such simple interpretation seems to be available for 
IV.3.9. Continuation. If the derivative (cf. III. 1.24) of the rectangle 
function G, (R) exists at a point la £ SD then this derivative will be denoted by 
D,(ia), f = 1, • • - , 0. It will be convenient to use, along with these notations, the 
morc suggo.stive allcrnativc notations DXiv), D{w, iV), D{w, 8), D^{w), D(w, 8'’’), 
D{io, SD), corresponding to the cases i = J, 2, 3, 4, 5, 0 in order. For f = 2, 3, 5, G 
these alternative nolations conform to those already agreed upon in IV.2.31, 
IV.2,32 (cf. the remarks in IV.3.7). The notations Dylw)^ Dx(i«) are self-ex- 
planatory. Similarly, the derivatives of the rectangle functions Gt(R) will bo 
denoted by D^(w) or alternatively by D'^{Wf iV), D*’(w, 8), Df{to), D*(io, 8'*'), 
D*{w, ID), corresponding to the cases i = 2, 3, ^J, 5, G, in this order. For i ~ 
2, 3, 6, G, there is again agreement with the notations adopted in IV. 2,31, IV. 2.32. 
In view of IV.3.7, IV. 3. 8 wc have the incqualitie.s DXw) ^ Df{w) ^ 

Z)*+j(iy), Dt(w) ^ Df{w) as soon as the derivatives involved exist. Wo proceed 
to .study the rclaiion.ships between tliese variou.s derivatives. 

IV.3.10. Assume that T, given as in IV. 2. 1 , is in ID (cf. IV.2.11, n^.1.56). 
By IV.2,31, IV.2.32, IV.2.34, IV. 3.9 we have then 

D{to, A^) = V) a.e. in ID. 

We assert further that Dy(v}) (sec IV.3.9) exists a.e. in S) and 

(1) I),.(w) == D{n}, A/) a.e. in ID. 

PiiooF. Let R° be any oriented open rectangle in 3D, and lot Al? , • • • , 72" bo 
any finite system of oriented open rectangles such that 72"72" = 0 for i 7 ^ j. 
R'l C 72", i ~ 1,2, • ' • y m. Wo proceed to show that (cf. IV.3,6) 

tn 

(2) E [m, - 9 .( 2 . «?)] g JV(2, BW) - 9.(2, B”). 

I “1 

Clearly, in view of the position of the rectangles 72" , 

E Niz, R",N) S N(z, 

1-1 

and hence (2) is obvious if either gi(zy 72") = 0 or else if ^,( 2 , 72") — 1 for some i. 
There remains therefore the task of verifying (2) for points such that simultane- 
ously 



(3) ij\{z, /?") = 1, (Ji{z, /?") =0, i J, 2, • • • , m. 

Since (2) is obvious if N{Z) ~ -f <» we can furtlici’ assume that A^(z, < 

+ CO . Now (3) implies that N(z, R'^N) ^ 1 (cf. IV.3.2). Thus tlio set T~^(z) 
is finite and nonempty. Let this set consist of the points ^a, , • • • , w^, , where 
ft ^ 1. If all these points lie in 72? + • • • + 7?" , then clearly 

w* 

(4) .(2, 2’, K") = EK2, 

l-l 

But (3) implies that v{z, 7?“) = 0, ^ — 1 , 2, • • • , vi, and hence (4) implies that 
p{z, T, 72“) = 0, in contradiction to (3). Thus ^ve see that at least one of the 
points Wi , • - ' , Wf. lies in 72*^ — (/?? + ' • • + 72”). Hence 

Niz, R^7^) ^ 1 + E /V(2„ , 72?N), 

1-1 

ancl_consequently 

m 

N{z, R‘‘N) - g,{z, B”) 6 N(z, R’N) - 1 2 E iVfe, B?W). 

I I 

In view of (3), the inequality (2) follows. Now since T is BVA^ by assumption, 
all the functions involved in (2) are measurable and summable (cf. IV.3.6, 
IV.2.31).’Hntegrating (2) we obtain (cf. IV.3.7, IV.3.8) the inequality 

m 

E - ff,(B,)J s G%{R) - 

I- I 

Thus the rectangle function W(72) = GtiR) - Gi{R) is of type A in 2D (cf. 
IIL1.28, III. 1.62). Hence the derivative of 4/(72) exists a.e. in 3D. Since Gt{R) 
also has a derivative a.e. in 3D (note that T is BV77 in 3D by assumption), it follows 
that Gi{R) = ^^*(72) — ^(R) also has a derivative a,o, in 3D. Thus Di(w) — 
Dt,{w) exists a.e. in 3D (cf. IV.3.9). 

Now let 72” be any oriented rectangle contained in 3D. Lot us put (cf. IV.2.3, 
IV.3.6) 

(5) i'i(z) = E s"), x,(2) = E {I2{z, s”), -J ^ L 2, • • • , 

where the summation is extended over all oriented squares s such l-Iial. 

s G 7)., , C R". 

From the definition of the quantities involved (cf, IV.3.0) it follows immediately 
that 

(6) 0 ^ ^ x,iz) ^ Niz, 72”;v). 

We want to verify the relation 

(7) ’ . Mz) ^ V(2, 72"W) fori ^co, a.e. in the ^-plane. 

Now let us observe that T is BW by assumption, and hence iV( 2 , 3D7i) is sum- 
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mable (see IV. 2, 13). Thus Niz, SD7V) < +oo and hence a fortiori N{z, li^N) < 
-f a> a.e. in the 2 :-plane, Consequentlyj in verifying (6), it is sufficient to show 
that 

(8) ^ Niz, , if N{z, , < 4- co . 

Now (8) 18 obvious if Niz, , R°N) — 0 (cf. (6)). Thus we can assume that 
0 < A^(zo , R^N) < +«>. Then the set T~'^{z,)'R°N is finite and nonempty. 
Let wt i • • • , w* be the points of this set. For j large enough, say j > j, , we 
shall have then the following situation (cf. IV.2.3). In the subdivision jDp, we 
’ shall have n squares Si , ■ • • , s„ such that wf ^ , s? C Clearly, since each 

s? contains precisely one point of the set T~\zo) ’N, we have (cf. iy.3.2) 

v(zo , T, s°) = 0. 

Hence 

Uii^o , s!?) = 1, i = 1, 2, • ■ ■ , u. 

Thus (cf. (5)), ^,(go) ^ Nizo , R^N) iov j > jo ) and (8) follows in view of (6), 
Summing up, we have now the following facts at our disposal: 

(i) N{z, RfN) is summable, as a consequence of the assupiption that T is 
BVN. 

(ii) 0 g \/^,iz) S x,(2) ^ Niz, R°N),j = 2, • • • . 

(iii) (z) — ^ Niz, R'^N) and hence also (by (ii)) ( 2 ) N(z, R°N) for y — ^ 

a.e. in the z-plane. 

By 1.3.11, it follows that 

lim JJ t/',(z) = lim JJ x,(^) = fj N{z,RfN) forj— >«.. 

In view of IV.3.7, IV. 3. 8, (6), these relations may be rewritten in the fomi 

QtiR) = lim E G,is), ^ s £ D,, , s' C R\ 

J-*CO 

Gt(R) = lim S a,(s), S e i)., , s" C R‘. 

J-^OO 

Subtraction yields 

lim E [ff,(s) - = 0, « e £>„ , 8" C R°. 

J-ttD 

--Now the rectangle function Gs(r) — <?i(r) is non-negative (cf. IV.3.7), and has 
a.e. in a:) a derivative, namely D(w, N) — R>,iw); indeed, we verified earlier in 
the present section that the derivatives Diw, ?>!), Dyiw) of Gtir), Giir) respec- 
tively exist a.e. in 2D. Thus (1) follows from III. 1.25. 

IV.S.ll. Let us assume now that T, given as in IV,2.1, is BV8 in ^ (cf. 
IV. 1.56, IV. 2. 11), By IV.2.34, IV.3.9 the derivatives Diw, 8), D*iw, 6) exist 
and are equal to each other a.e. in 2D. Since V C 3 (cf. IV. 1.66), T is also BVA/ in 
D, and hence in view of IV. 3, 10, IV.3.9 we obtain the result that the derivatives 
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D,{w), Dito, N)} D*{w, N), D{w, 8), D*{w, 8) exist a.o. in D and satisfy the rela- 
tions Dy(v)) = D'-^iw, J^) ~ D(w, N) S D{w, 8) = 8) a.e. in 5). It is not 

known whether the sign of equality holds throughout without further assumptions. 

IV.3.12. Given T as in n^2.1, let us assume now that k{z, T, JD) is summable 
(cf. IV. 1.43). Take any oriented open rectangle C 2D, and let ifj , • • ' , R^he 
any finite system of oriented rectangles in 7^ without common interior points. 
By IV.1.54 we have then the inequality 

tn 

Integration yields (cf. IV. 3, 8) 

m 

E G%{R,) £ G%R). 

Thus the rectangle function Gt(R) is’’of type A (see III. 1.28, III. 1.52), and hence 
its derivative D^(w) exists a.e. in 3D. Since clearly N(z, TV) ^ N{z, 8) ^ k(z, (T, 
3D) (cf. IV.1.6G), the summability of k( 2 , T, 5D) implies the sumniability of 
N{z, TV), N{z, S). Thus T is BVTV and BV8 in £) (cf. IV.2.13). Hence, by 
IV.3.10, IV. 3. 11, the derivatives Di(w), ^ 2 ( 10 ), D^{w)j D^{w), Df(w) exist a.o. 
in 3D, and we have just proved that Dt(w) exists a.e. in 3D, On ihe other hand, 
wc have not accounted as yet for the derivative Di{w). We proceed to .show that 
this also exists a.e. in 3D and that all the derivatives Di{ut}) , • • ■ , Df(w) are equal 
to each other a.e. in SD. Lot us put (cf. IV. 2.3) iov j = 1, 2, • • • , 

'PM= E !/.(«.«”), S 6 A., , s“ c /i". 

We have then the relations (cf. IV.3.10, IV. 1.50) 

0 ^ ^ N(z, T2“TV) ^ k(z, T, 3D), 

(1) Vj(i2) ”>■ ^(2) T2”TV) forj a.o. in the 0 -planc. 

Since k{z, T, 3D) is summable, it follows that termwise integration of the sequence 
is permissible (cf. 1.3.11), and in view of IV.3,7, IV.3.8 wo ol)tain thus 

(2) am = lim 2: (?.(«), s e D„, , s" c /e". 

Let us put next, for T = 1, 2, • • • , ' 

(3) = z J'. «"). s e R>„ , s“ c 

Clearly (of. IV.1.54) 

(4) 0 g \,(z) ^ k(z, T, R°) g k(z, T, 3D). 

We assert that 

(6) \f{z) N(z, R°N) for j 00 j a.e. in the 2 :-plane. 

Indeed, since k( 2 , T, 3D) is summable, n{z, 2\ 3D) < +<» a.e. in the 2 -plane. 
Hence it is sufficient to show that 
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<6) X,(^o) N(z. , if k(z, , r, id) < + CO . 

Now this is obvious if k(zo , T, R°) — 0, since 0 ^ X, (zo) ^ K(za , ■^°)j 0 ^ 

N{Z(i , ^ k{zq , T, R°). So we can assume that 0 < K{za , R^) < + co. 

Lot us put k{zo , '1\ R^) = A:. Then we know, by 1V’.1.47, that Zn has exactly k 
essential maximal model continiia 71 , • • * , yj in 75". Let us put 5 = 1 if all these 
continua reduce to single points; otherwise lot 5 be a positive number less than 
the smallest one of the diameters of those of the continua yi , ■ • • , y* that do not 
reduce to single points. For j largo enough, the diagonal of the squares s of the 
subdivision will be lass than 5, and hence no square of Z)„, will contain in its 
interior one of the continua y, , • ■ • , y^ that does not reduce to a single point. 
Hence, for j large, we shall have , T| = N{zo , s^N) for every s G L>p, , 
C R\ Now since N{z„ , R°N) S h{z, , T, /e“) < + co, tho set 'r\z^)-R^^/ 
is finite (po.ssibly empty). Hence, for j large, no square s of L>,., will contain 
more than one point of this set, and every point of this set will bo interior to a 
square of D,,, (see IV.2.3). It follows that for j sufliciontly largo wo shall have 
\{{Zo) = N{Zo , R°J^), and ( 6 ) is proved. Since it{z, T, SD) is .suminablo, (4) and 

(6) imply (see 1.3.11) that termwise integration of the sequence )\,(z) is permia- 
siblo. From (3), (5) we obtain thus (cf. IV.3.8) 

(7) atm = lim E s G A., . «" C 

/-“►CO • 

(2), (7) yield by subtraction 

(8) 0 = lim E [G1W - «.WI, » e A, . C 

Now we have already proved that the derivatives DT(w) and Di(w) exist a.e.in 
ID. Thus the rectangle function Gt{r) — (71(7') has a derivative a.e. in SD, and by 
IV.3.8 this rectangle function is non-negativo. Thus (8) implies, in view of 
ni.1.25, tlio relation Df{w) ~ Di(w) a.c. in /f". Since R was arbitrary, it follows 
that Dt(w) = Di(w) a.e. in 2:). Now lot R be any oriented rectangle in 3D. By 
IV.3.7, IV.3.8, wo have the inequalities (7i(if) ^ G,i(R) ^ GfiR). >Since tho 
derivatives Df(tv) and Di(w) exist and are equal to each other a.e. in 3), it follows 
that the derivative /D^Cia) exists a.e. in 3D, and Di(w) = Ds(w) = Df(w} a.o. in 3D. 
In view of IV. 3.1 1, wo can summarize our pi esont information as follows, Tho 
■derivatives Di(w) , - • • , /)f(ia) exist a.e. in ID, and satisfy the inequalities (cf. 
IV, 3.9) 

Vi(w) = Di(w) - J?,(^v) ^ - ZDJCty) ^ •Of(w)) = Ri(w) = D,(w) 

a.o. in ID, 


It follows that all these derivatives arc equal to each otlicr a.e. in 3D. 

IV.3,13. Using the alternative notations explained in IV. 3. 9, the procod ing 
result may bo restated as follows. If tcCz, T, 3D) is sumnialilo, Ihon the derivatives 
Dy(w), D(w, 7^), D*(v}, 7^), D{w, 8), D^(w, 8), D^(w), Df(w) exist and are equal 
to each other a.o. in 3D, We assort furtlier tliat is summable in 9D and 
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(1) fj D,M ^ [j k(i,T,S,). 

t) 

Indeed, since 0 S N{Zy 8) g k{z, T, 3D), the summability of k( 2 , T, 2D) implies the 
summabilitj'’ of N{z, 8). IV, 2. 33, IV. 2. 3 4 it follows that D{w, 8) is siimmablo 

in 3) and 

// IKw, 8) S jj Nil, 8). 

Since D{w, 8) = D,{w) a.e. in 2D, and Niz, 8) S 3D), the inequality (1) 

follows. 

IV,3.14. Let us assume now that T, given as in IV.2.1, is BV8* in 3D (see 
IV. 1.56, IV.2.1 1). By IV. 2, 34, IV. 3. 9 the derivatives D^iw), Dt{y>) exist and 
are equal to each other a.e. in 3D. Furthennore, since k(z, Ty 3D) S N{z, S*), it 
follows by IV. 2. 13 that k{z, T, 3D) is summable, and hence all the results stated in 
IV.3.13 hold. 

Since N(,z, 8'*') is summable by IV. 2. 13, we have N{z, 8*) < + qo a.e. in tlie 
2 “plane. If 3Do is any subdomain of 3D, and if we put 8J = &*{Ty SDo), then a 
fortiori N{Zy 8^) < +“ a.e. in the g-planc. By IV.1.56(3) it follows that 
K{zy T, 3Do) = N{Zy CJ) a.e, in the 2 -planc and hence 

(1) // «(*, T, Dn) - If m, 8*o). 

Now at a point z where VCz, 8*) < + «>, we have clearly N{z, 8f) = iV( 2 , 3Do 8*). 
Since N(z, S'**) < + oo* a.e., it follows that (1) can bo rewritten in tlio fonn 

, IJ k(i,T, O.) = JJ N{!, !D„S*). 

Choosing SDo as an oriented open rectangle It!" C 2D, we obtain (of. IV.3.8) 
Glt{R) = Gt{R). Since tins holds for every 72 C 3D, and since the derivatives 
Df {w)y Dt(w) are already known to exist a.e. in 3D, it follows that Df{w) = Dt{w) 
a.e. in 3D. In view of the result in IV.3,13 and the inequalities in IV.3,9, it fol- 
lows that all the derivatives Di(ty), • • * , Dt(w) exist and arc equal to each other 
a.e. in 3D. 

IV.3.15. SupiDose that T, given as in IV.2.1, is BV8* in 3D. Then we have in 
the 2 -plane a set E of measure zero, such that for ever}^ finitely- connected Jordan 
region 91 C 3D the conditions (of. IV.1.24, IV.3.2) 

(1) ix{z, Ty 91) 5^ 0 and 2 ^ E 
imply that 

(2) ii{Zy Ty 91) = v{Zy Ty 91'). 

Phoov. Let us choose E as the set of those points z where N(Zy 8*) = -f- 
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Then j i? j = 0 by IV. 2. 14. Lei now be any finitely-connected Jordan region 
in 2D and let 2 be a point that satisfies (1). Then (cf. IV. 1.24) z ^ Tidl — 9?°) 
and N(z, S*) < + ■». The relation (2) follows now directly from IV.3,4. 

IV,3.16. Let T :z = i{w), lo £ 31, be a-continuous transfonnation defined in a 
bounded, finitely-connected Jordan region 91 (and not merely in 91*). Suppose 
that T is BVS* in 91*. Then we have in ;the 2 :-plane a set E of measure zero, 
such that the conditions T, 91) 7 *^ 0 , 2 $ E, imply that }x{Zf T, 91) = v{z, T, 91°). 

The proof is entirely analogous to that in IV. 3. 16 except that IV. 3. 5 is used 
instead of IV. 3. 4. 

IV.3,17. Let r : 2 = i(ia), w £ 91, be a continuous transformation defined in a 
bounded, finitely-connected Jordan region 91 which is BVe* in 91°. Then 

(1) 1 m( 2, T, 91) ! g Kiz, T, 91°) 

a.e. in the 2 -plane. 

PnooF, By IV.3,3 we have 

(2) I v{z, T, 91°) I ^ k{z, T, 91°) for 2 ^ 0, 

where G is a countable (possibly empty) set. Let E be the set of measure zero 
that appears in IV. 3. 16. Let 2 be any point such that 

(3) 2 ^ G "h 

Since \G-\- E\ = 0, the proof will be made by showing that (3) implies (1 ) . Now 
if tx{z, T, 91) = 0, then (1) is obvious. On the other hancl, if ii(z, 7\ 91) 5 ^ 0, 
then by (3) and IV.3.16 we have 

(4) n{z, T, 91) = P(z, T, 91°). 

(2) and (4) imply (1). 

IV.3.18. Assume now that T, given as in IV.2.1, is BV3D in 3D (cf. IV.2.11). 
By IV.2.34 (cf. IV.3.9) the derivatives Dq{v}) ~ D{Wi 3D) and Dt{v)) = 3D) 

exist and are equal to each other a.e. in 3D. Since clearly V( 2 , S*) ^ N{z, 3D), 
T is also BV8* in SD (cf. IV.2.13), and hence the results stated in IV.3.14 hold. 
Hence all the derivatives Di{\o)^ DJ(w), - • • , i)fl('U>), Et{w) exist a.e. in 

SD. Furthermore, using the altomative notations and inequalities of IV. 3.9, we 
have a.e. in 3D 

DM - D*{w, E!) = D{w, N) - 8) - Diw, 8) = DM 

= DM = ■0*(w, 8*) = D{v), 8*) ^ D{v}, aD) = D*{w, 3)). 

However, we are unable to jirove that the sign of equality holds throughout 
without further restricting T. We proceed to consider an important special case 
where the equality of all these derivatives can be established a.e. in 3D. 

IV.3.19. Continuation. Let us assume that T is BV3D in 3D. Let us con- 
sider the set ifo = 4 o(7’, SD) defined in IV. 1.78. If ] T(£fo) 1 = 0, then all the 
derivatives D,M, - - - , D'^{w, SD) arc equal to each other a.e. in SD. 
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Proof. The derivatives D(Wy 7\!')’and D(w, 2D) coincide with the derivative 
D{w, (53) in IV. 2.32 for ® = >/ and (B == 2D respectively. Hence, by IV.2.38, 

(1) D{v), 2D), = D{w, N) a.e. on 7^. 

We can write 

(2) 2D - = (® - N)iJo + (3D - 7^)(3D - f/o). 

Now I T{d,i) I = 0 by assumption. By IV.2.37 it follows that 

(3) D{w, SD) = 0 a.e. on . 

On the other hand (sec IY.1.78) 

(4) (3D - N)(3D ” ifo) C 2D - fT. 

Clearly (cf. IV.i.66. IV.2.2) 

T(3D - ^1) C ^(20, +co). 

Since T is BVaD, the set yl(3D, +<») is of measure zero (see IV.2.14). Thus 
I T(2D — 4) 1 = 0, and by IV.2.37 it follows that 

(6) D{w, 2D) — 0 a.e. on 2D — 4. 

(2), (3), (4), (5) imply that D{w, 3D) = 0 a.e. on 2D — N. Since 0 S D(w, JSI) ^ 
'£>) a.e., it follows that 

(6) D(w, N) = D{w, 3D) = 0 a.e. on 5) — N. 

(1), (G) show that D{v}, N) ” D{w, 2D) a.o. in 3D. In view of the relations listed 
in IV.3.18, it follows that all the derivatives Dy(w), • - • , D'^{Wi 2D) arc equal to 
each other a.e. in 2D. 

IV.3.20. Continuation. Assuming again that T is BV3D in 2D and [ T(4o) 1 = 
0, let im consider any subdomain 3Do of 2D. We assert that k{z, T, 3Do) = N(z, T, 
fDo) a.e. in the5:-plane._In imrticular, k(z, T, 3D) = N{Zf '1\ 3D) a.e. in ^i-plano. 

Proof. Let us putil = A(3), -f *») + S^flo) (cf. IV.2.2). The sot /I (3D, -|- co) 
is of measure zero by IV.2.14, while T{^o) is of measure zero by assumption. Thu.s 
i? is of measure zero, and hence it is sufRcient to show that 

k{z, Tt 2Do) == N{z, T, 2Do) Hz 

So let us take a point Zq ^ E. If N{zo , T, 3Do) = 0, then i<{zo , T, 2Do) = 0 too, 
by IV. 1.47. tlence we can assume that 0 < N{zo , 2\ 2Do) < H-ro, Then tho 
set T~\zq) ’ 3)o is finite and nonempty ._ Let w, , • • • , w„, be the points of this set, 
where m = N{Zq y T, 3Do). Since Zq^E and hence Za <c|: T(^2o)> wo have — 

ffo , i = 1, 2, • ■ • , ??i (cf. IV.1.56). But 4 — 4o C N (cf. IV.L78). Honco 
N(zo ) T, 3DoN) § m = V( 2 o , P, 3Do). Since W(zo , P, 3DoN) g k(zq , Ty 3Do) S 
N{zq , Ty 2Do) (cf. IV.1.56), it follows that k{zq , T, 3Do) = N(zo , T, 3Do). 

IV. 3.21. Given P as in IV. 2.1, we shall introduce presently certain quantities 
that will be termed generalized Jacohians. If the derivative D{w, 2D) exists at a 
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point %D G 3), then we define (cf, IV.3.9, IV. 1.75) 

= is{v))B{v), 

The quantity ^s(w) will be termed the strong generalized Jacobian. If the deriva- 
tive D^(w) exist at a point -w; G SD then we define (cf. IV.3.9, IV. 1.84) 

S>{w) = 

The quantity will be termed the essential generalized Jacobian. Let us 
now write T in the real foim x = x{n, v), ij = y{u, v), (u, v) E: ^ (cf. IV.2.1). 
If the partial derivath'^es a;,, , x, ,yu ,y, exist at a point (u, u) G 3) then we shall 
put 

J (w) = Xuy. - x,y,, . 

J (w) will be termed the ordinary Jacobian. These Jacobians depend of course 
upon T and if desirable we shall denote them also by gjw, T), ^)j ^)’ 

We shall study presently the relationships between these three types of Jacobians. 

IV.3.22. Assume that T, given as in IV.2.1, is BVSD in 5D. Then 5,(w) and 
^<,(^^) exist and arc equal to each other a.e. in [D. 

Proof. By IV.3.18, D{w, 2D) and D^iw) exist a e. in 3D, but we do not know 
whether they are equal to each other a.e. in 3D. At any rate, ^*(w) and ^,(to) 
exist a.e. in 3D (see IV.3.21). Let us write (cf. IV. 1.66) 3D = £f -j- (3) — ^^). 
Case (i). lo G J- By IV. 1.76, we have 

(1) i,{w) = i,{w) for uj G 

We proceed to show that (cf. IV, 1.78) 

(2) D(Wf SD) = D^{v)) a.e. on if — tfo . 

Indeed (.see IV. 1.56, 1V.L78), £l - ilo C C and by IV.2.38, IV.3.14 we 
have D{v}, 2D) = D(uj, S’*") a.e. on S’* and D(w, S*) = D^(w) a.e. in 3D, and (2) 
follows. In view of IV.3.21, (1) and (2) imply that 

5.(w) = ^,{w) a.e. ond ~ do . 

On the other hand, i,{w) = ie(w) == 0 for ta G j by IV. 1.76, IV. 1.78. Hence 

^,(w) = ^,{w) = 0 a.e. on do . 

Thus^,(ia) = ^.(w) a.e. on£l. ‘ „ 

Case (ii). w G 3) — J. Clearly (cf. IV.2.2), T{S} — d) C. A(3D, -f “). Since 
T is BV3D in 3D, it follows by IV. 2. 14 that j r(3D - if) ] = 0. Hence, by IV. 2.37, 
D(w, 3D) = 0 a.e. on 3D — d. Since 0 ^ B^w) ^ B(w, 3D) a.e., it follows that 
B^w) == B(w, 2D) = 0 and hence ^.(iw) = ^.(w) = 0 a.e. on 2D — £f. 

IV.3.23. Assume that T, given as in IV.2.1, is BV3D in 2D. Then ^,(w) exists 
a.o. in 3D, but since i.iio) may be different from ±1, it is not a priori clear whether 
the formula | ,3,(w) | = Biw, 3D) holds a.e. in 2D. In fact, no general information 
is available at present on this point. On the other liaiid, if we add the assumption 
that 1 Tido) I = 0 (cf. IV. 1.78), then it follows that | ^,{w) \ = B(w, 3D) a.e. in 2D. 
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Proof. We have, by definition, 

I 1 = 1 «.N I Div), SD) a.e. in 3^. 

As ^ve ol)served in lV.3.22(ii), D{w, SD) = 0 a.e. on SD - Hence 

( 1 ) I ^,{w) I = D(w, SD) = 0 a.e. on D - if. 

In if - do we have i,{w) 5 ^ 0 (cf._lV.1.78) and U.N [ ^ 1 except on a countable 
set (cf. IV.1.79). Thus i,iw) = ±1 a.e. on if - ffo , and hence 

(2) I ^w) \ = D{v), 5)) a.e. on iJ - ifo . 

By assiimpiion, i T(fJo) 1 = 0, and hence D{w, SD) = 0 a.e. on ifo by IV.2.37. 
Thus 

( 3 ) I I = D{w, ©) = 0 a.e. on if„ . 

(1), (2), (3) show that 1 ^.{w) \ = D{v}, a.e. in 3i. 

IV.3.24. Assume that T, given as in IV. 2. 1, is BVD in 3J. Then 7' is also BVif 
where 0 is the set if = if(T, 3)) defined in IY.J.6G. Since if is a Borcl set (see 
IV.l.Cl) we can use if as a base set, and by IV.2.32 the dcrivaLivo H(w, if) exists 
a.e. in 3D. In a .sense, on the set if the transformiition behaves iilmost like a 
biunique transformation, and it is interesting to obsor^^c that tlic Jacobian 
g,{w) can be expressed equally well in terms of the derivative D{w, if). Indeed, 
we assert that ^.{w) = i,lw)D(w, if) a.e. in ID (assuming of cour.sc that T is BV3D 
in 3D). 

Proof. By IV. 2.38 we have D{w, 3D) = H(w, if) a.e. on if. We observed in 
IV.3.22(ii) that D(w, SD) = 0 a.e. on 3D - if. Since clearly 0 ^ D{w, if) ^ Diw, 
3D) a.e.j it follows that D(ra, 3D) = H(w, if) = 0 a.e. on 3D - if. Thus D{w, 3D) = 
l>(w, if) a.e. in 3D, and hence also f,(w)D('ia, if) = i,{w)D(w, D) = ^8(ta) a.e. in D. 

IV.3.25. Given T as in IV.2.1, assume that k{z, T, 3D) is summalde. Then 
I i = D,{w) a.e, in S). 

Proof. By definition we have 1 1 “ 1 I ^<((^) 

IV. 1.67, IV. 1.64, IV. 1.74, 1 i,{w) \ = 1 a.e. on>/and hence 

(1) I ^,(w) !•= I),(w) a.e. on 77. 

By IAM.64, ?,(za) = 0 on 3> — 77, and hence 

(2) 1 o^,(w) 1 = 0 a.e. on 3D - 77. 

By IV. 2.35, D{w, 77) = 0 a.e. on SD — 77, and hence by IV.3.13 wc have also 

(3) H„(w) = 0 a.e. on 3D — 77. 

(1), (2), (3) show that | 5,(ta) \ — H„(w) a.c. in SD. 

IV.3.26, Assume that T, given as in IV.2.1, is BVfi* in 3D (cf. IV. 1.56). Then 
I ^,(«^) [ - H,(ta) = D{Wt S*^) and^X^f^) = S*) a.e. in 3D. 

Proof. Since k{z, T, 3D) g N{z, £*), it follows by IV. 2. 13 that k(z, T, 3D) is 
summable. Thus the assertions follow directly from IV.3.25, IV.3.14, IV.3.21. 
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IV.3.27. In studying the 'ordinary Jacobian J{w) *= XuV, — , wo shall 

need some facts about affine transformations. If a, h, c, d are (real) constants, 
then the formulas 

f + a{u “ uo) 4* Hv — i'o), 

T* :] 

I y = 2 /o H- c{u - ua) + d(v — Uo) 

define an affine transfonnation that carries the point Wq — Uo -{■ Wq into the point 
Zq = .To “bil/o . Using complex notation, wo may write equivalently 

\ z ^ f*(w) = + (a "b — Mo) 4 {h -b id){v — v„). 

We shall put ad — 6 c s= A. If A 5 ^ 0 then T* is biuniquo and maps the ly-planc 
onto the whole 0 -plano. If A = 0, then maps tlio ic-plano either onto a 
single straight line or else onto a single point. 

IV.3.28, Continuation. Lot us first assume that 

(1) A = ad “ 6 c 0. 

Then there exists a positive constant k, depending only upon a, b, c, d, such that 

(2) I I ^ A I w" — w' I 

for every choice of the points w', w''. 

Pnoop. In view of (1), IT* has a single-valued inverse defined in the whole 
a-plano. By solving the equations defining for % y, wo obtain for tho invorso 
transformation formulas of the type 

u « Mo d- a(® - ii’o) + /?(y - Vq), 

y » Vo 4 ” •'Co) 4 Ky - Va), 

whore a, /3, 7 , 5 depend only upon a, 6 , c, d, and the existence of a constant k 
aatisfyiog ( 2 ) follows. The exact (that is, the largest) constant k satisfying ( 2 ) 
is found, by an elementary discussion, to bo given by the formula 

2 /c® « + 6 “ -h c" 4- d** - [(a* + 6 ’^ 4 c® -b d")“ - 4(ad - 6 c)"j‘^®. 

IV.3.29. Continuation, Given T* as in IV.3.27, wo find the oatimato 

I - 00 1 ^ hr 1 w ~ Wo I, 

where K is given by the formula 

K == {a^ + 6 “ 4 - c" + dY'‘ 

The assumption A 5 ^ 0 is not needed in deriving this estimate. 

IV.3.30. Continuation. Let us assume again that 

(1) A = ad — 6 e 0, 

In the sequel we shall have occasion to consider an oriented square s with center 
at tho point Wo . In view of (1), 7’*(s) is a parallelogram p with center at tho 
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point Zq and we have tlie \^'eU known formula 

I P t/l s I = I ^ 1‘ 

Since T* is biunique in view of (1), it is easily seen that (of. IV. 1.24) 

f sgn A for z G 

b) = ] 

[ 0 for 

where sgn A = H-l if A > 0 and sgn A = -1 if A < 0. 

IV.3.31. Given a transformation T \ z = i{w), w; G ^0, as in IV. 2.1, lot Wo = 
Ho + ivo be a point in SD, and let us put i(«;o) = 2o ” consider 

the affine transfomiation 


T* \z = = Zo + (o + ic){u - »«) + {h -\- id){v - Wo), 


where a, h, c, d are for the moment arbitrary real constants. Then /'''(u>o) = 
t{wo) " Zo . We propose to study the relation between T and for fixed Wo , 
Zo , a, b, c,d. We define 


Kn;) = 


' i{v}) ~ i*(w) 
I i ta - Wf, i 


for w G JD, 5^ ^t)o , 


0 


for W — Wa . 


Clearly, f (w) is continuous on the sot 3D — i^o , but it may be discontinuous at 
the point Wq itself. We have then the formula (note that = 1*(wq) ~ Zo) 


t{w) = t*iw) \w - Wq 1 Uw) for la G 3). 


Let s be an oriented square in SD with center at Wq . The function f (lo) Is contin- 
uous on the perimeter s ~ ^ of s and hence we can defim! 

m(s) = max | f(w) 1, ly G s - «"• 

The function may be discontinuous at Wq , and hence it may be unbounded 
in s. Still we can define 

M{s) “ l.u.b, 1 I) ly G s, 


it being understood that possibly il/(s) = -j-co. Clearly f(ty), in(s), M{s) 
depend upon 2’, Zq ,Wo , a, h, c, d. 

IV.3.32. Continuation. Let us now suppose that A = ad — be 0. Then 
the constant k of IV. 3. 28 is available. Let us assume that for a certain choice of s 
the inequality mis) < k/2 holds. Let I be the side length of s. We introduce 
two auxiliary oriented squares s', s" with center at Wq , whoso side lengths arc 
given by the formulas 


= (i _ 


V' 





Note that s' can be constructed in view of the inequality m(s) < h/2. 
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IV.3.33. Continuation. Let us assume now that 


A =s ad — be 9^ 0, M(s) < -f 

Wo can now introduce an auxiliary square S", with center at Wn , udiosc side 
length L'' is given by the formula 

k /' 



Since A 7 »^ 0, is a jmrallelogram P" with center at Zq . Wc assert that 


( 1 ) 


I P{\i)) “ 21 * I > J t{v)) — 1 for w G s, a* $ 


Pkoof. Since is exterior to P'* ~ T^{S") and T* is biunique, we have a 
point exterior to S" such that Since is exterior to S" we have 

the inequality 


I W — 10* ) > 


(L" - 1) ^ 

2 2/0 


for -jy G -s. 


Hence, by IV. 3. 28, 

(2) I I = I I ^ /o 1 ly “ I > ~ for ^ s. 

On the other hand (cf, IV.3.31) 

(3) I t{w) ~ t*(w) 1 g I w ~ li ^{w) I ^ for IV G s. 

(2) and (3) imply (1). 

IV.3.34. Continuation. Let us now assume only that 

A 0, m(s) < /c/2. 

Let us consider the squares s, s', s" (.see IV. 3. 3 2), and let us put 
T*(s') = p', T*(s) = V, T*{s'') = p". 

Then p', p, p" are similar parallelograms 'with center at and p' C p C p". 
Lei us denote by 'a the doubly-connected (closed) region bounded by the perim- 
eters of p' and p". We assert that 

(1) I i*{v>) ~~ z'^\ > I i{w) — t*{w) I for w G 5 — s®, z* ^ cr®. 


Proof. Case (i). z* is not interior to p". Since T* is biunique, wc have then 
a point w* not interior to s", such that t*{v)’^) = z*. If tajs any point on the 
perimeter of s, then (cf. IV.3.28) 


( 2 ) 


I t*{w) — I - I i*{v)) ~ t*{v)*) \ '^ h \w — w* 


S k 


/" - I 


— m{s)l, 


2 
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i 


I 


. I 


and further, by IV.3.31, 

(3) 1 Kw) — t*iw) I ^ I w — 1^0 II r(w>) 1 ^ 2^’ 

(2) and (3) imply (1). 

Case (ii). G p'- We have then a point w* G s' such that l*{w^) = z*. 
If w is any point on the perimeter of s, then we have by IV.3.28, IV.3.31, 

(4) I t*(w) - z* j - I i*{w) - I ^ /c I w - w* i ^ 

(6) I liw) - t*{w) I g I wj — Wo II I ^ ~ — 

(4) and (6) imply (1). 

IV.3.35. CoNTiNUATroN, We assume again that 

A 7*^ 0, m(s) < k/2. 

We assert that 

{ 0 for z not interior to p", 

sgn A for z G p'. 

Proof. Let (cf. IV.3,34). We write 

i{w) — «* - [i*(w) — z*] -f [i(w) — i*(w)|. 

By IV.3.34 we have then 

I t*{w) — z* I > I i(w) — {i*{w) I for w G s — s®. 

Hence, by the theorem of Rouch6 (see 1 1.4. 26), p(z*, T, s) = n{z*, T*, s). In 
view of IV. 3, 30 the formulas (1) follow. 

IV.3.36. Continuation, Given T, s as in IV. 3. 36, such that 

A 0, w(s) < /c/2, 

suppose that we are also given a sequence of transformations 1 \ : z == ^,,(w), 
w G SDn j such that the following conditions hold; (i) s C for n large, say 
n > no . (ii) p(T„ , 7\ s) —> 0 for n — ><» (cf. IV. 1.1). Then there exists an 
integer rii such that 

(1) m(z, T„,s) = p(z, T, s) for n > n, , z G p', 

where ih is independent of z. 

Proof. Let Zo G,p' and n> tIq . Since A 7^ 0 and’w(s) < /c/2, we have, by 
IV.3.36, p(zo , T, s) 7^ 0 . By IV. 1,25, we have therefore a closed circular disc 
V(zo) with center Zo such that 

(2) m(z, T, s) = p(zo ,T,s) 7 ^ 0 for z G V(zo)> 
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(2) implies (cf. IV. 1.24) that 'L)(zo)'T(s — s“) = 0. Hence condition, (ii) implies, 
by IV. 1.25, that 

, s) = fx{z, T, s) for z G n > n(zo), 

where n{Zo) is some sufficiently large integer depending upon Zo . Clearly we 
can assume that ii{zo) > Uq . Noav tlie discs U(zq), associated in this manner 
with the various points Zq G p', cover p' in the sense required by the Borel 
covering theorem. Hence we have a finite number of points zl,zl, • • - , in p' 
sucli that 

p' C Vizi) + . . . + Vm. 

Clearly, if we put n, *= nizl) + ■ . . + n(zo), then (1) holds. 

IV.3.37. Continuation Let us now assume that 

A <= ad ~ he 9^ 0, mis) < /c/2, Mis) < 4-<o. 

We assert that p' C Tis) C P" (see IV. 3, 33, IV. 3. 34, IV. 3. 31). 

PnooF. By IV.3.36 we have niz, T, s) = sgn A 0 for z G p'> and hence 
every jioint 2 G is comprised in T(s) by IV. 1.26. Lot us now consider a point 
z* ^ P", Lot us write 

( 1 ) Kw) - 2 * = [i^iv}) — 2 *] + - ;*(«))]. 

Let w bo any point in s. By IV. 3. 33 Ave liavo then the inequality 

(2) I i\w) ~ z^ \ > \ tiw) - i^iw) j. 

(1) and (2) imply that tiiu) — 2* H 0 for w ^ s, and thus 2* ^ Tis). 

IV.3.38, CoNTiNUAiTON, Let us nOAV assume that 

A = ad ~ 6c 7^ 0, mis) < /c/2. 

We assert that P(s -- s“) C (cf. IV. 3. 34). 

Proof, Let w be any point of s — s" and z'^ any point not in By IV.3.34 
we have the inequality 

* I i*iw) — 2*^ I > [ tiw) — t*iw) |. 

Hence tiw) — z* = [i*(ic) — z*] + [/(«>) — /*(w)] 5^ 0. 

IV.3.39. Continuation. Let us aasiimc that 

A == ad “ 6c = 0, Mis) < -\-oa. 

Wc assert tlie inequality (cf, IV.3.31, IV. 3.29) 

(1) 1 Tis) I < 2[K + Mis)]Mis) I s [. 

Proof. Since A = 0, the transformation T* maps the whole tc-plane either 
onto the single point Zq , or else onto a straight line passing througli Zq . In 
either case we liave a straight line g through Zo such that 
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G g for overy v). 

Let now S denote the segment on g with lengtli and center . Since 

I — 2:0 1 ^ I 'W' — 'W'o I hy IV.3,29, it follows that 

(2) T^{s) C S. 

On the other hand, by IV. 3.31, 

(3) I tiw) - f*{w) I - I W) — Wo II f(w) I ^ ~ — M{s)l ^ 5. 

(2) and (3) imply that T{s) is comprised in a rectangle with sido.s equal to 
2^^^M(s)l and 2‘^^/C? + 2^^^M{s)l, and the inequality (1) follow.s. 

IV.3,40. Continuation. Let us now assume only that 

A = ad ~ he ^ 0. 

We have then (cf. IV. 3. 39) a straight line g passing through 2!o such that i'* (w) G 0 
for every w. Now let r be a rectangle in the z-plane defined as follows: 

(i) The center of r is at 2:0 . 

(ii) Two of the sides of f arc parallel to ^ and have the length 2^^'%K m(s)], 

(iii) The other two sides of f are perpendicular to g and have the length 
2*''^m(s)l. Since ^ g for every w and i*(wo) = 210 , it follows by IV.3.29 that 
T*{s — s“) is comprised in the segment S on g with center at Zn and length 2^^’^Kl. 
By IV. 3.31 we have 

1 i(w) — l*(v)) i ^ 2^^^7i(«)V2 for w G « - s". 

It follows that lir(s — 5 “) C V, By 11.4.34 it follows that m(«, T, s) = 0 for z (jiif. 

IV.3.41. Continuation. Using the assumptions and notatioas of IV.3.40, 
let z* be a point such that (i) ^ r, and (ii) N[z*, T, ID)] < + 00 (of. 

IV.1.56). Then v{z*, 'i\ s") = 0 (cf. IV.3.2). 

Proof. By IV.3.40, ^ ?’(s — s°). In view of condition (ii) it follows by 

IV-3.4 that v(z*, T, 0 = ^(2^ T, s). By IV.3.40 it follows that T, s°) = 0. 

IV.3^42. Theorem. Given T as in IV.2.1, assume that T is BV&^' in 3) and 
that the ordinary Jacobian J{w) exists a.c. in o:) (cf, IV.I.60/TV.2.1J, IV.3.21). 
Then 

(1) J{w) = ^,(w) a,e, in 33, 

(2) I /(w) 1 = Dx(w) = D{w, S*) = D(w, N) ax. in 3D, 

Proof. Let us note first that ^,(w), D*(w), D{w, 8*), i)(w, 7i) exist a.e. in 3D 
(cf. IV.3.14). For convenience, let us introduce the following auxiliary sets: 

(1) ill is the set of those points w G 3D where J{v)) fails to exist. Then 
j E"! I = 0 by assumption. 

(2) Ei is the set of those points w ^ 3D whore one at least of D^{w), i)(w, S*), 
Z>(w, JJ), D,(w) fails to exist. Then | FI2 | = 0 by IV.3.14. 
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(3) Ea is the seL of those points ^ D whore 2 )k(w), D{w, 8*), Z)(i«, TV), 
D,(w) all exist but fail to have the same value. Then \ Ei\ = 0 by IV.S.M, 

(4) Ei is the set of those points w G where D(w, 8*) and < 0 ,( 10 ) exist but 

Diw, &*) 9 ^ I ^Xw) \. Then | | == 0 by IV.3.26. 

(5) Ea is the set of those points 10 G SD — whore D{w, S’*) exists and is 

* different from zero. Then ] | = 0. Indeed, D(w, S*) = D{w, N) a.e. in D by 

IV.3.14, and D{Wj A/) = 0 a.e. on S) — by IV. 2, 35. Clearly if Wq is a point in 
^ — Eu where D(wo , S'*') exists and is dilTcrent from zero, then necessarily 
1 O 0 GA/. 

. (C) En is defined as follows. Let be a point where J{wo) exists. Let us 
associate with the point Wo the affine transformation 

( X ~ Xo -h a(ii ~ Uo) -H 5(y — ro), 

7’* ; j 

I V = ih 4- c(w “ Wo) + d{v - Oq), 

where we have jnit 

.'To -h iyo = 2 o == ^(wJo), 1«0 = Mo H- fVo , 

a = .'r„(wi) , Vo), h = a;,(wo , Vo), c - y„(wo , Vo), d ^ ?y,(wo , Wo). 
According to the notations adopted in IV. 3. 27 we have then 

A => ad — be = ./(lUo)- 

We define now first a set Et as follows. A point Wo G JD belongs to Ef if and only 
if tlierc exists a Hcqucncc of oriented sciuares, with center at Wq , such that 
I s„ I — > 0 and m{s„) 0 for n where m{s) is defined ns in IV. 3.3 i and is 
relative to the transfoi-mation T^' associated with Wo in the manner just explained. 
Finally we put Eo = ‘i:) - Et . Then | | = 0 by 1.3.14. 

(7) Finally, + • • • + En . Then \Et\ =0. We proceed to show 

that (1) and (2) hold for every point Wo G SD — A/y . 

IV,3.43, Continuation. Let Wo G 3D — . Wo shall treat the cases 

A 5 ^ 0 and A = 0 separately. 

6'ase (i). A == J{iOo) 0, i^o G SD — E -, . Then we have (see IV.3.42(0)) a 
sequence of oriented squares s„ , with center at Wo t ^^ich that 

(1) I s„ I — > 0, «i(s„) ^ 0. 

Discarding, if ncccssar^q a finite number of these squares, wo shall have s„ C S), 
»i(s„) < /c/2, where /c is the constant defined in IV. 3. 28. Let us note that k 
depends only upon the point Wo and is independent of the sequence s„ . Let l„ 
denote the side length of and lot us introduce the auxiliary oriented squares 
s'n , s^' with center at Wq and side lengths /,( , li' given by 

( 2 ) li = (l- , «' = (1 + • 

Let us denote (of. IV.3.34) by p' , p„ , p” the parallelograms T*(s0, T*(s„), 
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T*{s'„') and by (r„ the doubly-connected closed region bounded by the perimeters 
of % , fif (see IV. 3. 42 (6) concerning T*), By IV 3.36 

for z not interior to p'', 

(3) ti(z, T, s„) 


0 

sgn A 


Since T is BVS'^, we have by IV.2.14 

(4) iV(2, r, £“) < +” 

By IV.3.38 

(6) T{s„ - si) C v" . 

(3), (4), (6) imply, by IV.3.4, 

0 

p{z, T, = 


sgn A — rfcl 


Hence (cf. IV.3.7) 

1 . 

In view of rV.3.30 we obtain the inequalities 
(G) I A I ■ tfi g ^ g I A I . 


for z G p !, . j 
a.o. in the z-plaiie. 


a.e. outside of p", 
a.e. in p' . 


s„ 


Since D^Wq) exists (cf. IV.3.42(2), (7)), for n —»<» we obtain from (1), (2), (6) 

(7) n,(wo) = I A I = I J(wo) \. 

By IV.3.42(3), (7) it follows that 

(8) ' 1 J(wo) I - JD,(wo) = D(wo , S^) - D(wo , 

It remains to show that J(Wo) = ^.(wo). Let us note that D(Wq , S*) 0 by 

(7) and (8). Hence, in view of IV. 3. 42 (6), (7), it follows that Wq G N. By (3) 
we have p(zo , T, s„) — sgn A — ±1. Hence, by IV. 1.66, wo have n{zo , 'l\ .?„) = 

(wo) for n large, and consequently 

(9) itiwo) = sgn A = sgn J{wa)> 

(8) and (9) yield (cf, IV.3.21) 

J{wo) = I J{wq) I sgn J(iVo) = i,(wo)D,{wQ) = ^,(w>o). 

IV.3.44. Continuation. Case (ii). J ( wo ) = A ~ 0, Wo G 3^ - ^^7 . 
By IV,3.42(6), (7) we have a sequence of oiiented sqaurcs s„ , with center at Wd , 
such that 


( 1 ) 


! I 0, m(s„) 0. 



IV.3.46 


359 


For each n, lot r„ be the rectangle associated with the square s„ in tlie sense of 
IV.3.40. Since T is wo have N{z, T, 8*) < -j-co a.e. in the ai-plane. By 
IV.3.40 we have T, s,') — 0 for 2 ^ f„ . Hence, by IV.3.41, p(z, T, s°) == 0 
a.c. outside of . By IV.3.7, IV.3.40 it follows that 

( 2 ) Gi{8„) s I Tn I = 2 [/C -j- w(s„)]m(s„) | s„ |. 

Since By{v)^ exists (see IV.3.42(2), (7)), it follows from (1) and (2) that Z),(u)o) — 
0 . By IV. 3. 42 (3), (7) it follows that = 0 and hence ^.{wq) — 0 (cf. 

IV.3.21). Thus J{wc) = 0 — ^,(wo), and the proof is complete (observe that 
DM) = D{v), , &*) = D{Wo , N) by IV3.42(3), (7)). 

IV.3.45. Continuation. We have just proved that J(w) = ^<,{w) a.e. in 33 
under the conditions described in IV. 3. 42. The following remarks are of interest 
from the point of view of tho geometrical interpretation of the ordinary Jacobian 
J{w). 

(i) Under the conditions described in IV. 3. 42, we have 

(1) J{w) =0 a.e. on SD — V. 

Indeed, D{v}, 77) == 0 a.e. on 33 — 77 by IV.2,36 and thus (1) is a direct conse- 
quence of IV.3.42. 

(ii) Under the conditions described in IV.3.42, we have the formulas (cf. 
IV.3.42, IV.3.14, IV.3.21) 

( 2 ) J{w) ~ i^{‘w)D{Wi 77), I J(w)\ = D(i 0 ) 77) a.e. in 23. 

Since the existence, a.c. in 33, of D{v), 77) is guaranteed a>s soon as T is BV77 in 23, 
there arises the question whether the formulas ( 1 ), ( 2 ) could bo derived under 
conditions weaker than those used in IV.3.42. The formulas (1) and (2) also 
suggest tlie use of 77 os tho fundamental base set. The questions suggested by 
those remarks liave not boon investigated as yet. 

IV.3.46. Given 2’ ns in IV. 2. 1, let us assume that the following conditions hold: 

(i) i({z, T, 33) is summable, 

(ii) The ordinary Jacobian J (w) = — aj, 2 /„ exists a.e. in 23. Then we 

have the inequality (cf. IV, 3. 21) 

(1) I ‘7(u^) I ^1 g,{w) 1 = DM a.e. in 23. 

Proof. Bet us introduce tho following auxiliary sets. 

(1) 7?i is the set of those points w G 33 where J{v}) fails to exist. Then 
I Fj I = 0 by assumption. 

(2) Fa is tho set of those points w G 33 whore D^{w) fails to exist. Then 
iFal -ObyIV.3.13. 

(3) Fs ia the sot of those points w G 33 whore DM) exists but the equation 
DM) == I c}«(w^) I to hold. Then | F 3 | = 0 by IV.3.26. 

(4) Finally, Fq is defined as in IV. 3. 42(6). Then | Fo i = 0 , as wo have ob- 
served there. Then (1) will be proved if we show that 
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(2) 1 Jiwa) \ £ 1 1 = D^(wo) if Wo ^ -{^ Ez + E(i . 

Since (2) clearly holds if J(wo) = 0, we can further assume that. 


(3) Jiwo) 5^ 0. 

Let Wo bo a point such that Wo ^ i?i + £^2 + + -Slo , J (wo) ^ 0. Then we 

have (see the definition of Eo) a sequence of oriented squares .<?„ , ^vitll center at 
Wo , s\)ch that 

(4) t I 

Discarding, if necessary, a finite numbei' of these squares, we shall have (cf. 
IV.3.28) 

(5) s,. C SD, m(s„) < /c/2. 


Let L be the side length of s„ , and let s/, be the oriented square with center Wo 
and side lengtli V,, given ])y 



Let us denote again by p„ , pf, the parallelograms (s„), (cf. f-hc definition 

of Ed). By iy.3.35 we have then, in view of (3), 


ti{z, T, s„) ^ sgn J{%Vo) ^ 0 for z E Vn , 

and hence, by IV. 1.26, IV. 1.50, k{z, T, s”) 0 for 2 G IV.3.7, IV.3.30 

we obtain the inequalities 

GM S I p' I = I ^(wo) II I, 


G^(s„) ^ 

U«l = 


I Jiwo ) ! 



Since i)*(wo) exists (cf, the definition of Es), and since | s' |/| s„ I — > I by (5) and 
(6), the relations (2) follow (cf. the definition of E^). 

IV.3,47. Given T as in IV. 2. 1, hi us assume ihat T fs VD m S) and the. ordinary 
Jacobian J{v}) ~ x„y^ — x^y,, exists a.c. in S). Then (cf. TV.3.21) 


ct'C. in 3D. 

Proof. We have ^s(w) = ^,{w) a.e. in SD by IV.3.22, and <0,(w) = J{w) a.c. 
in 3) by IV.2.38 and IV.3.42. 

Remark. Comparison of IV.3.47, IV.3.42 reveals that we failed to state, in 
analogy with IV.3.42, the formula | /(w) | - D(w, 3D) a.c. in 3D. As a matter of 
fact, it is not known whether this formula is true if T is only known to be BV3D, 
and we shall prove it presently only under further restrictions upon T. 

IV.3.48. Given T as in IV.2,1, suppose that the following assumptions hold: 


iv.3.r)i 
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(i) T is BVD in D. 

(ii) Tlio ordinary Jaooliian J{w) ~ x„yr — oxisls a.o. in ;D. 

(iii) I T%) \ = 0 («ceIV.1.78). 

Then | l/(^a) | = a.e. in-D. 

Piioop. By IV.2.38 and IV.3.42, we have j /(w) j = D{xo^ a.o. in fD and 
by (i), (iii) and IV. 3. 19 we have D{w, 8*) ~ I){w, 2)) a.e. in ID. 

Reaiauk. It HeciTiB to bo a matter of interest to decide whctlier the condition 
(iii) is really necessary. In the absence of adequate information on this point, 
wo proceed to consider a very special but quite important case in which the 
conditions (i), (ii), (iii) hold. 

IV,3.49. Given T \ z — t{w)^ w G SD, as in IV.2.1, let us use simultaneously 
the real equations T : a* == x{u, y), y ~ y(«, v), (u, v) E: 2). If both x(u, v) and 
y(u, v) are totally differentiable at a point iio 4- — 'Wo G 3J (see 1.3. 14), then 

we shall say that T is totally differentiable at that point. Let us note that if T 
is totally differentiable at Wo , then the ordinary Jacobian J(wo) oxi.sts (sec 1.3.14). 

IV,3,S0. Suppose tliat T, given as in ni2.1, satisfies the following conditions 
at a point Wq E fb, 

(i) T is totally differentiable at Wa (see IV.3.49). 

(ii) JitOo) ~ 0. 

(iii) Mdio derivative D(wo , SD) exists. 

'I'lien D{Wo , ©) = 0. 

PnooF. Let s be any oriented square, with center at lOn , comprised in ID. 
r.<et us consider the auxiliary affine tran.sformation 

[x = .X’o + rt(?< - )/o) 4- Hvn - y), 

T* : I 

(2/ ~ 2/o 4- c(u ~ Uo) 4- d{v - Vo), 

where Xo + iyu = 2o = ^(«>o), a ~ tt„(uo , Vo), b = .rp(«o , Vn), c = y,Xuo , Vo), 
d = y^iuo f Vo), Using the notations of IV.3.3], 'wc sec readily that condition (i) 
implies (cf. 1.3. 14) ilie I'elations 

(1) Mis) < 4- CO and M (s) -^0 , for | s | — > 0, 

while condition (ii) yields Jiwo) = A = 0. By IV.3.39 ii follows that 

(2) I 'm l/h |< 2[K + M(s)]il/(s), 

whore the oonslani K is independent of s (sec IV.3.29). Since Diwo , SD) exists 
by assumption, (2) and (1) yield, for | a | — > 0, the desired formula D{wo, S)) =0. 

Remark. A somewhat closer discussion of tlio auxiliary transformation T* 
would .show' tlial. condition (iii) is unnecessary, but this is irrelevant for our pur- 
poses. 

IV.3,51. As.sume that T, given ns in IV.2.1, satisfies the follow'ing conditions j. 

(i) T is ACID in ID. 

(ii) T is totally dilTeren liable a.e. in ID (.sec IV.3.49). Then | J(w) \ == 
Diw, ID) a.o. in D. 
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Peoop. In view of IV. 2.39 and IV.3.48, it is sufficient to show that 

(1) I T{C,) I - 0. 

Let us observe that by IV.2.39, IV.3.47, IV.3.22, IV3.14 

(2) J{v)) ~ g,{w) ~ S’*-) a.e. in S>. 

By IV.1.76, IV.1.78 

(3) = i,{w) ~ 0 on ifo , 

(2), (3) imply that 

(4) J{w) — 0 a.e. on do . 

Let now Wo be a point in Ho where T is totally differentiable, (4) holds, and 
D(wo , 33) exists (note that these conditions hold a.e. on ^o)- By IV.3,50 we have 
then D{W(i , 3D) = 0. Thus 30) — 0 a.e. on . Since is a Borol sot (see 
IV.1.78, IV. 1.77), and since T is ACSO in 30, it follows by IV.2.21, IV.2.44 
(applied mth (B = 30, B = ilo) that 

jJjvC«,fro) = B) = 0. 

Thus N{z, ^o) = 0 a.e. in the 2 -plane. Since V( 2 , ifo) ^ 1 on T(^o), (1) follows. 



CHAPTER lYA. SPECIAL CLASSES OF TRANSFORMATIONS 


IV.4.1, Given a transformation T :z ~ i(w ) , w E 2D, aa in IV.2. 1, we introduce 
the following definitions: 

(i) T is sBV in © {strongly of hounded variation in SD) if T is BV3D in 0) (see 
IV.2.11). 

(ii) T is sAC in D (strongly absolutely continuous in SD) if T is ACSD in D 
(see IV.2.39). 

(iii) T is eBV in aD (essentially of hounded variation in 3)) if k(z^ T, 2D) is 
summable (see IV.1.4, IV.2.1, IV.1.43). 

(iv) T is eAC in 3D (essentially absolutely continuous in 2D) if T is AC8*(T, 2D) 
in 2D (see IV.2.39, IV.l.fiO). 

The following statements are obvious. 

(a) If T is 8 AC in 2D, then T is also sBY in PD (cf. IV.2.39). 

(b) If T is sAC in 2D, and if 2D" is any subdomain of 2D, then T is also sAC in 
2D'" (cf. IV2.39). 

(c) If T is sBV in 2D, and if 3D ■" is any subdomain of 2D, then T is also sBV in 
PD-" (cf. IV2.11). 

(d) Statements analogous to (a), (b), (c), with sAC, sBV replaced by eAC, 
cBV (cf. IV1.56). 

(e) If jP is sAC in SD, then T is also eAC in 3D (cf. IV.2.39). 

(f) If T is sBV in 3D, then T is also eBV in 3D. 

Let us stress the lack of a^ialogy between the definitions of sBV and eBV. The 
foiiner is defined as bounded variation with respect to the base-set 3D, but the lat- 
ter is not defined as bounded variation with respect to the base-set S*(T, PD) as 
the definition of oAC may lead one to expect. 

IV.4.2. Suppose that T is eAC in 2D. By IV.2.39, T is then also BV8’"(7’, 3D) 
in 2D, and hence (sec IV.S.Ll) the derivatives D,(W} T*), D(w, T, 7^), D(w, T, 8), 
D,(w, T), D(w, T, 8"), i)'"(w, T, N), D*(w, e,),D,(w, T), D'*(w, T, S'") exist 

and are equal to each other a.e. in 2D. As a matter of fact, we should write, 
more explicitly, N(T, 2D), 8(2', 3D), S'" (2', 2D) instead of N, 8, 8* in the preceding 

statements, but the more concise notailon is sufficiently clear if T and 3D remain 

fixed in a given situatiori. Let us note that the essential generalized Jacobian 
St(w) = ifiw)D,{w) satisfies, by IV.3,26, a.e. in the gi-plane the equations 

(1) I I = D,{w) = D(w, S*), ^.(w) = i,(w)D(w, 8‘"). 

Let us agree again that we shall use the more concise notations i,(w) 

^ D^(w), and so on, instead of ^ X'W, 2’), i,(u), T), D^w, T), and so on, if the context 
is such that no misunderstandings can arise. 

IV.4,3. Suppose that T is eAC in 2D. Let H (z) be a finite-valued Borel measur- 
able function in the z-plane. Then (cf. IV, 2.1) 
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CD II = If n{z)v(i, :d), 

as soon as ifie zntegral oji the left exists. 

Proof. H[t{w)] is Borel measurable by IV. 2.20, and ieiw) is Borel mojisurablp 
by IV. 1.66. Hence the function 

(2) ~ //[i(«;)]z,(w) 

is Borel measurable (and finite- valued) in 2D. We propo.se to compute the func- 
tion a( 2 , 4>) corresponding to the base-set (h ~ S* (cf, IV.2.I6). We assert that 
(cf. IV.3.2) 

(3) ff(s, 'h) = H(z)p{z, 2D) a.e. in tlie 2 -plane. 

Indeed, since T is BVe* in SD (cf. IV.4.2), we have N{z, S'‘‘) < -f « a.e. in the 
2 -plane, by IV.2.13. Hence it is sufficient to show that 

(4) <t{Zo j 4*) - //(2o)r(2o , 3i) if N{zo , < H-oo. 

Let then Zo be a point .such that N{zo , 8 ") < + «> , and let us consider the .set 
E = !r'"*(2o)8*. Then E is a finite act, and wo assert that 

(5) E = T~\z,)N. 

Indeed, the assumption N{za , 8 ") < + “ implies that Zo has, under T in 2D, 
at most a finite number of essential maximal model continua, each of which 
reduces to a single point. Each of these points belongs then, by definition, to 
N (cf. IV. 1.66), and (5) follows. We have (using IV. 2. 16 with Oi = S’**) 

(6) ff(«o . ^) = X) 4 >(u>) — £ I^[^('w)]f .(u)), w G 7 '"^ (20)8'*'. 

Now = H{zo) for w G T~Uzo)> and thus (6) and (6) imply that 

(7) ff(2o , ct) = ^ //(2o)z,(w) = H(zo) S f«(w)) w G T^\zo)iN. 
On the other, hand, by definition (cf. IV.3.2). 

(8) v{zo , S)) - E w G 

(7) and (8) imply (4), and thus (3) is verified. Since 4'(ty) (of, (2)) is finite- 
valued and Borel measurable, we have by IV. 2, 50 and in view of (2) and (3), 

J f H[iiw)]i,{w)D{w, &*) = jj II(z)p{z, 2D) 

as soon as the integral on the left exists. The formula (1) follows by IV.4.2(1), 
IV, 4.4. Suppose that T is eAC in 3D. If H(z) is a finite^-valued measurahle 
function in the z-plane, then /J[^(w)]^,(w) is measurahle in 2D, and (cf. IV.2.1) 
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(1) // //[(Wlol.W = // »). 

3 ) 

OS S 0071 as the integral on the left exists. 

PnooF. Wc have (sco 1.3.8) a finite-valued, Borel measurable function Ii^(z) 
such that H*{z) = H{z) a.c. in the 2 -planc. Noting that T is BYS* (cf. IY.4.2), 
we infer from IV.2,6L that B[t{w)]D{xo, S*) = IB[l{w)]D{Wy S*) a.e. in SD, and 
hence (of. IV.4.2) 

(2) B\t{w)]^ a.e. in ID. 
Since }l{z) = IP{z) a.e. in the ^!-pIano, we also have 

(3) H(z)v{z, 3!)) = II*{z)v{z, D) a.e. in the 2 -plano. 

Let us observe that the functions involved in (2) ai’o measurable in 3D by IV.2.52 
and IV.1.G6. Suppose now that ll[t{w)]g ,{w) is suinmable in ID. Then by (2) 
the function ,{w) is also summablc in JD, and hence by IV.4.3 

(4) // H*[<(«>)]4I.(«>) fj »)• 

(2), (3), (4) imply (1). 

IV.4.5. Continuation. In applications, there arise cases where the function 
II (z), known to be measurable, is equal to i co on a certain set of measure zero. 
In such a case, let us replace II(z) by a function 11° (z) defined as follows: 11° (z) — 
II (z) if II (z) is finite, and 11° (z) = 0 ii II (z) = ± 0 °. Then 11° (z) is measurable 
and finite-valued, and the preceding result applies, but there is a little iioint that, 
should bo cleared up. Suppose wo have, in a certain application, a set of measure 
zero on which II (z) is not known to be finite, but it is not certain either that 
II (z) == dr 00 on this set. The set in question is then not univoca% determined 
by the function II (z), and there arises the following question. Lot Ii\ , Ei bo two 
sets of measure zero in the z-planc, ^ich that II (z) is measurable and finite-valued 
for z not in i?, and also for 2 not in E.j . Let II°X^), ?’ = 1, 2, be the function that 
is equal to II{z) for z not in Ei , and eipial to zero on E { . Then II°(z), II°{z) are 
finite-valued and measurable, and II°i(z) = II°Xz) a.e. in the z-plane. _^The argu- 
ment used in IV.4.4 (based on IV.4.2, IV.2.61) yields that /Ii[i(w)]^,(ie) — 
// 2 lf(w>)]oI«('W^) a.e. in 3D. Hence, if one of these functions is .summable in^3), then 
the other one is also .summablc, and we obtain, since 11° (z) = IIl{z) = TI(z) 
a.e. in the 2 -plane, the relations 

jj //;{((»)] 3, w = // = jj n^zxz , ») 

!0 3 ) 

= j'j mmz . ») = // mvip, »)• 
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Thus, if a function H{z) is measurable and finite-valued, with the exception of a 
doubtful set of measure zero, and if we define H{z) to be equal to zero on this 
doubtful set, then our possibly imperfect knowledge of this set does not lead to 
any trouble as far as the transformation formula (1) in IV. 4. 4 is concerned. In 
this sense, the formula (1) may be used for functions that fail to bo (or are 
merely not known to be) finite on a certain set of measure zero. Similar remarks 
apply to all the transformation fomulas considered in the sequel. 

IV.4.6. Suppose that T is eAC in S). If H(z) is a finite-valued, measurable 
iunciion in the z-plane, then 

(1) II fim] I s.(w) I = // H(z)k(z, T, »), 

as soon as one of the two integrals involved exists. 

Proof, By IV. 2. 53 (applied with CB = S*) wo have 

(2) II mwMw, s*) = II T, s‘), 

S) 

as soon as one of the two integrals involved exists. By IV. 1.56, N{z, T, 6*) = 
k{z, T, S>) for every point z such that N(z, T, &*) < -\-m. Since T is BVS’^ 
(cf. IV.4.2), it follows by IV.2.14 that N(z, T, 8*) = k{z, T, SD) a.e. in the z-plano. 
By IV.4.2 we have | S,{w) \ = Diw, a.e. in D. Thus the formulas (1) and (2) 
are equivalent, and the proof is complete. 

IV.4.7. Continuation. For H(z) s 1 we obtain tho following formulas, 
valid as soon as T is eAC in JD, from IV.4.4, IV.4.6. 

II SM = II T, »), II I 3,(w) I = // k(2, t, »). 

» O 

The expressions on the right-hand sides of these formulas may be interpreted os 
the essential signed area and the essential absolute area respectively of the image 
of SD under T. 

IV.4.8. Given T as in IV,2,1, suppose that k{z, T, SD) is summahle. By IV.3.26, 
IV. 3. 13 we have then the inequality 

II I s.(w) I S II Kin, T, »). 

s> 

We assert that the sign of equality holds if and only if T is cAC in SD. 

Proof. The sufficiency of the condition follows from IV.4.7. To show the 
necessity, let us assume tliat 

II I5.(i»)l = II k(z, r, »). 

3D 


( 1 ) 
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By IV.3.26, IY.3.13, IV, 2.34, 17.2.33, n'.2.21, IV.1.66 ^ve obtain, using (I), 

// I iSi.W I = // o.M = If r>(w, 8) s // mu, T, 8) 

:0 SQ a) , 

^ fj K(z,T,iD) ^ jj 1 SM !• 

a> 

It follows that the sign of equality liolds throughout. In particular 

(2) 8) = //«(«, 

Since 0 g N(z, T, S) ^ k(z, T, 3D) (cf. IV. 1.56), (2) imjjlies that iV( 2 , T, £) = 
k(z, Tf SD) < + '^ a-e. in the 2 ;-plano. By IV.1.5G it follows that V(2, T, &*) ~ 
k{z, T, 3D) a.e. in the ^-plane. Since k{z, T, ID) is summable by assumption, it 
follows that N(Z) T, 8*) is also summable. But then, by IV,3,26, IV.2.13, 
D(w, 8*) « I g,(w) I a.e. in JD. Thus (1) yields 

Jj D{w, 8 ») = // mo, T, 8 *). 

» 

Hence, by IV.2.45, T is AC8* in ID, and the proof is complete (cf. IV.4.1). 

IV.4.9. Lot be a bounded, finitely-connected Jordan region in the lo-plane, 
and let T ; 2 = i{w), iw G OIj be a continuous transformation defined in 8? (and 
not merely in 9t“). Suppose that (i) 2’ is gAC in and (ii) | 2'(8J — 8f) ] == 0. 
If II {z) is a finite-valued, measurable function in the g-plane, then (of. IV. 1.24) 

(1) / f //[((w)] <),(«,) = If moh(o, T, m 

Sto 

as soon as the integral on tlie left exists. In particular (taking II (z) ^ 1), we 
have the foimiila 

( 2 ) Jj a.M ^ Jj i‘(o,r,m). 

81» 

PiiooF. Since T is BV8+ in (cf. IV.4.2), we have N{z, T, 8*) < + «. a.e. 
in the «-planc, by IV. 2. 14. Hence, by IV. 3.5, condition (ii) implies that 
v{Zi 9t“) — ix{Zt 2’, 3J) a.e. in the 2 -plane. Thus (1) and (2) appear as direct con- 
sequences of IV. 4. 3, IV.4.7. 

IV.4.10. Continuation. Let us assume that the imago, under T , of each 
one of the boundary curves of 9f is rectifiable (see III.3.96). We have then 
(see IV.1.24, III.3.76, IIL3.88) 

J I tx{Zf T, dl) ~ J X dy - ~ I y dx = ' J x dy ~ y dx, 

nan 
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where B denotes the boundary of y{, each boundary curve being taken witli the 
in’Opor orientation. In view of IV.4.9 there follow the formulas 

// SXw) = Jj fi{z, 90 = jxdy=^-jydx = ~jxdy-y dx. 

i))« H It D 

IV.4.11. Given a transformation T : z ~ t{w), w G 2D> ^9 in IV.2.1, suppose 
there exists a sequence of transfonnations T^'.z - w G with the follow- 
ing properties: 

(i) The domains a)„ fill up D from the interior (see IV. 1.63). 

(ii) p{T„ , T, F) for every closed sot i?’ C 3D (of. IV.i.l). 

(iii) T„ i.s eAC in 3D„ , n = 1, 2, • • • . 

(iv) . lim inf jj [ T„) \ < -f <» . 

" Dn 

Then T is eBV in 2D, and 

(1) // I I ^ // «(«) 2>) ^ // I i* 

5 > 3 >. 

Proof. Let us put (cf. condition (iv)) 

(2) / « lim inf jj [ T„) | < -f- oo . 

j).. 

Let 9i, j i ~ 1) 2, • • • , be a sequence of Jordan regions that fill up 2D from the 
interior. By IV.L43 we have then 

(3) k(z,T, 2D) = lim k(z, T, %). 

By condition (i), we have for each j an n(f) such that 90 C SDn for n > n(j). By 
IV. 1.44 it follows that 

(4) k(z, T„ , 90) ^ k(z, T„ , 2D„) for n > nij). 

By IV.4.7 and condition (iii) we have 

// I <0.0^'; ^’n) I = // , 2D„). 

Hence, by (2) and condition (iv), 

(6) lim inf J k(z, , 2D„) = Z < + <» . 

By condition (ii) and IV.1.12 we have 
(6) k(z, T, 9?y) g lim inf h(z, T„ , 90), 


i = 1,2, ••• . 
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(4), (6), (6) imply, by the Faioii lomma (hgo 1.3,10), that k{z, T, Of,) is siimmable, 
and 

(7) //«(2,7’, »i,) S / < +», ,'=1,2, 

Applying again tiio Faiou lemma, wo infer from (3) and (7) that ii(z, T, JD) is 
summable and 

( 8 ) jj K(z,r,i)) < i< +«. 

Thus T is eBV in The incqualitie.s (1) follow now directly from (8), (2) and 
IV.3.13, IV.3.25. 

IV.4.12. Closure theorem for oAC ti{A.nsformations. Given a transforma- 
tion T iz ^ l{v}), w ^ as in IV.2.], suppose that (a) T) exists a,c, in SD 
and is summable there, and (b) there exists a sequence of transformations T^'.z ^ 
tn{vi), w G SD„ , with the followina properties. 

(i) Tn is eAC in 3D„ , 7i = i, 2, • • • . 

(ii) The do7nains up from the inienor {see IV. 1.63). 

(iii) p{Tn , T, F) i) for every closed set F <Z fD (cf. IV. 1.1). 

(iv) For every onenled rectangle Ji we have 

If -^// U.(w,7')|. 

n R 

Then T is eA C in ID. 

\ 

IV.4.13. Continuation. Tlio proof will bo made in two steps. Let 9f be 
any finitely-connected Jordan region such that 

(1) 9e C 3:>, i 9f - I = 0. 

For example, 9i may bo taken as a ])olygonal region to insure that the second 
condition in (1) holds. Wo assert that 

(2) // I M-w, T) I = If '‘0‘. T, 9!”). 

Of" 

Indeed, give e > 0. Since T) is summable in ID, and hence in 8f, by assump- 
tion, we can clioose an open set 0 such that 

(3) 8f C 0 C ID, 

(4) If I 3,(», 'O I < // I 7') I + .. 

0 9t 

Since | 9i — Si” 1 = 0, wc can rewrite (4) in the form 
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(5) // 1 5.(w,r) I < // I 5.(w,r) I + «. 

0 , 3)« “ 

Next we can choose a finite system of oriented rectangles Ri , • • • , , such that 

(6) ~ 0 for i 9 ^ j. 

(7) 9? C d" ' * • + C 0- 
(5), (6), (7) yield 

(8) E If 1 s.(^, T) |< // I 5,(w, r) I + «, 

Hi 

(9) // 1 s.(w,T.) I s E// 1 5.(w,n) |. 

W» Jll 

By condition (iv) we have 

m ffl p p 

(10) Z \S.(1I>,T.)\^ Z \S.(W,T)\. 

>«■! n-*« 

Hi iti 

Now let us apply the result of IV. 4. 11 to the transformations T, considered 
in the domain Of*’. V^e obtain the inequalities 

(11) fj lS.iw,T)\S Jj K(z,T,r) ^ lim inf ) ^^(w, T„) ) . 

«* M» 

(11), (9), (10), (8) yield 

If I i.(w, r) I s // «(s, T, w°) < Ij I a.(», r) I + *. 

Since € was arbitrary, (2) follows. 

IV.4.14, Continuation. We proceed to prove the theorem of IV.4.12, Let 
us take a sequence of finitely-connected Jordan regions 9?/ that fill u]3 SD from 
the interior (of. IV. 1.91) and satisfy the condition | 9^, — 9?” | '= 0,y == 1, 2, • • • . 
For example, we may take each 9?/ as a polygonal region, By IV. 1,43, IV. 1.44, 
IV.1.50 we liave then 


(1) 

k{z, T, 3D) = lim k{z, T, 9J?), 


(2) 

k(2, T, Sf?) g «(2, T, »), 

j = 1, 2, 


By IV. 4. 13 we have (cf. condition (a) in IV.4.12) 

(3) II ,(z, T, 81?) = //gj, I S.(w, T)\g II I a,(w, D I < + » . 
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(1), (2) and (3) imply (of. 1.3.10) that k( 2 , T, 3D) is summable, and that the rela- 
tion (1) can be integrated termwise. In vieAV of (3) there follows the inequality 

( 4 ) ff k(z,T, 3)) S fj \ S.(f»,T)\. 

•Si 

In view of IV.4.8, it follows that the sign of equality holds in (4), and hence T is 
eAC in 3D by IV.4.8. 

IV.4.16. Coiioi-iLARY TO IV.4.12. Condiiion (iv) in IV.4.12 can be replaced 
by the condiiion 

(iv*) For every oriented rectangle R C. S) toe have 

(1) ff \ ^.(w, T) - T„) I 0. 

It 

Proof. Let us put/„(w) = ^,(ia, T„), f(w) = T). We have then the 

obvious inequalities 

(2) I/WISI/.WI + I/W-AWI, 

(3) I /.(w) I S I /(w) 1 + I /»(w) - /(w) |. 

(1) and (2) yield 

(^A) // I f(w) I g lim inf jj j /„(w) j, 

It n 

while (1) and (3) yield 

(6) Urn sup JJ I f„(w) I ^ // I /(w) 1. 

It It 

(4) and (5) yield 

// 1 a.(w.n) !->// ia.(«>.r)|. 

It It 

Thus condition (iv*) implies condition (iv) in IV.4.12, and the fact that T is 
eAC in 3D follows. 

IV.4.16, Modified closure theorem for eAC transformations. Given a 
transformation T \ z = t{w), ro G 2D, as m IV.2.1, suppose that (a) F) exists 
a.e. in 3D and is summable in 3D, and (b) there exists a sequence of transformations 
Tn :z — L{w), G 3D„ , mill the following properties', 

(i) Tn is eAC in 3D„ . 

(ii) The domains 3D„ fdl up 5) from the interior {see IV. 1.63), 

(iii) p(T„ , T, F) —i 0/or a — >oo, every closed set F (Z ^ (o/. IV. 1.1). 
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(iv) If 1 ^ ~ If I I* 

a>n 'D 

Then T is eAC in SD 

Proof, By IV,4.n we obtain, in view of condilion (iv), 

II I M«>, 1') IS II S’, ») S lira inf H | S’.) I S // I S’) I- 

® ®* ID 

Consequently 

II l3,(u>,S')| = II 4*,S’, »). 

a> 

By IV. 4, 8 it follows that T is eAC in 3). 

Remark. It may be of interest to note that the conditions assumed above 
imply the conditions a.ssumed in IV.4,12 as can be shown easily. In other words, 
the preceding theorem is weaker than that in IV. ^1.12 but it seems to bo more 
convenient in some applications. 

IV.4.17. Special closure theorem for oAC transformations. Given a 
transformation T z = t(w), w E 2D, as in TV. 2.1, suppose that (a) the ordinary 
Jacobian J(io, T) (see IV.3.21) exists a.e, in 3D and is smnmable in SD, and (b) there 
exists a sequence of transformations T„ : z = /..(w), '^v E 2D„ , with the properties'. 

(i) Tr, is eAC in 30,, , and the ordinary Jacobian Jiw^ Tn) e.usts a.e. in 3D„ . 

(ii) The domains 3D„ fill up SD from the interior {cf. IV. 1 .53). 

(hi) p(2’„ f T, F) 0 for a --»oo for every closed set F C 2D {cf. IV. 1.1). 

(iv) For every oriented rectangle 12 C SD w have 

II I J(w, I - // I J(w, T) |. 

n ft 

Then T is eAC in SD. ** 

Proof. By IV.3.42 and IV,2.39, J{w, '1\) = 2«) a.e. in SD. Plenco, if 

we can prove that ^e{w, T) exists a.e. in SD and J{w, T) = 2’) a.o. in SD, 

then the present closure theorem will follow diroetty from that in IV. 4. 12. 
Furthermore, it is clearly sufficient to show that J{w, 2') = ^«(ta, T) a.o. in 
every oriented rectangle ^ C SD (since the .same is then true for SD itself). Finally, 
by IV.3.42, it is sufficient for this purpose to show that T is BV8'''(2’, R°) in 
every oriented open rectangle 12“ such that 12 C 3D, and wo proceed to establish 
this last fact. So let 72 be an oriented rectangle in SD. From condition (iv) it 
follows that 

(1) // i P„) I « I J{w, P) I < 4-co . 

JfO /f • 
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In view of condition (iii) wo havo (cf. IV. 1.52) 

(2) k{z, T, R°) ^ lim inf k{z, T„ , R°). 

Since 7'„ is oAC in 3D„ , it is also cAC in R° (cf. IV.4.1) for 7i sufficiently largo 
(see condition (ii) and note that R Q ^). Hence wc have, for n sufficiently 
large (sec IV.3.42, IV.2.39, IV.4.7), 

(3) // I J(w, 2 ’,) I = II I a.(w, 2 ’„) 1 = // h{z, T, , R°). 

(1), (2), (3) imply, by the lemma of Fatou (sec 1.3.10), that k( 2 , T, R°) is sum- 
mablo and 

(4) II K(z,r,R'‘) s II \J(.W.7')\. 

Ii- 

By IV.3.46 (applied to the domain 7?“), we have (since k(z, T, R°) is now known to 
bo summablc) 

(6) II \J(w,T)\g II \a.(.w,i’)\- 

Ko If 

(4), (6) imply, by IV. 4. 8, that 

//«(2,2’,r) = //|3.(w,2’)|. 

If 

By IV.4.8 it follows that T is eAC in R° and a fortiori BV8*(3’, R°) in R° (cf. 
IV,2.39, IV.4.1). 

IV,4.18. ConoLLARY TO IV.4.17. Condition (iv) in IV.4,17 can be replaced 
by the following condition: 

(iv***) For c'\'’cry oriented rectangle R Q ^ \\q have 

If I J(w, T) ~ J(p, T„) 1 -> 0. 

V tl-iCO 

R 

The proof is entirely similar to that in IV.4.1 5. 

IV.4.19. A MODIFICATION OF THE SPECIAL CLOSURE THEOREM FOR cAC TRANS- 
FORMATIONS . Qive7i a transformation T : ^ = i (w;) , tu E 3D, as m I V. 2. 1, s uppose that 

(a) the ordinary Jacobian J{w, T) exists a.e. in iD and is summahh in SD, and 

(b) there exists a sequence of transformations 2’,, : z = Liw), E 3l)„ , with the 
following properties', 

(i) Tn is eAC in , and the ordinary Jacobian J {w, T„) exists a,e. in 3)„ . 

(ii) The domains up ^ from the interior (cf. IV. 1.53). 

(iii) p{Tn , T, F) — > 0/orn — > 00 , for every closed set F Q ^ (cf. IV.1.1). 
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(iv) !im inf jj | J{w, T,) | ^ Jf I !• 

Then T is eAC in S). 

Proof. By IV.3.42, J(v), T„) = T„) a.e. in SD„ . Hence condition (iv) 

yields 

(1) liin inf JJ j ^,(w, T„) I S ff j J{w, T) 

B, B 

By IV.4.11 it follows that k(z, T, ©) is summable. Hcnco, by IV. 3. 46 and 
IV.3.13, T) is summable in 3D, and 

(2) If iJfw.T) IS If I Mw, T) |. 

» B 

(1) and (2) yield 

(3) lim inf If I T.) I S // | 3.(w, T) |. 

Bn B 

By IV.4.16 it follows that T is cAC in SD. 

IV.4,20. Corollary to IV.4.19. Given a Iransfoimalion T : z ^ t(wjl 
r; G SD, as in IV.2,1, suppose that (a) the ordinary Jacobian J{w, T) exists a.e, 
in SD and is summable in SD, and (b) Ihere exists a sequence of finitely-connected 
Jordan regions 9?„ with the following properties'. 

(i) The regions 9?, fill up SD frorti the interior (c/. IV. t.41). 

(ii) T is eAC m 9?" , «. = 1, 2, - • • . 

Then T is eAC in SD. This is merely a trivial hut quite useful corollary of IV.4.19 
{t„{w) = i{w), 3D„ = 9i“). 

IV.4.21. Given a transformation T \ z ~ i(w), w G as in IV. 2.1, suppose 
that T is eAC in SD and the ordinary Jacobian J{w, T) exists a.e. iu SD. Then 
J{io^ T) = y,{w, T) a.e. in ID by IV. 4.1, IV.3.42, IV.2.39. As a consequence, we can 
replace, in the various transformation formulas previously derived for cAC trans- 
formations, T) by J(w, T). We shall now list, for convenience of reference, 
the foiTOulas obtained in this manner from IV. 4.4, IV.4.6, IV.4.7, IV. 4. 9. IV.4. 10, 
For conciseness, we write J{w) for J{w, T) in these formulas, 

(h) IJ ffUMUH ^ fl ff(zXz, T, »). 

» 

(i^) J J mt(w)] j /(«;) I = ff H(z)k(z, T, SD). 
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(ii) holds as soon as the integral on the left exists, while ( 12 ) holds as soon as one 
of the two integrals involved exists. H{z) is any finite-valued, measurable func- 
tion in the «-plane. The formulas can be also used if H{z) fails to be finite on a 
set of measure zero, as explained in IV.4.5. 

(ii.) ff J(w) = 

3 ) 

(iW //U(«)| = //«(2,T, B). 

» 

If SD is the interior of a bounded, finitely-connected Jordan region 8ft, if T is 
defined and continuous on and if | 7’(9t — [ = 0, then we have the following 

formulas (where (iiii) is subject to the same remarks as (i,)): 

(iii.) // mmWw) = // «(«);*(«, T, 9i). 

(iii2) // m = If m(2, t, 9i), 

If the image, under T, of each one of the boundary cuiwes of 8? is rectifiable, 
then we have the formulas (B is the properly oriented boundary of 8t): 

iiia) JJ J{w) ~ Jf T, ^ j xdy - ~J ydx~~jxdt/-y dx. 

0 }« n B B 

Let us note that the relation J(w, T) = ^,{w, T) a.e. in 3) yields, in view of 
IV.3.14, a number of geometrical interpretations for the ordinary Jacobian 
J{w, T), Further geometrical information about J(v}, T) is obtained from 
IV.3.46, and of course from the preceding formulas (iii), (ii 2 ), (iii 2 ), (iiia). 

IV.4.22. We apply the general results obtained so far to special types of trans- 
foimations. Let us first consider the case of a transformation T :z = t{w), w G 
SD, given as in IV. 2.1, that is sAC in 3D (see IV.4.1). Then T is also eAC in 3D, 
and furthermore the generalized Jacobians ^,{w, T), ^,(w, T) are equal to each 
other a.e. in SD. If the ordinary Jacobian J(w, T) happens to exist a.e. in SD, 
then J{w, T) = ^,(w, T) a.e. in SD (see IV.3.22, IV.3.47 for the preceding state- 
ments). As a consequence of these remarks, we can replace, in the various trans- 
formation formulas derived for eAC transformations, the essential generalized 
Jacobian So{w, T) by ^,{10, T), and also by J(to, T) if the ordinary Jacobian 
exists a.e. in SD. Thus we obtain the following statements: 

(a) If T is sAC in SD, then the transformation formulas listed in IV. 4. 21 
hold with J{w) replaced by ^I,(ta). 

(b) If T is sAC in 3D, and if the ordinary Jacobian J{w) exists a.e. in SD, 
then the transformation formulas listed in IV.4.21 hold. 
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The question arises as to what improvements can bo derived from the stronger 
assumption that T is sAC in 3). We shall make a few remarks concerning this 
point presently. 

IV.4.23. Continuation. T being a.ssiimed to be sAC in SD, the function 
v{z, T, SD) admits of a simpler interpretation. Indeed, since N{z, T, 3D) is now 
sumrnable (cf. iy.2.39, IV.2.13), wo have N{z, T, 3D) < + oo a.e. in tlie 2 -plano. 
Let 0 be a point such that Niz, T, < 4-“. Then clearly T~^(z) C ^ (.see 
IV. 1.66), and hence (see IV. 1.76) we have i,(w) = i.(io) for wj G T"^(z). It 
follows now readily from the definition of r(z, T, SD) (.see IV. 3. 2) that j^(z, T, 3D) = 
i,(w), XU G T"^(z), a.e. in the z-plane. 

IV.4.24. Continuation. Since T is now AC3D (see IV.4.1), wo should 
expect that k{z, T, SD) can be replaced by N{z, T, SD) in the formulas described 
in IV.4.22(a), (b). It is not known at present whether this is true. However, we 
have the following special statements: 

(i) If T is sAC in 3D and | T{^o) I = 0, then k(z, T, SD) = N(z, T, 3D) a.e. in the 
z-plane by IV.1.78, IV.3.20. Hence in this case the formulas described in IV.4.22 
(a), (b) hold with k(z, T, SD) replaced by N{z, jT, SD). 

(ii) The same is true if T is sAC in SD and is also totally differentiable a.e, 
in SD (cf, IV.3,49). Indeed, by IV.3,51, we have then | J{w) | = D(w, 3D) a.e, in 
3D, and hence, by IV.3.47, 

(1) I ^I.(w') I = !•!('“') I = T)(w, ID) a.o. in SD. 

By IV.2.53, applied with ffl == SD, H{z) = 1, 

(2) //dcw, o) = //w(8,r, s), 

By IV.4.22(b) 

( 3 ) II \J{w)\ = II 

(1), (2), (3) imply that 

(4) 7’, »), 

Since 0 ^ ^(z, iT, SD) ^ N(z, T, 3D), (4) implies that k(z, T, 3D) = N(z, 2\ 3D) a.e. 
in the z-plane. Thus we can replace k{z, T, SD) by N(z, T, 3D) in the formulas 
referred to in IV.4.22(b). 

IV.4.25, For convenient reference, we state explicitly the following corollary 
to IV. 4. 24. Suppose that («) T is sAC in 3), (/3) the ordinary Jacobian J{w) 
exists a.e, in 3D, and ( 7 ) either | T{(^q) \ = 0 or T is totally dil'ferentiablc a.o. in 3D, 
Then 

(«) / f mm] I /(») I = II mz)N(z, t, ») 
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for every finite-valued^ measurable function H{z), as soon as one of the two inte- 
grals involved exists, and in particular 

(iil) // |y(w) I = //Af(2,7’, ©)., 

Formula (i|) applies also to functions Ii{z) that fail to be finite on a set of measure 
zero, as explained in IV.4.5. 

IV.4.26. Comparison reveals that the stronger property sAC yields, as against 
the property oAC, certain conceptual simplifications (see IV. 4. 23, IA^4.24), 
and under additional assumptions also the further transformation formulas 
IV.4.25 (i|), (ii|). On the otlrer hand, no closure theorems are known for sAC 
transformations that would correspond to the closure theorems for eAC trans- 
formations (see XV, 4. 12, IV.4.15, IV.4.16, IV.4.17, IV.4.18, IV. 4. 19), As a 
consequence we have no moans to deteiminc whether various important classes 
of ti'ansformations occurring in the literature are or arc not comprised in the 
class of sAC transformations. In other words, the class of sAC transformations 
seems to be lacking in scope, and the results obtained for sAC transformations^ 
cannot bo used to account for results derived in the literature by other means for 
many important types of transformations. This .situation may be merely a 
consequence of our present state of ignorance, of course. On the other hand, 
the class of eAC transformations appears to be quite comprehensive, due to the 
closure theorems just referred to. We proceed to verify that certain special 
traiLsformations, needed in the study of surface area, belong to the class of cAC 
transformations. 

IV.4.27. Given T : z = i(w), G 3), as in IV.2,1, we shall say that T is 
Lipschiizian in ID, if there exists a positive constant X such that | i{w'*) — t{w') \ ^ 
'K\w" ~ v)' \ for any two points w', w" in 33, provided that the straight segment 
with end points w', w"' is contained in 3D (note that this is automatically the case 
if 3D happens to be convex). 

IV,4,28. CoNTiN'UATioN. Supposc that T is Lipschiizian in 3D. Then T is 
sAC ill 3D, and the formulas referred to in IV. ^J. 22(b) hold. Furiherinore, the 
formidas TV.4.25(i*), (ii^) also hold. 

PiioOP. In the first place, T is totally differentiable a.c, in 3D by 1.3.14, and 
hence it is sufficient to verify that T is sAC in 3D. Let s be any oriented square 
in 3), with center Wo and side length 1. li w E: s, then \w — Wo\ ^ 2^^Hl2 and 
hence | l(io) ~ t{wn) \ ^ (cf. IV.4.27). Thus T(s) is, contained in a 

circular di.se with center [(wf) and radius X2'^^^/2, and hence | T(s) i S (xV2)7r | s j. 
Clearly it follows that T is sAC in 3D (cf. IV. 2.39). 

IV.4.29. Given T : z = t{w), ra G 3D as in IV.2.1, suppose that the following 
conditions hold: (i) The partial derivatives Xu , x „ , , y, exist and are continuous in 

3D. (ii) The ordinary Jacobian J{w) = XuVv — x^y„ is summahle in 3D. Then T is 
sAC in 3D and all the foiimdas referred to in IV. 4. 22(b) hold. Furthermore, the 
formidas IV. 4. 25 (i^), (iil*) also hold. 
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Proof, Let s be any oriented square in 2). Lot be an oriented square such 
that s C ^ C 2D, Tlien the partial denvatives t , Vu , Vv are bounded on 
S, and hence T is clearly Lipschitzian in S°. By IV. 4. 28 (applied to S”) it follows 
that 

If I m 1 = If m, T, S'), ' 

80 

I rw I ^ If T, s)i If N{i, T, S") = If I J(w) |, 

SO 

Since S was any oriented square such that s C C 20, it follows that 

I m I g // 1 j(w) |. 

a 

Since J{io) is summable in SD, it follows that T is sAC in 3D (of. IV.2.39, 1.3.13). 
As T is now totally differentiable evei-y where in 3D (of. 1.3,14), the formulas of 
IV.4.25 apply. 

• IV.4.30. Let denote a bounded, finitely-connected Jordan region in the 
ro-plane, and let T be given in the form 

T :x ^ x{u, v), y = y(«, a), v) 6 % 

where x{u, a), y{u, v) are continuous on ili (and not merely on We shall say 
that T is guasi-linear on 3^ if the following conditions hold: 

(i) is bounded by polygons. 

(ii) There exists a rectilinear triangulation 3 of 9?, such that v), y{u, v) 
are linear functions of u, tf in each one of the triangles of 3. 

Clearly, if T is quasi-linear in 81, then T is Lipschitzian in 81”, in the sense of 
IV.4.27, and hence IV.4.28 applies. The following remark will be useful in the 
sequel. Let q , • • • , be the triangles of 3 (cf. (ii)), Then for a given j, the 
set T{ti) = Af is cither a single point, or a straight segment, or else a nondegen- 
erate (rectilinear) triangle in the g-plane. In the first two casc.s \ Aj \ =0, while 
in the third case | A/ | is the area of A/ in the elementary sense. Let lOj be any 
interior point of i, . We assert that 

(1) = = uw II t, |. 

Indeed, if A/ is degenerate, then (1) is obvious. If A, is nondegenorale, then T 
is a biunique affine transfonnaiion if considered on . ''Phus A ( 2 , T, Q is the 
characteristic function of A^ while | </(w,) | — | Ay |/j ^, | by elementary geometry, 
Thus (1) is obvious in this case also. Summation yields now the formula 

// I I = t 1 A, |. 

9 ) 
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IV.4.31. Given T : z = t{w) = a:(ii, v) + v), u iv = w ^ S), os in 

IV. 2.1, let us consider the niiegral meam (of. III. 2. 65) 


x\u, ^ ^ v)d^ dv, 

y\n, r) = ^ J ^ f ^ V{^ + y + y) dv. 

If R is anj'’ oriented rectangle in ©, then for h small enough the functions x\u, v), 
v) will be defined and continuous, together with their partial derivatives of 
the finst order, on R (see III. 2. 66). Let us put 


, . ^ dx"' dy'^ 
= to ^ 


du du ' 


It should be noted that ./^(w) is not defined as an integrar mean. Let us now 
make the Jollomny 

(i) The ordinary Jacohiaii J{u\ T) exists a.e. in ID and is sunijnable in 3D. 

(ii) For every oriented rectangle R C. we have 

If I -f '■(«>) l ^JJ U(w. '01- 

« « 

Then T is eAC in 3D {and hence ihefonmdas listed in IV.4.21 hold). 

PnooF. Let 9?^ be a seciuencc of finitely-connected Jordan regions that fill up 3D 
from the interior. For every n wo liave 1-hen an /i„ > 0 such that the transforma- 
'tion 


T^‘ : .r = x^u, v), y == y\u, v), (u, v) 6 , 

is defined on 9i'„ for h < h„ . For each n wo choose an h > 0 such that h < h „ , 
h < l/n, and we denote the corresponding transformation by T„ . In view of 
IIL2.66, Tn satisfio.s in 91" the assumption made in IV.4.29 and hence is 
sAC and hence a fortiori eAC in 9f" . If F is any closed set in 3D, then p(ir„ , T, F) 
— > 0 for 71 — >03 by HI. 2.66. In view of condition (ii) above, it follows that the 
special closure theorem of IV.4. 17 applies (with 30^ = 9tn)) and hence T is eAC 
in SD (observe that Jh{w) = J(w, T'')). 

Hemark. In this application of the closure theorem, tlic approximating 
transformations T„ arc known to bo sAC and still we can only assert that T 
itself i,s cAC, because no closure theorem is available for sAC transformations. 

IV.4.32, Given T \ z = f{w) = .'i;(w, v) + iy{u, y), u A- W = w ^ SD, as in 
IV. 2.1 let us denote l\v ih (hypothesis Ilf) the following set of conditions: 

(i) x{u, v) and y{n, a) are ACT (see II 1.2. 64) in every oriented rectangle 
R. C 3D. As a consequence, ‘the partial derivatives , x\ , i/„ , y, exist a.e. in 3D, 
and arc .summable on e\'ery oriemted rectangle R and hence on every closed set 
in 30 (cf. III.2,M), 111.2. 49). 

(ii) The ordinary Jacobian J{w) = XuVt — x,y» is summable in 3D. 
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It has been surmised that if T satisfies the hypothesis Ho in SD, then T is gAC in 
2D. Since praclically all the special transformations studied previously in the litera- 
ture satisfy the hypothesis Ho , the verification of this surmise would he a matter of 
CQnmderahle interest. In the absence of a general verification of the surmise, wo 
have to discuss some sjiecial cases explicitly. If T satisfies the hypothesis Ho in 
I), then the following remark may be used to simplify the application of IV.4.3L 
Lot 72 be any oriented rectangle in 3D. Since x{ 2 i, v), y(u, v) are ACT on 72, we 
have, by III. 2. 67, J^iw) Ji'ro, T) a.e, in 72. Henco, to make sure that 
condition (ii) in IV.4.31 holds, it is sufficient to show (see 1.3.11) that the family 
of functions Jh{w) possesses the property (K) in 72 with respect to /i, and for this 
purpo.se it is sufficient to show that this i.s true for both of tlie families 


( 1 ) 


and 

au dll Bv Bu 


IV .4.33, Given T as in IV. 4.32, let us make the following assumptions: 

(a) T satisfies the hypothesis Ho in 3D (see IV. 4. 3 2), 

(b) For every oriented rectangle 72 C 2D, tho two factors in each one of the 
products xjjj , , belong to associated Lebesgue classes 7j^, If in 72 (see 1,3.10). 

Then for every oriented rccianglc R C. ^ we have (sec IV.4.31 for notations) 

(1) j[\ ~ I -> 0, 

J A-.(J 

(2) //i4(»)l 


and hence, by IV.4.31, T is cAC in D. 

PflOOF. Since Jhi'V)) J{w^ T) a.e. in 72, as noted in IV.4.32, tho relations 
(1) and (2) are equivalent by 13,11, and hence it is sufficient to establish (2). 
Proceeding according to the plan outlined in IV, 4. 3 2, we propose to show that 
the families IV.4.32(1) possess the property (7) with respect to h in every ori- 
ented rectangle 72 C 3D. Let us consider tho first family {df'/dii){dy^/dv). Let 
72 be given by 

R \ a ^ u hf c V d. 

Let Ri denote the rectangle 

72^ \ a — c — 

Let 2i > 0 be so small that 72^ C 3D (note that 72 C 3D by assumption). Such a h 
being filxed, let us restrict h by the inequality 0 < 7i- < 5. By assumption, the 
functions , y^ belong to associated Lebesgue classes Z/, L® whore by definition 
(cf. 1.3.10) 


p > 1, ? > 1, 1/p + \/q ^ 1. 
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Sinc6 I •'i^u I > 1 2/v i** fti’o suiTiniable hi Tilj we have (cf. 1.3.13) for every* « > 0 a 
X = X(€) > 0 such that 

(3) Jf \ iiu p du du, yj I y J" rfw (fa < e 

e 6 

for every measurable set e such that 


\e \ <\eCEs. 

Now let e be a measurable set such that | e | < X, e C In view of 111.2.67, 
1.3.10 wo obtain 


dx’'(u, v) 
dti 

and hence 

(4) 


4/i“ / /. ^ -i- V -i- y) I d^ dy 


[f 


Ji((w + "h v) i’’ d^ dy 


nr. £ 


1" d^ dy 


1/9 


dx'‘ 

du 


J j I Xuiu "h 1 ” d^ dy. 


4/1“* 


Let us denote by e(^, y) the .set obtained from c by the translation with compo- 
nents y. Since e C 12 and 0 < /i < 5, it follows that for all values y relevant 
for (4), e(^, y) C Ri and of course I c(^, i;) [ ~ [ e ] < X, From (3), (4) it follows 
then that 



du dv ^ J* J’ ^ ^ 4 ) I dit dv d^ dy 

$ 

“ 3 ? L £ [// 1 I ” * 


d^dy < e. 


Similarly it follows that 

( 6 ) 



du dv ^ €. 


The Holder inequality (see 1.3.10) yields now, in view of (5), (6), 


(7) 


ff 

jj du dv 


du dv ^ 



du 



du dv 


i/a 


^ ^1/p+l/a 


6 . 


This inequality holds, for given e > 0, for every measurable set e C 12 such that 
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j e I < ), = X(€) Thus the family {dx*‘/du){dy‘/dv) possesses the property (V) 
in li with resj)ect to h. The family (dx^/dv)(di//du) is treated in the same manner. 

IV.4.34. Lot us rcplaec, in 17.4.33, condition (b) by the following condition; 

(b*^) For every oriented rectangle J? C 30, one of i.ho functions x(^t, v), y{ii, v) 
is Lipschitzian in R (seo 1,3. IJ). 

Then the same conclusions hold as in IV.4.33. 

Proof. Proceeding as in IV.4.33, we introduce Ri as before. By assumption, 
one of x(u, v), ij(u, v) is Lij)schitzian on Ri , say x(u, v). Then we have a constant 
M such that (cf. 1.3.14) 


( 1 ) 


^ 1 


Ox 

du 1 

> 

dv 


< M 


a.o, in Hi . 


On the other hand, y{u, a) is ACT on Rf , and hence for every c > 0 we have a 
/i = juie) > 0 such that 


( 2 ) 


II 


dy 

dll 


(hi (Iv, 



du dv < e 


for every measurable set e such that | c | < p,, e C. Rs - Now let c be any mca.s- 
urable set such that | e | < e C. R. By (1), (2) and 111.2,07 wo have (using 
again the notation e(^, rj) as in TY.4,33) 


II 


du dv 



dudv^ujly-^ 

' t 


Xu{u + a + rj) \d^df] < M 


du dv 


in R, 


- iP / A / A [// ^ + ’j) ! du dv dr) 

t 0 

~ M I / j^/J I Vviu, v) 1 du dv d^ dy < Me. 




Since M is fixed and e arbitraiy, it follows that the family (dx^/0u){d}//dv) 
possesses the property (7) in R with respect to h. The family {dx'‘/dv)(dy’'/du) 
is treated in the same manner. 

IV.4.35. Given T as in IV.4.32, let us suppose that T satisfies the hypothesis 
Ho in SD. We mentioned there the surmise that T should then bo eAC in a>. 
We shall discuss now a curious theorem that ina}’^ be interpreted as supporting 
evidence in favor of the plausibility of this surmise. In preparation, wo derive 
a simple lemma. Let T satisfy tlic hypothesis Ho in 3D, and lot l)c a finitely- 
connected Joidan region in 3D. Let us put again 


x\u, v) — J ^ J ^ 2 / + y) d^df). 
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If h is small enough, then by 111.2.06, .c* will be clofinecl and continuous, together 
with its first partial derivatives, in ilt Assuming that h is so chosen, we assert 
that the transformation 

Th'.x == x\u, v), y = y{u, r), (u, v) ^ DJ", 

is eAC in (let us note that Tt^ is rlifforent from the transfoi’inat ion T'' considered 
in IV.4.31). 

PiiooF. Since the partial derivatives of the first ordci’ of v) c.xist and are 
continuous on clearly v) is Lipschitzian in 9?" and hence in every oriented 
rectangle R C On the other hand, on every such rectangle y{u, a) is ACT by 
assumption. Finally, the ordinary Jacobian J (w, T,,) is .siimmablc in 9^”, since 
.u* , .T* are bounded, in absolute value, by a fixed constant in 9t, and arc 

summablc in 9C (cf. IV.4.32(i)), Thus T* satisfies the assumptions of IV.4.34 
(with 3D replaced by 9t“), and hence is oAC in 9i“. 

IV.4.36. Given T \ z ~ l{v)) — x{u, v) -\r iy(u, y), u iv ^ w ^ 3D, as in ' 
IV.2.1, let us suppose that T satisfies the hypothesis Ho (sec IV.4,32). Lot 9? 
be a finitely-connected Jordan region in 3D, Wo take an auxiliary Jordan region 
9t^ such that 9i^ C 3) and 9t C 9t^ . Clearly we have a 5 > 0 siiclr that if («, v) 
is any point in 9f, then the i)oint (j/ 4- a, y T* /3) is in 9i^ and the point (w-f-ce-l- 

y + /3 4- 1 ?) is in 3D if I a I, | l8 1, 1 ^ I, I »? | <2. liOt us introduce the square 

Qs: ~8 ^ a ^ 8, -8 ^ ^ ^ 8 

in an auxiliary «/3~plane. Then tlic transformation 

(x = .r„/j(w, v) = x{u 4- a, r 4- P), 

Ta0 : ] (a, V) e % 

- y(n, v), 

is defined for every choice of the constants a, /3 .such that (a, /S) G Qa . We shall 
establish presently the following curious fact. 

\ TuEOHEftr. Under the conditions just descHbed the transformation 7\fl is eAC in 
9?“/or a.e. choice of the point (o;, /3) G Qj • - ■ 

We subdivide the proof into several steps. 

IV.4.37. Continuation. W^e first show that !/'„(? satisfies the hypothesis //o 
(sec IV. 4.32). in 9i* for a.e. (a, /3) G Qa • Let s(if, y, 5) denote the oriented 
square with center {u, v) and side length 25. Clearly s{u, v, 8) C 9?* if (n, v) G 9i', 
and hence for any point («, y) G 9i 

If \x.{u + a,P + l3)\dadl3 = fj I x„(U, V) I dU dV 

Qi 4(u,ii,a) 

g // V)\dUdV, 


( 1 ) 
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where the last integral exists by IV.4.32(i). Using (1) and the tiioornin of Tonolli 
(see 1.3.10) we obtaih 


//// [ + a, y + /?) 11 y,{u, v) I da d/3 du dv 

Oi 


■II II I Xuin + a H- /3) I da 


d/3 


«) I flu tltr 


tH Oi 


// I X.{U, V) I dU dV If I u,(n, v) I du ,k . 


The last term in this relation is finite by IV.4.32(i), and luauio tlu; <'xiHi{‘nco of 
the quadruple integral follows, and furthermore (sec 1.3.10) the ((uiulriqfio inl.i*- 
gral is equal to 


( 2 ) 


//[// I + «, y + /8) I) y) 1 du daj da d/8 = fj G((x, (3) da d/3, 

0 * « Oi 


where we have put 


(3) 


G{a, ^) = fJ I x^(u + 

w 


a, y + /3) II 2 /v(w, v) I du du. 


In view of the existence of the iterated integral (2), it follows hy 1.3.10 tliat 
G{a, d) IS finite a.e. in Q, and is summablo in Qt . In other words, for a.o. i)oin(. 
(ofj /3) E Qi , the integral (3) exists. A similar argument shows that for a.o. 
point (or, ff) G Qt the integral of the product ] + a, v -|- /3)( | y) j is 

summable in 9? (as a function of u, y). It follows that tlio Jacobian 


J(w, ~ x^(u + a, y + ^)y,(u, y) - x,{u + a, y -b /3)//„(w, 


y) 


18 summable in dl for a.e. choice of the point (a, d) e Qt . Thus for a.o. (a, d) E 
Qi , satisfies condition IV.4.32(ii) in 91®. Since x{u, y), y{\i, v) are ACT on 
every oriented rectangle in 2), obviously x{u + «, y + /3), y{u, v) nro ACT on 

pry oriented mangle in 9i®. Thus satisfies the hypo h^is Ih in r 
for a.e. choice of the point (a, /3) G Qj . 


(1) /.(m, i>; a, /3) - J, 1 ^ 1 + a + ^ 

possesses the property (F) in 9i with respect to h (cf. 1.3. 1 1) . 
holds if , y, are replaced by .'ll, , re.spee lively. 

PnooF. Consip the function G(a, /3) in IV.4.37(3). 
(a, P) is summable m Q, , and hence (see III. 2. 66) 


v) I d^ dr/J I y,(u, o) ( 
Tho same Rtatomont 
As noted in IV.4.37, 
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(2) IP f / -h ^ v) 

^i/l J-h J~h ^-^0 

for a.e. point (a, /3) E Qa • Lot (a, /3) be a point such that (2) holds. Keeping 
(<x, 0) fixed, and using the theorem of Toiiclli (see 1.3.10), (2) can be written, in 
the form 


( 3 ) 


f I fniu, V’,a,0) du dy -> fj | x^u -ha,v + 0 1 1 y.i'U, v) du dv. 
m 81 


By in.2.65 we have (note that a, /3 are fixed) 


(4) Jh{u, v; a, /9) I + «, y + /3) 1 1 y.iu, J fi-o- 

A->0 

(3) and (4) imply, by 1.3.11, that the family (1) possesses the property (F) in ilJ 
with respect to h, Of course, the same reasoning applies if .i:,, , y„ arc replaced by 

Xf j yif , ^ 

IV.4.39. Continuation. We consider now the auxiliaiy transformations 


f .T — y), 

: ] 

i V = v), 

where v) is the integral mean 


(w, v) e 


.Ta/)(W, ^ ! h I h 

ph ph 


and h is restricted by the inequality 0 < h < 5. Cloarly, is defined in 
Now by IV. 4. 37, T^p satisfies the hypothesis II o in for a.e. point (a, /3) E » 

Let (a, 0) be a point in Qj for which this is true. This point (or, 0) will bo fixed 
in the rest of the reasoning. Let now 9in be a sequence of finitely-connected 
Jordan regions that fill up 9?° from the interior (see IV. 1.41). For each n the 
transformation Taph is cAC in 9i“ for h sufTiciently small, by I V. 4. 3 6 (applied to 
Tap considered in JJ®). For each n let us choose an h„ such that 0 < h„ < 1/n 
and such that Tapk is eAC in for h « /i„ . Let us don o to the transformation 
Taph , h — hn , by Tip . Then we have the following facts at our disposal: 

(a) Tip is cAC in , n = 1, 2, • • • . 

(b) Since ^ 0, clearly p{Tlp , Tap , F) — > 0 forn- — ^ , for every closed sot 

F C 

(o) Since Xap(u, v) is ACT in every oriented rectangle in (of. IV.4.37), we 
have the relations (cf. 111.2.07) 


dxlp dXap dxlp ^ 5^ 
du A-o Su ' dv A-»o dv 


386 


IV.4<39 


a.e. in and hence (note that 0 < < lAO 

(1) .r. If I - If i = “ *'”• 

(d) . Since v) is ACT in every oriented rectangle in wc have by 

111.2,67 the foi-mulas 


^ x.(u + c> + S.v + 8+ n) cli dv, 

= 4^5 *.(« + a + f, !» + (3 + ,) dM>l, 


a.e. in 3t®. Trom IY.4.38 it follows therefore immediately that the family of the 
Jacobians J(w, T^), ?i = 1, 2, • • • , posse.sses the property (7) in 9?“. In view of 
(1) it follows that (cf. 1.3.11) 

// IJ(w, T.,) I 

ft ft 

for every oriented rectangle R C 9^. 

(e) Let’ us note finallj'’ that J{Wj is su mm able in 9?”, since (a, /3) has been 
so chosen that satisfies the liypotliosis Hq in 9f”. 

The infonnation contained in (a) to (c) enables us to state that the trans- 
fonnations , Tip considered in the domains 91°, 91° , i’e.spectively, satisfy the 
assumptions of the closure theorem in IV.4.17. Hence Tt,p is oAC in 91°, and the 
proof is complete. 

IV.4.40. The theorem of IV. 4. 3 6 suggests itself, in view of the closure theorem 
of IV.4.17, as a promising tool in attempting to verify the surmise staled in 
IV. 4. 32. Only results of a special type were obtained so far in this direction. We 
restrict ourselves to denying one such special result that is of indeiDCndent im- 
portance. In preparation, we first establish a lemma. Let //(a, j3) be a non- 
negative summable function of or, /3 in the square 
such that 

(1) A f f H(a, 8) rfa d8^0. 

Let A" be a subset of measure zero in Qi , and let e > 0 be given arbitrarily. Let 
Gt be the subset of 0, — on which H{a, /3) < e. Then the point (0, 0) is a 
limit point of G^ . 

Indeed, if the assertion were false, we should have an i} > 0 such that 

^ efor (a,/3) G (Q, - E)Q, , 

Q, is the square — Clearly we can assume ->} <. d. 
Since J | — 0, wo should have then H(a, 13) ^ e a.c, in , and hence obviously 
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l>h i%A 

^ j ^ j H(a, /3) dad^ ^ € for 0 < /i < tj 


in contradiction to (1). 

Now that (0, 0) is shown to be a limit point of G, there follows the existence of a 
point (a, |8) sucli that | a |, | /3 | < e, 0 ^ //(a, /3) < e, (a, P) E: Qi ~ E. Apply- 
ing this result with c = l/n, == 1, 2, • • • , we see that there exists a sequence of 
])oint8 (a„ , /3„) such that 

(a„ , (3„) (0, 0), 0 ^ H{a „ , /3„) < l/n, (a„ , /S„) E Qi - E. 

IV.4.4L Given T : z = l(xo) ~ x{u, v) + iy{u, d), w -j- fv = n; G 3D, as in 
IV. 2. 1, let us suppose that T satisfies the hypothesis Hq (cf. IV. 4. 3 2) . Let us put 

a, j5) - Xu(u + ^ + /8)z/n(w, v) — x,{u -|- a, v 4- /S) 2 /«(n, v). 

Lot us further assume that 


( 1 ) 


1 r r 

L L 


'If 


Z*{w, a, /3) — J{w, T) I du dv da d/3 = 0 


for every oriented rectangle 7? C 3D. Then 7' is eAC in 3D. 

Proof. Lot be a finitely-connected Jordan region in 3D. Using the nota- 
tions of IV. 4. 3 6, v^e restrict the point (cc, /3) by the condition (a, p) E Qi i and 
wo consider in the transformation of IV.4.36, Clearly 

Z*iw, a, 0) = J{w, 7\0), w E r. 


Thus the as.sumption (1) may be written in the form 

(2) \im ^ I' [ Jl I Jiw, T„p) ~ J{w, T) \ du dv da d/0 = 0 


Let us observe tliat the existence of the quadruple integral follows from the argu- 
ment used in IV. 4. 37. Since 91 C 3D, we can choose a finite number of oriented 
rectangles , • * • , such that 9?“ C -Si + ■ • ■ + C 3D. From (2) it 
follows then immediately that 

(3) lim ^ [ f H(a, 0) da d^ == 0, 

where we have put //(a, j3) == //«. \J{v), Ta?) - T) \ du dv. By the 
argument used in IV.4.37 wo ascertain that H{a, 0) exists for a.e. point 
(a, 0) E Qt and is summable in Qj . By IV.4.36 we know that is eAC in 
9J“ for a.e. choice of (a, /S) G Qj • Let E be the set of those points (a, /3) E Qs 
where cither //(a, /S) fails to exist or Tap fails to be eAC in 9J“. Then ] ^ 1 « 0, 
and hence by IV. 4. 40 we have, as a consequence of (3), a sequence of points 
(a„ , /3„) such that 

(4) (a ,, , ^„) (0, 0), //(a„ , 0) 0, (a„ , ^„) E Qh — E. 
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Let us denote by the transformation for q; = «„ , . As an immediate 

consequence of (4), we have then the following relations (of. IV.4.36). 

(a) p{T„ , Tf F) 0 for -->oo, for every closed set F C 

(b) f „ is eAC in = 1, 2, ■ • • . 

(c) JJ I J(w, T„) - /(w, T) I du dv—>0 for n ~>oo . 

K" 

A fortiori} this holds for every oriented rectangle R C 
In view of (a), (b), (c), it follows by the closure theorem of IV.4.18 that T is 
eAC in 9^**. Since was an arbitrary Jordan region in 3D, it follows by IV.4.20 
that T is eAC in SD. 

IV.4.42. We shall discuss presently certain convergence theorems involving 
Jacobians. Let there be given a transformation T z ~ i{w), ra E as in 
IV.2.1, and also a sequence of transfonnations T„ : z = l„{w), w ^ ^ such that 

the following conditions hold: 

(i) If F is any closed set in SD, then F Q SD„ for 71 sufficiently large, and 
piT„ , T,F)~^0 for n ->« (cf. IV.1.1). 

(ii) The ordinary Jacobian J{w, T) exists a.e. in and is summable in 2). 

(iii) Tn is eAC in SD„ , = 1, 2, • • • . 

Theobem. Under the condiUons just stated, there exists a sequence of measurahte 
sets Fr, , s«c/i that F„ C £>„ , 71 — 1, 2, • • • , and 

If 

Vn a 

The proof will be made in several stops, Lot us note that wo work witli the 
ordinarj'^ Jacobian for T and with the generalized essential Jacobian for T„ . 
It would be very desirable to replace in this theorem, if possible, J(w, 2’) by 
T). The above statement is merely the best that is available at present.' 
IV.4.43. Continuation, Let be any domain in 3D, We define 

= gi’-hb, I JJ J(w,T) - jj T„) , 

D. U 


v'here the greatest lo\ver bound is taken with respect to all sots E such that 
(a) E is measurable (possibly empty), and (/3) C SD*3D„ . It may happen, 
of course, that 9D^SD„ = 0, and in this case the set ^ = 0 is the only set that satisfies 
the conditions (a), (|9). To take care of this case, we agree that an integral 
taken over the empty set is equal to zero. Then 


If 


if 3D*aD„ = 0. 


•The problem just referred to has been solved since by P. V, Reich cldorfer. 
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If SD^3D« ^ 0, then \vq can clioosc B as a set of measure zero, and wo obtain 

^r.(a)*) ^ I // </(«>, y) 

3D* 

Thus in either case we hiive (he inequalities 

(1) 0 S X.(»,) S |/| /(w, T) N// I • 

a>» 3D* 

We defino furilior 

(2) ^(10^) = limsiip X„(aD^). 

«-»€» 

By (1) wc have then the inequalities 

(3) 0 S X(!D,) S I // J(w, 2') S // I J{w, T) \. 

»• SD* 

IV.4.44. Continuation. Lot now «i , * • • , ► be a soqucnco of oriented 

squares with the following properties: (a) S/ C SO, y == 1, 2, • ■ • . (b) = 0 

for j 7^ ](. (e) I JD — £ S/ I == 0. We assert that 

(1) X(1D) ^ E X(s?). 

Proof. Give any e > 0- By the definition of X„(s/) wc have in s5®„ a meas- 
urable (po.ssibly empty) set E„i such that 

// J(w, T) - fj S.(w, T,) < X„(s;) + ./2'. 

•I Bnf 

Let us put jB„ , the summation being taken for fixed n with respect toy. 

Then C 3)2)„ , and hence, in view of conditions (a), (b), (c), 

) 

30 /Ju 

(2) “ I Is // “ Is // 

>} ^ni 

S i; I // ./(», 2’) - // g.(w, 2'„) < £ X.® + e, 

-Bn/ 

Now take any positive integer i Wc have then (see IV.4.43(l)) 

t, x.(s?) S E K(s1) + x: ([ \J(v>, 20 |, 

J-1 J-l {-> + 1 •* *> 


Us>) S JJ J(v>, T) - Jj SM T. 
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For n — >co there follows the inequality (of. IV. 4. 43 (2)) 
(3) limsup 2 ^ 2 ^(®?) + 2 ff 1 

n-*<D /-I i — l jmt+l "J 

•< 


By conditions (a), (b), fc) we have 

jl \j{iD,r)\ = tjf imT)]' 

ID >1 


Thus the infinite summation on the right in (3) is the remainder of a convergent 
infinite series, and hence converges to zero for f -» w . Thus (3) yields, for ^ eo , 

(4) lim sup 2 X„(s”) ^ £ X(s/). 

»-»«> /"I /«i 

(2) and (4) yield, for w — »<», the inequality 

X(Ii) S 2; X(s?) + e. 

/ wl 

Since 6 was arbitrary, the inequality (1) follows. Let us note that the infinite 
series in (1) is convergent; indeed, by IV. 4.43 (3), 

m !?') I “ // 1 ■’<}»> T) i. 

a> 

IV.4.45. Continuation. Now let us define a subset i? of SD as follows. A 
point w 6 a) belongs to if and only if there exists a sequence of oriented 
squares S)(u>) , * • • , S{(ttf) , • • • with the following properties: 

(1) The center of s^w) is w, f « 1, 2, • • • . 

(2) I s, (a ) I 0 for 

(3) X[s?('w)]/( S, (w) I — > 0 for f -4 ca , 

where s“(ta) denotes the interior of s,(w). Wo shall prove that 

(1) I a) - H I = 0, 

but we want to verify first that if (1) is established, then the theorem stated in 
IV.4,42 follows easily. Suppose, indeed, that (1) is known to hold. Give any 
€ > 0. Let w be a point in Zf, and let s,(ta) be a sequence of squares with the 
properties (1), (2), (3). By discarding, if necessaiy, a finite number of these 
squares, we shall have 


8i(u>) c a>, 


x[g?(w).1 

|s,(w)| 


< 6 


for all the remaining (infinitely many) squares. Let now IF be the family of those 
oriented squares s C for which X(s°)/| s | < e. By the preceding remarlcs, the 
squares of the family ff cover the set H in the manner required by the Vitali 
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covering theorem (see 1.3.3), and hence {7 contains a sequence Si , * • • , s, , ■ • • of 
oriented squares such that s, C 2D, y — 1, 2, • • • , = 0 for j ^ k, and 


H 


T,Sf 


= 0 , 


h(Sl 
Is. I 


< 


,/= J,2, 


Tn view of (1) it follows that 


I ^ 

Ily IV. 4.44 we have therefore 


±S, 

1-1 


= 0 . 


Hi>) S E X(«;)< « Z I «/ 1 = « I a r 


/-I 


f-l 


Since « was arbitrary, it follows that X(9D) ~ 0. Now by definition X(D) = lim 
sup X„(SD), and since Ki^) ^ 0> it follows that 


( 2 ) • 


x„(sd) — > 0 


for 


By the definition of X„(3D) (see IV.4.43), wo have a measurable (possibly empty) 
sot V„ such that 


( 3 ) 


v„ c aDiD„ , 


// J(w,T)- If 

3) rn 


< Xrt(3)) -{- “• 


(2) and (3) imply that these sots y„ possess the properties stated in the theorem 
of IV. 4.42. As far as the preceding argiunont is concerned, several or even all of 
the sots V„ may bo empty, If this is undesirable for some reason, we can replace 
each empty V„ by any subset of measure zero of ©« , and tlie modified sequence 
is then adequate for the theorem and consists of nonempty sets. 

IV.4.46. Continuation. It remains to prove that | 3) — [ ~ 0 (see 

IV.4.46). Lot G denote the subset of 3D defined os follows, A point Wo E 
belongs to G if and only if the folloAving conditions hold: 

(i) J{Wfi , T) exists. 

(ii) There exists a sequence of oriented squares s, = 1, 2, • ■ • , with center 
at iVo , such that | «/ | — > 0 and wt(s,) — > 0 for i — > » . The symbol in{S}) is used 
hero in the sense of IV.3.31 and is relative to the auxiliary affine transforaiation 

{ X - ajo + a(u - Wo) + b(v - Vo). 

T* : < 

[y - Vo c(u ~ Mo) + d(v ~ Vq), 

where Xc + iyo = t{v}o), Xk + iva = Wo , and a — .^«(uo , ro), & * •'i5»(^^o . Vo). 
c = 2/«(wo , Vo), d ~ y,(no , Vo). Note that these partial derivatives exist by (i). 

(iii) T)/\ s I — ^ J{Wo , T) for every sequence of oriented squares s 
such that I s I — > 0 and M>o G s. 

Since by assumption ,/(m/, T) exists a.e, in SD, (i) and (ii) hold for a.e, point 
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«’o E ^0 (see 1.3.13, 1.3.14). Since ])y a.ssumpiion ,/(ta, T) is suintniiljh) in ■!), 
(iii) also holds for a.e. point Wo E (see 1.3.13). Honco ) fO — (? | — 0, and (hus 
the relation | a) — F j - 0 will be proved if wc can show that 

(1) • EC H. 

Let us finst verify that the conditions 

(2) E 0 and J (rwo j !?’) = 0 

imply that Wo E H. Indeed, let us assume that (2) holds. Lot «, 1)0 a 
of oriented squares satisfying condition (ii). By IV. 4.43 wo ha^'o. 

0 S XM) & jj J(w, T) . 

By (2) and condition (iii) it follows that 


0 ^ limsup g I ./(«jo , 7’) ( = 0. 

I-*® [ £S; ) 


rhus Ms“)/ 1 5, H 0 for j 00 , and henco E II (cf. TV. 4 . 4 5) . I lonco, in p n ) 
mg (1), It IS sufficient to consider points that satisfy (,ho further {soiulition 

(iv) /(wo, T) 5^ 0. 

Thus we have to prove that if a point «)o E 5) satisnes the conditioii.s (i), (il) 
(in), (iv), then w^^H. ^ ^ 

w; pum“(n)) ^ ® ^ 

A = ad - , T) 0. 

auxiliary affine transformation T'' described in IV.4.40(ii). In 
Zre Js^\vhhZf'"? ^ ^ n 

condition IV 4 Squares that satisfy the 

“ality tat U. I -> 0 and »(a,) ^ 0, ,vo can aaaumo wiUtotU Urn 

*' "»(«/) < /e/2''", ,' = L 2 ... 

Furteanore, in ™,v of IV.4.42(i), wo have an a. such that 

<? r- ^ 

G m . c 1D„ ^ ^ 

lottLo;Ltontomerqittf '"“in 

smaller square a; aa in IV, 3.32. let na «. 1^4^46“!)”^'°*'“ 

v't - T*(s',). 

By IV.4.46(ii) and IV. 3. 30 we have then 

Ipj I = I ./'(wo, 2’) I I s,''|. 
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In view of IV/i.'^G(iv), wc have by IV.3.35 ii{z, T, s,) = sgn J(wn , T) lA 0 
for z E:W> ' IV.4.42(i) and IV, 3 36 we have an a( j) such iliat 

(6) \i{z, T „ , s,) == sgn J(wn,T) ^ 0 for zSp', ,ti> n{j). 

By IV.3.15 (applied to 2',, coiiHidorcd in .9,), it follows from (2), (3), (5) that 

n(z, T „ , s,) = v{z, T„ , , 9 '/) a.e. in p' , n > n(j). 
Integration yields, in view of (5), the formula 

(0) j v(z, T„ , s") = \pl\ sgn /(wo ,T), n> n{f), 

^ i'} 

(4) and (G) yield " 

(7) / f-j n , el) = .7(Wo , 7') I < t, n> n(j). 

Now let II {z) denote the characteristic function of the set pi , Since T„ is oAC in 
and hence also in s? by (2), wc have by IV. 4. 4 the formula 

(8) / f 7’.) = // rmein. 2’. , S5), ft > n. . 

Now II (z) s= 1 in pj and II (z) = 0 olsewhere. Hence, by (7), 

'(0) / [ Tn , el) = Jiwo , r) I «; I, ft > ftO). 

On the other hand, in s? the function //[/n(w)] clearly coincides with the charac- 
teristic function of the sot En == Hence 

(10) fj II[in(w)]S.iv}, ?;) = jj Tn), n>no . 

» , Sn 

(8), (9), (10) yield ■ 

JJ ^,(w, T„) = J{Wo , T) I sf I, n> n(j). 

Since iS„ C s? , it follows that (of. IV. 4, 43) 

x.{s5 i I // Jiw, T) - JiWo , 3’) I s( I |. 

*1 

This inequality holds, according to its derivation, if ? 2 , > n(j) and n> Uo (cf, (3)). 
Keepings fixed, we can therefore make n ~^oo, and we obtain (cf. IV. 4.43) 
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(11) x(s;) g |///(w, r) - /(lo. .y) |s;i 

Now "we make j By IV.3.32 we have 



Since m{Sj) — > 0 for j (see IV.4.46(ii)), it follows that 

fori-*>oo. 

On the other hand (see IV.4.4G(iii)) 

jj J(w, T)/\ 1 J(Wo , T) fory . 

‘I 

From (11) tliere follows now the relation 

^(s?)/| S/ j 0 for y — > ffl . 

Thus Wq ^ H (cf. IV. 4. 46), and the proof is complete. 

IV.4,48r On account of its importance in applications, wc state a special case 
of the theorem in IV. 4.42 explicitly. Let there he given a transformation T \ z ^ 
^(w), w G 3D, as in IV. 2.1. Let T„ : z Liw), w E: , he a sequence of quasi- 

linear transformations (see IV. 4.30). Suppose that the following conditions hold: 

(i) If F is a closed set in 5D, then F for n sufficiently large, and p{Tn, T,F) 
—^Qforn^^ (cf. IV. 1.1). 

(ii) The ordinary Jacobian Jiw, T) exists a.e> in tO and is summahle in 3D. 
Then there exists a sequence V„ of measurable sets, such that V„ C 9t,i , n = 1, 2, • ■ • , 
and 

Jj J(w, Tf) — > JJ J(w, T) ' forn~*oo. 

Proof. By IV.4.30, IV.4.28, T„ is sAC and hence eAC in . Since T„ is 
quasi-linear, J(w, T„) exists a.e. in 3?“ and, by IV.3.42, J(w, T„) = ^,(w, T„) 
a.e. in . Thus the above statement is a direct corollary of IV,4.42, Let us 
note a simplification in the proof if one wants to prove this special theorem inde- 
pendently. Since T,, is quasi-linear, the transformation formula used in IV.4.47 
(8) is practically trivial, and thus IV. 4.47 (8) can be used without reference to the 
general tlieory of eAC transfoimations. 

IV.4,49. Let us point out a significant relationship between the theorem in 
IV.4.42 and the lemma in IV.4.11. Let the transformations T, T„ satisfy the 
as.sumptions of IV.4.42. Let F be an oriented rectangle in SD. For n large enough, 
we shall have 72 C SD„ . Hence, for n greater than a certain Ug , we can consider 
the transformations T, T„ merely in R°, and the assumptions of IV.4,42 are 
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clearly still satisfied (with [D, 1)„ all replaced by 1^°) Hence, by IV. 4.42, we have a 
sequence of mcnsiiiablo sets V„ C /i*". such that 


and hence 

( 1 ) 


JJ j(w T) = Urn fj 'O, 

/?“ V,. 


Ij .m T), 


^ lim inf 

ri-»CO 


II I 3.(y>,'J-..) |. 


Now since J{w, T) is summable in ;d, wc can, for given e > 0, select a finite 
number of nonoverlapping oriented rectangles Tfi , • • • , 7?,„ in 3), such that 
(see 1.3.10) 


( 2 ) 


If I T) I < g I // T) 

w lii 


4" e. 


From (1) and (2) we obtain 


( 3 ) 


[ f I J{Wf 7’) I ^ e 4- lim inf [[ \ 'i\) |. 

* TI-ICO ^ 0 

iO Hi 


On the other hand, /l^l 4- • ■ • 4- C tD,i for n sutlicicntly large. Since e was 
arbitrary, there follows therefore from (3) the inequality 

(4) jj \ J(u),T) \ ^ If I 

D Xln 

Now suppose that we replace, in IV.4.42, condition (ii) by the condition; 

(ii*) exists a.e. in SD and is summable in SD. As noted previously, 

it is not known at present whether the theorem of IV.4.42 remains valid (with 
J(w, T) replaced by ,0,(w, T) in the conclusion, of course). The significant fact 
is that wo can still prove that (4) remains valid if J(w, T) is replaced by ^ .(w, T). 
Indeed, lot Wq be a fixed point in ID. Let us denote by S),t the component of SSDn 
that contains Wq , In view of IV.4.42(i), 3D,t 0 for n sufficiently largo, say 
n > iio . Thus 

(6) // I ?’») I g // I T„) I foi‘?i > no . 

lOfi * 3Dn 

We assert that 


// I Seiiv, T) I g // I I- 




( 6 ) 


396 


JV.I.IO 


Indeed, if the lim inf is infinite, then (5) is obvious. If tlio Urn inf is finito, l h{»n 
(6) follows directly from IV. 4. 11 in view of (5). This argument also show.s that 
(6) remains valid if condition IV.4.42(ii) is replaced by the oondition: 

(ii') lim inf [ [ \ T„) | < + oo . 

n-ico ^ V 

Indeed, condition (iiO implies, by IV. 4. 11, condition (ii*). ^J^Ixiis it appears tliat 
the inequality (6) holds under assumptions that are not known at pre.sont to bo 
sufficient for the validity of the theorem of IV.4.42. 

IV.4.S0. Let 91 be a bounded, finitely-connected Jordan region in tho ta-pljiiU!, 
and let y’ : z = i{w), wQdl,T„-.z = wE%n= I, 2, ♦ • ■ , bo contimmuH 
transformations in 91 (and not merely in 91“). Lot us assume iliat tho following 
conditions hold; 

(i) T and T„ are e’AC in 91”, a = 1, 2, • • • . 

(ii) I T(91 ~ 91") I = 0. 

(iii) p(T „ , T, 91) ^ 0 for 71 -^00 (ef. IV. 1,1). 

// ! 5«(^> T„) I-* jj I ^,(w, T) I for n -^03 . 

Dt" 91 “ 

Under these circumstances we assert that (cf, IV. 1.24) 

// I k(s, r, 9i) - /.(«, r,. , 9i) I -► 0 for»->». 


a.o. in tho «-plann. 


PnooF, By conditions (ii), (iii) and by IV,1.26 
m(^!, , 91) -> ii{z, T, 91) 

n-*a 

By 1.3.11, (1) will follow from (2) if wc can show that the scqiionco u(z, T,, . 91) 
possesses the property (7), and we proceed to establish thiB property. By 
IV.3.17 it is sufficient to verify that the sequence «(z, , fXl®) nosscascH tho 

property (7). Nowby IV.1.52 (cf. condition (hi)), ' ^ ^ ^ 

(3) lim inf k( 0, ^ y jjjov 

On the other hand, condition (iv) yields, in view of IV. 4. 7, 

(4) 


If y’n , 91") JJ k(z, T, 91") 


for 71 — > 00 , 

Now let us observe that, as a consequence of condition (iii), all the sols ?'(Si) 
Ton * V j 91 ) vanish outside of such a disc (soo TV 1 /I7'i 

® . n 

The theoiem of IV.4.50 suggests the following approibch to tho study 
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of tho iraiiHformation of double intcgrftl.s. For ciuasi-linoar traiisformalions the 
formulas listed in IV.4.21 arc practically trivial. Tho theorem of IV. 4.50 
makes it scorn plausible that for more general transformations approximations 
by quasi-liiiear functions will yield l.hc de.sircd transformation formula.®. It is 
not clear at present what the scope of such an approach would be. 

IV,4.52. We shall now take up tho study of transformations T that possess 
special features of a topological rather than metrical character. We shall 
restrict ourselves mostly to deriving results needed in the sequel. Lot us sujjpose 
that the tran.sformation T \ z = t(w), w S given as in IV. 2. 1, is biunique in 30. 
Tliat is, Wi 5^ Wi implies that t(i 0 x) 9 ^ The following facts are then obvious 

comscquenccs of the delinitions of tho terms involved, in view of well known facts 
in the topology of the plane (see 1.2.47, 1.2.49). 

(i) Since T is bounded by assumption, T{S)) ~ SD'' is a bounded domain in 
the 2-plano, and T is a liomcomoi-phism between 3D and 3D* . Tl\e transformation 

is again continuous, liouiidcd, and biunique. 

(ii) If tco G 3D and Zn = t{wo), and if ^ is anj*- simply-connected Jordan 

region in SD such tliat % 0 o ilien n(z, T, (cf. IV. 1.24) is -f-l if T is sense- 

preserving, and —3 if 7’ is sonsc-revorsing. 

(iii) From (ii) it follows that tho sots ff, N, fi, fi* defined in IV. 1.56 all coincidp 
witli 3D, and the sot On defined in IV. 1.78 is empty, lly IV. 1.47 it follows that 
k(z, T, 3D) = N(z, T, 3D). Finall.y, the local index i,{w) (cf. IV.1.75) is equal to 
+ 1 if is sensc-presorying and equal to — I if ^ is sense-reversing, and i,(w) = 
i„{w) everywhere in ID (cf. IV. 1.76). It follows that the concepts cBV and sBV 
coincide as well as tho concepts oAC and sAG (cf. IV.4.1, IV.2. 11, IV.2.13). 
In fact, cBV and sBV coincide with BVID while oAC and sAC coincide with 
AC3D (cf. IV.2.J1, IV.2.39). 

(iv) In view of the remarks made imdor (iii), it is clear that the Jacobians 
^J«(w) coincide (sec IV.3.2J). Tlieir common value will then bo denoted 

by ^{v>) and will bo termed simply the generalized Jacobian. The common value 
of tho local indices i,(w) (sec (Iii)), will bo denoted ])y i{w). 

IV.4,53. Continuation. A biunique transformation T, as described in 
IV.4.62, is topological (.see T.2.29). In view of IV.4.62(iii), we use only 3D itself 
as a base-set if T is topological. It follows immediately that a topological T is 
always BV3D in ID. Indeed, if , • • • , R„, is any system of oriented rectangles in 
SD such that — 0 hrj 5^ Ic then 2'(f^i) , • * ■ , T(Rt) are disjoint open sets in 
tho bounded domain 3D* = 7’(3D), and hence (cf. IV.2. 10) 

»i tn ' 

As a consequence, tlic derivative D(w, 3D) exists a.o. in 3D and is summable in ID 
(sec IV. 2.32). Furthermore, a.o. in 3D, ^{w) = D(w, 3D) if T is sense-preserving 
and^(iy) = — D(w, 3D) if T is sense-reversing (sec IV.3.21, IV.4.62). 

IV.4,54. A topological transformation T (cf. IV.4.63) will bo termed inmmrahh 
in SD if T{li!) is a moasurnlilo sot as soon as R is measurable. We assert that T is 
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measurable in 2D if and only if | ^’(e) | = 0 for every set e C SD of measure zero. 

Proof, (i) Suppose that | T{e) | = 0 for every set e C S) of measure zero. 
Let E be any measurable set in 2D. Then we have a decomposition E ^ G e, 
where G is a Borel set and | c | — 0 (see 1.3.7). It follows that T{E) — T(G) 4- 
T(e). Now T(G) is measurable (see 1.2.46), and | T(e) | = 0 by assumption. 
Hence T(E) is measurable. 

(ii) Suppose that T is measurable. Let e be any sot of measure zero in 2D. 
Suppose that T{e) is not of measure zero. Since T is measurable, _7’(<^) meas- 
urable. Hence (see 1.3.7) T{^ contains some nonmoasurablo set Since T is 
topological, the set E ~ T~^{E) is a subset of e. Hence | ^ | =0, and thus 7? is a 
measurable set whose image T{E) — E is nonmeasurable. This contradicts the 
assumption that T is measurable. 

IV.4.5S. A topological transformation T (see IY.4.53) is AC'S) in 2D if and only 
if it is measurable in 2D (cf. IV.4.64). 

Proof, (i) Suppose that T is AC9D in 2D. I.et E be aiij'' monsurablo sot in a>. 
By IV.2.48, N{z, T, E) is then mea.surable. Now ?’(/?) is preci.soly the sol- 
where N{Zy T, E) = 1. Thus T{E) is measurai>le. 

(ii) Suppose T is measurable in 2D. Then j T{e) \ = 0 when (nun* c C :0 and 
I.e I = 0, by IV.4.54. Since T is BV2D in 2D by IV.4.53, it follows by IV.2.‘12 
that T is AC9D in 2D. 

IV.4.56. Given _a topological transformation T (sec IV,4.53), lot '\)„ bo tli(} 
subset of S) where H(to, 2D) = -|^ oo (see IV.2.S8). Then T i.s AC!! wil-h r(^spoct to 
the base-set 2D - 2D„ by IV.4.63, IV.2.6], and by IV.2.05, IV.4.53 it follows that 
T is ACaD in 5) if and only if | r(aD„) j = 0. Equivalently (cf. IV.d.fih), T is 
measurable in 2D if and only if | !r(2D„) | = 0. 

IV.4.57. li T :z = t{w), w G 2D, is a topological transformation, tlion clearly 
T is topological in 3)* = T(S)) (cf. IV.4,53). However, if T is moasui'able 
(see IV.4.54), then it does not generallj'’ follow that is also measurable. 
Let now 3Do be the subset of S) on which Z)(iy, 2D) = 0. Suppose O' itself is meas- 
urable. Then we assert that is measurable if and only if | JDo | = 0. 

Proof, (i) Suppose | 3Do | = 0. Let e* be any sot of measure zero in 
3)* = T(3)), and put e = T ’(e*). Let H(z) be the characteiistic function of cL 
Then cleaily H[f(?o)] is the characteristic function of 6, and since T is io})ological, 
we have H{z) = N(z, T, e). Since T is measurable, there follows by IV.4,65. 
IV.2.63 the foimula - 

ff D{v), SD) := I e* I = 0. 

Hence D{w, 3D) = 0 on e - Co , where Co is a certain subset of measure zero of e. 

J .1 ^ ^ since cq and 3Do are both of measure zero, it follows 

that e Itself is of measure zero. Thus j e* | = 0 implies that I e i = I T" Ve*) I = n 
Hence T is measurable by IV.4.54. 

(ii) Suppose conversely that T~^ is measurable. Since D{w, 2D) is Borel 
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measurable (see III. 1.24), the set 3Do is a Borel set. Since T itself is measurable 
and hence ACSD in 2D (see IV.4.56), we have by IV. 2.44 the formula 

(1) 0 = II D(w, ») = 

3>o 

Now since T is topological, we have (ef. IV. 2. 21) 

(2) M(a)o) == I T(2 Do) |. 

(1) and (2) imply that [ !r(2Do) ] — 0. Since T~^ is measurable by assumption, 
it follows by IV.4.64 (applied to T~^) that 2Do = T~^[T{^q)] is also of measure 
zero. 

IV.4.S8. Let T : z = i{w), oa £ 3>, be topological and measurable in 3D (see 
IV.4.53, IV.4.64). By IV.4.66, T is then AC2D in 3D, and thus sAC in 3D (see 
IV.4,1). Hence all the results derived previously for sAC transformations apply 
to T. In writing the various transformation formulas for T, the following 
obvious simplifications take place due to the fact that T is topological (of. 
IV.4.62). 

(i) If T is sense-preserving, then viz, T, SD) = +1 foi' « G 2D* = !r(3D), and 

v(z, T, 3D) = 0 elsewhere. If T is sense-reversing, then viz, IT, 3D) = — 1 for 
2 ^ = T(3D), and viz, T, 3D) = 0 elsewhere. , 

(ii) Kiz, T, SD) - Niz, r, SD) - 1 for z e = Ti^\ and k(z, T, 3D) - 
N(z, y, 3D) — 0 elsewhere. 

(iii) If Hiz) is a finite-valued, measurable function in 2D* = T(3D), not defined 
outside of SD*, then our transfoimation formulas still apply, even though we 
assumed previously that Hiz) was defined and measurable in the whole z-plane. 
Indeed, in View of (ii), the values of Hiz) outside of 3D* are not used at all in the 
transfoimation formulas. We may also note that wo can extend the definition 
of Hiz) to the whole plane by setting Hiz) = 0 outside of 3D*, the extended func- 
tion being then clearly measurable in tlic whole plane. 

In view of these simplifications, IV.4.22 yields the following results. We have 
(cf. IV.4.62(iv)) 

||H[((w)]la(w)l = ||w 

» r{iD> 

for every finite-valued, measurable function Hiz) in 3D* = T(S)) as soon as one 
of the two integrals involved exists. The formula may be used also for functions 
Hiz) that fail to be finite on some set of measure zero, as explained in IV.4.6, We 
liave further (case H = 1) 

If 1 3(w) I = I ns>) I- 

Si 

If the ordinary Jacobian Jiw) == - a),yu happens to exist a.e. in 3D, then 

^iv)) can be replaced by Jiw) in these formulas (see IV.4.22). If T is sense- 



V. 



'Al 
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preserving, then | ^{w) | can be replaced hy^iw), and if T is sense-reversing, then 
I ^{w) I can be replaced by Si'^) In the preceding formulas (cf. TV.4.53, IV.4.58). 

IV.4.S9. Given T as in IV.2.1, let ta be a point in 3D. Lot X > 0 ])c so small 
that 1 w — w* j < X implies w* G SD. Let us define, for 0 < p < X and given to, 


Liw, p) 


I i(w*) - i{w) 
I to* — to I 


for 0 < I to* — to I ^ p. 


Clearly, L(w, p) decreases as p decreases, and hence wo can define 

L(w) = lim L(to, p) for p —> {). 


L(to) may be of course infinite. 

IV.4.60. Suppose that T '.z ~ i(to), to £ 3D, is topological (see IV. 4. 53) and 
L(to) < -f " everywhere in 3) (see IV. 4. 69). Then T is sAC in SD, and the 
ordinaiy Jacobian J(to) exists a.e. in 3D. 

Proof, Let tOo be any point of 3D, and let s„ bo any scquonce of oriented 
squares such that tOo G C 3D, | s„ | 0. If is tho side length of then 
(cf. IV.4.59) 

I i(to*) ~ t{wo) I ^ L(iOo , 2^'\) [ to* - tOo ! ^ , 2'a) 


for to* G . Thus T{s,) is contained in a circular disc of contor i(tOo) and radius 
r„ = X(tOo, . Hence 

I T(sl) I ^ 27r I s,. I [X(tOo , 2*^%)]^ 


For n ^ + 00 there follows the inequality 


lim sup 

n-*a> 


I TiA) I 
Is. I 


S 2irL(woy < -p.o) . 




Smee this holds for eveiy sequence s„ such that tOo G s" C 3D, [ s„ | -> 0, wo liavo 
D(tOo , 3D) < H- “ . Since tOo was any point in 3D, it follows that tho sot 3D» of 
IV.4.56 is empty, and hence T is sAC in 3D (see IV.4.66). Tho oxistonco of J(w) 
a.e. in 3D follows from 1,3.14. 

IV.4.61. Suppose that T, given in the form T : z = t(w) = a’(t/, o) + iy{n, v), 
to = tt -f e aD, satisfies the following conditions: 

(i) T is bounded and topological in 3D. As a consequence, 3D* = 2Y3D) is a 
bounded domain in the 2-plane. 

^ (u) The partial derivatives , t;, , ?/„ , exist and arc continuous evorywhero 

in ^ 


(iii) The ordmaiy Jacobian J{w) = x,y. - x.y., is cUrferont from zero in «. 
As a consequence, J (to) has constant sign in 3D. 

Then T-' satisfies the same conditions in B* = ?’(») and 2' and 2'“‘ are both 

^ of fV.4.60. Indeed, llio hiocinaUty 

( ) +00 follows readily from the Lagrange mean value 1-hcorem in view of 
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condilion (U), T ’ is sAC ))y IV, 4. 57, IV.4.55, and condition (iii). If T~^ is 
written in the form 

T~^ : u = w(.r, y), v = y(.r, y), v) € 7’(SD), 

then the existence and continuity of , u„ , follows by well known theorems 
on implicit functions by condition^ (iii). Finally, if J(z) denotes tho_ordiuary 
Jacobiim of 7’"‘, then direci, computation yields the formula J[T~^ (z)]J (z) = 1. 
Hence J{z) ^ 0 everywhere in T>*. 

IV.4.62. Given a topological transformation T \ z ~ la G 3D (see IV.4.53), 
the inverse transformation is bounded and topological in 3)* = !r(3D). We 
shall say tliat T is hmeasurahle in SD if T, T"'^ are both measurable in 3D and 3D* 
respectively (cf. IV.4.64). 

Suppose that T is himeasurahle in 3D. Let us denote by ^(w), ^*( 2 ) the generalized 
Jacobian s of T, T~^ respectively (cf. IV.3.21, IV. 4. 65, IV. 4, 52). We assert that 

^(w)^*[7’(.aj)] = 1 a.e.in 3D, 

( 1 ) 

^^{z)g[T '( 2 )] = 1 . a.e. in 3D^ 

PnooF. By reasons of symmetry it is clearly sufficient to prove (1). By 
IV.4.65, T and T~^ are botli sAC. Let now s be any oriented square in 3D. Then 
is sAC in T{s'^) (cf. IV.4.1), and hence we have the formula (see IV, 4. 58) 

(2) U”I = //|^(*W|. 

T(.“) 

Furthermore, T is sAC in s“. Hence, by IV.4.58, 

(3) // 1 1 1 I = If I |. 

*0 7 '{, 0 > 

(2) and (3) yield 

// 1 n ii(w) I - I j. 

a" 

Since this holds for every oriented square s C 3D, it follows that (cf, 1.3.13) 

(4) ' 1 ^(w) M 1 = 1 a.e. in 23. 

Now T and are either both sense-preserving or both sense-reversing. Hence 
(4) yields, in view of IV.4.53, the formula (1). A remark is in order concerning 

(3) . To write this formula, we have to know (cf. IV. 4. 68) that ^*( 2 ) is finite a.e, 
in 3Db This is of course the case, since yMs sAC in 3D*., However, we can even 
assert that 5*[i(iy)] is finite a.e. in 3D, as a consequence of the fact that sets of 
measure zero are carried into sets of measure zero by both T and T~^ (see IV.4.55, 
IV.4,54). 


402 


IV.4.63 


IV.4.63. Let there be given two transformations T : z ~ t(w), tw G 2 ), : 

z == G , as in IV.2.1. Those transformations are not assumed to be 

topological. On the other hand, w 6 assume that they are topologically similar, 
that is, we assume that there exists a homeomorphism 7(30) = 2 D^ such that 

t{w) — t^{T{w)) foritf G 2)j 

and hence also 

The following statements are then obvious consequences of the terms involved. 

(i) If C 90, and = t{B), then N{z, T,E)=^ N{z, , B^) (of. IV.1.1). 

(ii) If 7 is an essential maximal model continuum for a point z under T in SO, 
then 7 ^ ~ 7 ( 7 ) is an essential maximal model continuum for the same point z 
under in 3)^ (ef. IV. 1.46). 

(iii) Let i,(w), i,,,,(w^) denote the essential local indices relative to T, 

(see IV. 1.64). Then i,{u>) ~ n*(r(i«)) if 7 is sense-preserving, and i,{w) = 
— «,^(7(io)) if 7 is sense-reversing. 

(iv) k(z, T, so*) = k(z, , 7 ( 30 *)), for every z and for every subdomain SO* 
of 33 (cf. IV.1.47). 

(v) As a consequence of (iv), T is oBV in 33 if and only if is eBV in 33^ 
(cf. IV.4.1). 

(vi) Let JV, fi, 8* be the sets associated with T in the sense of IV. 1.56. Then 
r(N), 7 ( 8 ), r(8*) coincide vith , 8* , associated in the same sense with . 

(vii) Let (B be a Borel set in 33. Since 7 is topological, 03^ = 7((B) is then a 
Borel set in 33^ (see 1.2.46). As a consequence of (1) and IV.2.13, T is BV(B in 33 
if and only if 7'* is BV(B^ in 33^ . 

IV.4.64. Continuation. Let us now add the assumption that the homeo- 
morphism 7 is bimeasurdble (see IV. 4, 62). Let us denote by j{w), the 

generalized Jacobians of r, 7 “* respectively. By IV.4.62 wo have then 

j('^)3*i'r(w)) ~ 1 a.o. in 30, 

( 1 ) 

^ a-e. in 90* . 

Let us now assume that T is eBV in 33. By IV.4.C3(v), 7'* is then eBV in 33* . 
Let iJ<*(w*) be the essential generalized Jacobians relative to T, 7’* . 
TT^e assert the formulas 

(2) SM ~ S a.e. in 33, 

(3) <0 = «0.(r"'(u>*))i*(«>*) a.o. in 33* . 

Proof. Let s be any oriented square in 33. By IV.4.63 (iv) wo have 
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By IV.4.8 (applied to in rifP)) we have the inequality 

(5) // I S.>*) is// ,r(s”)). 

Since r is measurable and hence sAC, wo have’ by IV.4.68 

'(6) ff I I =" // I ||i(w) (. 

s’ 

<4), (5), (6) yield 

fj k(z,T,s°) ^ fj \ Se^iriw)) ||i(w) |. 

Since this holds for every oriented square s in 33, we obtain by IV.3.13, IV.3.21, 
IV.3.26, 1.3.13 the inequality 

<7) I I ^ I I 1 j(w) I a.e. in 3). 

A similar argument yields the inequality 

(8) I I ^ i gA'r"\w^)) 1 I j a.e. in 33* . 

Now let e* be the set in 33* where (8) fails to hold, and let us put e = t“‘(c*). 
Since is measurable, e is also of measure zero by IV.4.64. For w ^ 33 — c, 
we can use (8) with ta* = t(w), and we obtain 

(9) 1 ,0.*(T(t«)) I ^ I I I .?,H(r(w)) 1 a.e. in 33. 

(7), (9) and (1) jdold 

(10) ' I ” I I I y(w) I ^ I I I j^{r{w)) 1 I j{w) 1 

= I g ,(w) I a.e. in 33. 

Clearly, (10) implies that 

(11) t ^.(w) 1 = 1 ^,*(r(w)) I [ j{v)) I a.e. in 33. 

Let us note that the quantities involved in (11) exist a.e. in 33; in the rest of the 
proof it is understood that w is a point where all these quantities exist and (11) 
holds. ^ 

Case (a). ^,*(r(w)) = 0. Then g,(w) — 0 by (11), and hence (2) holds. 
Case (b). j{w) = 0. Then^/wj) = 0 by (11), and hence (2) holds. 

Case (c). ^(,*(t(w)) ^ 0 [kndj{w) ^ 0. Then^,(w) H 0 by (11). We have 
then (see IV.3.21, IV.4.63(iii)) 

sgn^.(w) = sgn i,{w) = sgn j(i«)*.sgn i,*(r(^/;)), 

sgn5.*(r(w)) = .sgn i.*(r(t«)). 
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There follows the formula 

(12) = «gn[^,^(T(te))i («;)]. 

(11) and (12) imply (2). The formula (3) is proved in a similar manner. 

IV.4.65. Continuation. Let us now assume that t is biineasnrablc. Then 
T is eAC in S) if and only if is eAC in . 

Proof, Since the relation between T and is symmetrical, it is sufliciont 
to show that if T is eAC in 3), then is eAC in SD^ . The assumption that T 
is eAC means that T is ACS'*' in 5D (see I V.4. 1). Now lot be any set of measure 
zero in SD* . Since t”‘ is topological and measurable, we have then (cf. IV.4.54, 
IV.4.63(vi)) 

I I = I r-^(c^)r-^(S*) | ^ i \ = 0, 

r-'(a,6|) = r->(e,)T-^(8|) - r*(c,)S^ ' 

Thus is a subset of measure zero of 8*. Since T is AC 8*, wo have by 

IV.2.42 

(1) I Tr-\e,E.l) I = 0. 

On the other hand, we have for any set C (of, IV.4,63) 

(2) ' Tr~\E^) = T,Tr"‘(^,) = 

(1), (2) yield, for ~ e^8| , the equation | T,^(e^S*) | = 0. Since e^was any 
set of measure zero in SD^ it follows that is eAC in (cf. IV.4,63(vi), IV. 4.1, 
IV.2.42, IV.4.63(vii)). 

IV.4.66. Continuation. The following very special cases arc important. 

(i) r represents a change of the coordinate system in the u>-plano, either to 
new Cartesian coordinates, or to any other coordinates, such that the assumptions 
of IV. 4. 61 are satisfied by r. 

(ii) r is a conformal mapping from 2D onto 2)^ . The assiimption.s of IV.4.61 
are then clearly satisfied. 

In either ease, t is bimeasurable by n^4.61 (cf. IV. 4, 62), and the I'esuHs 
derived in IV. 4. 63, IA^4.G4, IV.4.66 appty. 

IV.4.67. We shall now discuss, to the extent needed in the sequel, tran.srorma- 
t-ions of the special form (cf, IV, 1.80, IV. 1.84) 

3’ : .T = fiv, v), y ^ V, (u, v) E Rq , 

where Ro is an oriented rectangle 

Ro ’ tto ^ u ^ ho , Co ^ V ^ do , 

and f(u, y) is continuous in Rq (and not merely in Hi). We first ass&i't that T is 
sBV in iS and only iff{u, v) is BVTu in Ro (cf. IV.4.1, 111,2.49). 

Proof. Since /(w, y) is continuous and hence bounded in Rq , we have a finite 
constant M such that 
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(1) T{R,) c r, , 

where 

Ro —M 5 rc ^ M, Co ^ y ^ do , 

For convenience, let us write N{x, y, Tg") instead of N(z, R°), z = x i- iy, with 
similar conventions for k{x, y, T, i2o),_and so on. Clearly, as a consequence of 
(1), Nix, y, T, j??o) vanishes qiitside of Ro , and hence in the course of integrations 
wo can restrict ourselves to Ro , 

(i) Let us suppose that T is sBV in Rl . Then by IV.2.13 the integral 

I = 1° J A^G'V, y, Rl) da;] dy 

exists (ef. 1.3. JO). In view of IV. 1.80, Nix, y, 72^) = A'' (a;, y, Ro) a.e. in the xy- 
plane. Indeed, the set 7\Ro - iilo) is a closed set which has at most two points 
on any line y = constant, except for y = Co and y ^ do , and hence | T iRo~ 
iSo) 1 = 0. Thus Rl can bo replaced by Ro in (2). Thus (2) implies that the 
integral 

(3) (“ mx,y,Rc)dx 

exists for a.e. y in the interval Co ^ y S do > If = X is a value in this interval 
for which the integral (3) exists, then by III.2.12 the function /(a, X) is of bounded 
variation with respect to u in the interval g u ^ 6o , and (see III. 2. 23, 111.2,45) 

/ M 

N(x, B„) dx. 

■M 

In view of the existence of the double integral in (2), it follows that V„(ao , ho , 
X, /) is summablc in the interval Cq ^ X g do j and hence fiu, v) is BVTa in itio 
(see III.2.49). Integrating (4) over the interval Cq g X g do , we obtain further 
the formula (see III. 2. 61) 

(6) F.(/eo ,/) = // Nix, V, K) dx dy, 

where the integral on the right is now thought of as being extended over the 
whole a;3/-plane (of. (1)). 

(ii) Suppose conversely that fiu, v) is BVTm in Ro . We have then, for a.e. X 
in the interval Co ^ X ^ do , 7„(ao t h , \ f) < ■ Whenever this holds, we 

have by 111.2.23 

/ M 

Nix, X, Ro) dx = 7«(ao , ho ,\,f). 

■M 

Now the expression on the right is a summable function of X for Co ^ X ^ do , 
since fiu, a) is BVTw in Ro . Hence Nix, y, Rq) is a summable function too 
(of. 1.3.10), and hence T is sBV in (of. IV.2.13, IV.4.1). 
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IV.4.68. Suppose now that T, given as in IV.4.67, is sBV in i?o . Then the 
derivative D(w, i^o) exists a.e. in Ro (see IV.4.1, IV.2,31, IV. 2.32, IV.2.34). On 
the other hand, by IV.4.67, f{ii, v) is BVTw in Ro , and hence by III.2.50 the 
partial derivative /„(«, v) exists a.e. in ■ We assert that 

(1) D{w, Ro) - \fu{u,v) I a.e. m/?o, 

where w ~ u W iv. 

Proof. Since f{ii, v) is BVTw in Ro , it is also BVTw in every oriented rec- 
tangle R C Ra- Hence we have (cf. the argument u.sed in IV.4.67) 

(2) WJM, f) ^ Jf y, R'") dx dy 

for every oriented rectangle R C Rq < (2) expresses the fact that two rectangle 
functions agree on every oriented rectangle RC.Ro- It follows that the deriva- 
tives of these rectangle functions are identical. By 111.2,52, IV.2.31, IV.2.34 
the formula (1) follows. 

IV.4.69. Suppose that T, given as in IV. 4, 67, is sBV in 2?o . Then (cf. IV.3.2 1) 

(1) ^»(^^) “ jfi*(^j a.o. in Rq , 

where la == w + iv. 

Proof. We have, by IV.3.21 and IV.4.68, 

(2) g.iw) = i,(w) \ fu{Uy v) 1 a.o. in Ro . 

Case (i) /„(«, v) = 0. Then ^,(m, i?) == 0 by (2), and lionco (J) holds. 

Case (ii) /„(w, v) 0. Then i,'{w) = sgn/u('U, v) by IV. 1.83, and again (1) 
follows from (2). 

IV.4.70. Suppose that T, given as in IV.4.67, is sBV in Rl . Then TV,, (72, /) < 
-fro for every oriented rectangle R C Ro (cf. IV.4.67). We assert that (of. 
IV.1.43, IV4.67) 

(1) W.{R, }) » II y, T, fl“), 

Proof. Let R be given by the inequalities a ^ u ^ h, c ^ v S d. By IV. 1.82, 
we have 

(2) y, T, B”) = y, R^) 

with the exception of a point-set e in the a;^-plane that is intorsectod in a count- 
able (possibly empty) set by every line y — constant ?*^c, d, Sinco the functions 
involved in (2) are measurable (cf. IV.1.61, IV.2;6), and vanish outside of a 
sufficiently large circular disc, it follows that <(2) holds a.e. in the ®^-planc. 
Integration of (2) yields, in view of IV.4.68(2), the equation (1). 

IV.4.7U Suppose that T, given as in IV.4.67, is sBV in . Let 72 : a ^ 

R ^ c ^ y ^ d be any oriented rectangle in 72o . We assort the inequality 
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(l) {' I Kb, V) - f(n, »)\dv^ W.{R, f)S If Kx, u, T, R"). 

Proof. Clearly (rf. 111.2,46) 

1/(6, y) -/(«, I ^ n(fl, 6, j;, /). 

Integration yields, in view of IV.4.70, the inequalities (1). 

IV.4.72. Given T as in IV.4.67j T is sAC in 7?o if and only if f(u, y) is ACTu 
in Ro (cf. IV.4.], III.2.49, IV.2.39). 

Proof, (i) Suppose that 7’ is vsAC in . Then (cf. IV. 2, 45) 

(1) // R(w, R2) = // mx, y, BS). 

Now 7' is also sBV in (cf. IV.4.1, IV.2.39). Hence, by IV.4,G8(1), IV.4.68(2), 
we can rewrite (1) in tlie form 

(2) If I /„(«, i>) I du dv = , /), 

7fG 

In writing (2), we ii.sed the relation N(x, y, 72o) = U, Ttio) which holds a.e. 
in the ir/y-plane, since obviously \ T(Rn — Rl) \ = 0. By HI. 2.57, (2) implies 
that/(w, v) is ACTn in i?o • 

(ii) Suppose conversely that f(u, v) is ACTw in Rq . By III. 2. 56 we have 
then the formula (2). Now /(it, v) is also BVTw in Ro (sec 111,2,49), and hence 
is sBV in by IV.4.07. In view of IV.4. 68(1), IV.4. 68(2) it follows that (2)‘ 
implies (1). Finally, by IV.2.46, IV.4.1, (1) implies that T is sAC in AS . 

IV.4. 73. Suppose that 7’, given as in IV. 4. 67, is eBV in An . Then T is also 
sBV in AS . The converse is obvious (see IV.4.1). 

Proof. By IV.4.1 the assumption implies that k{x, y, 7', Ao) is summable. 
By IV. 1.82, we have k{x, y, T, Ro) = tV(a.’, y, Ao) except on a set e that is inter- 
sected in a countable (possibl}'^ empty) sot by every line y = constant ^ Cq , do • 
Since k^x, y, T, Ao) and N{x, y, A*) are measurable (see IV, 1.51, IV. 2. 6), it 
follows that kGt, y, 7\ An) = N(x, y, Rl) a.e. in the a:y-plano. Thus N{x, y, Ao) is 
also summable, and hence T is sBV in A” (see IV. 2. 13, TV.4.1). ^ 

IV.4.74, Suppose that 7\ given as in IV.4. 67, is eAC in Ao . Then T is also 
sAC in AS . Th'e conver.se is obvious (ace IV.4, 1). 

Proof. By IV.4.1 and IV.2.45 we have 

(1) //«(», 8*) = //iV(a:,y, «♦). 

Ho 

On the other hand, by IV. 1.82, jV(a;, y, £*) = V(;r, y, AS) a.e. in the ,ry-plane 
(cf. the remarks in IV. 4. 73 concerning the exceptional set). Hence 
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(2) Jf N(x, y, 8*) = JJ N{x, y, i2o). 

(1), (2), IV.2.31, IV.3.9 yield 

fj D{w, 8 *) ^ fl D(w,R^o) ^ If N(x,y,R^o) = Jf IXw, 8 *). 

i? g ^0 

Tliere follows the equation 

// Diw,Rl) = jj N(x, y,lC). 

By IV.4.1, IV.2.45 it follows that T is sAC in /ilo . 

IV.4.75. For transformations 'R given as in IV, 4.07, it follows from IV.4.73, 
IV.4.74 that the concepts eBV, eAC coincide with sBV, sAO ros])ec lively. As a 
consequence, we have for transformations given as in IV.4.{j7, Iho following 
theorems. 

(i) T is eBV in Rl if and only if /(w, v) is BVTw in R^ (of. IV. 4. 07). 

(ii) T is eAC in Ro if and only if f{u, v) is ACTw in T^o (of. IV,4.72). 

(iii) If T is eBV in Rl then ^,(u;) - }„(u, v) a.o. in 7?o (of. IV.4.09, IV.4.73, 
IV.3.22). 

(iv) k( 2 , T, = Niz, T, Ro) a.e. in the 2 -plano (of. IV. 1.82 and the romarlcs 
in IV.4.72). 

IV.4.76. The discussion in IV. 4, 67 to IV. 4.76 applies, with obvious modifica- 
tions, to transfoimations of the form T \ x ~ u, y ~ f(u, v), (ii, a) . 


CHAPTER IV.5. GENERAL COMMENTS ON 
PLANE TRANSFORMATIONS 


IV.5.1. Even a superficial survey of the literature reveals that practically 
every worker in the theory of surface area devoted a considerable part of his 
efforts to the study of plane transformations. There are several reasons for this 
phenomenon. In the first place, comparison of the familiar foimulas for length 
and area (sec 1.1.2) shows that in the formula for arc length the coordinate 
functions y(w), z{u) of the curve appear individually, while in the formula for 
surface area the coordinate functions .t(w, f), y{u, v), z (u, v) are combined in pairs 
by means of the Jacobians d{y, z)/d{u, v), d{z, x)/d{n>, v), d{xj y)ld{u, v). Thus 
it is to be expected tliat the conditions for the validity of the area formula will 
involve pairs of coordinate functions, rather than individual coordinate functions 
as in the case of the length formula (see part III). In the second place, if a surface 
is given by equations x = x(u, v), y — y{u, v), z = z{u, v), then its orthogonal 
projections upon the coordinate planes are bound to play a significant role. The 
orthogonal projection upon the .^^/-plane, for instance, being given by the formulas 
X = x{u, v), y = y{u, v), it is clear that the pairing off of the coordinate functions 
corresponds to the orthogonal projections upon the three coordinate planes. 
Finally, the pair x{u, v), y{u, v), for example, may be thought of as determining a 
flat surface x = x(u, v), y ~ y(u, v), z = 0, and thus the study of the plane 
transformation determined by the formulas x = x(u, v), y ~ y{u, y), may be 
thought of as a preliminary study of swface ared in ike special case of flat surfaces. 

As a matter of fact, the study of plane transformations, given by foimulas of 
the type a; = x(u, v), y = y{u, y), seems to bo an indispensable foundation in the 
theory of surface area. In the present part IV, we shall go beyond the indis- 
pensable minimum for two important reasons, (i) Wo propose to base surface 
area theory upon appropriate two-dimensional concepts of hounded variation and 
dbsohde continuity, in analogy with the theory of arc length where one-dimensional 
conceiils of bounded variation and absolute continuity play a fundamental role. 
Before applying the two-dimensional concepts in the study bf general surfaces, 
we propose to test the fitness of these concepts in the relatively sunplc case of flat 
surfaces, that is, plane transformations, (ii) In view of the number and di- 
versity of results in the literature on plane transformations, an effort to construct 
a comprehensive theory seemed to be justified. Accordingly, the present part IV 
has been planned as a systematic study, rather than as a discussion of scattered 
results. 

IV,S,2. We begin with a brief survey of the subject from the elementary point 
of view. Accordingly, the meaning of the terms used will be vague, and the 
conditions for the validity of the formulas will not be stated. In a sense, the 
purpose of part IV is to fill such gaps. » 

Let 91 be a bounded, simply-connected region in the ?<y-plane. The bo\indary 


409 


410 


IV.5.2 


curve of oriented in the counterclockwise sense, will be denoted by C. Lot T 
be a transfoimation, from into a Cartesian .-c^-planc, given by formulas 

(1) T -.x ^ x{u, v),y ^ y{u, v), (u, u) 6 9i. 

Case 1. Tlie mapping T is biunique in and the Jacobian 

(2) J(u, v) = - x,y„ 

is positive in 9h If we denote by | T(dt) | the measure of tlio image of 9i', then 
we have the familiar formula 

(3) /J inSR) |. 

Partial integration yields the equall}'^ familiar formula 

(4) JJ Jdudv - ~ J {x dy ~ y dx). 

» c 

Combining (3) and (4), we obtain 

(6) |r(9i)| 

C 

Now let Il(x, y) be a function defined on We have thou the transformation 

formula 

( 6 ) f f H(x, y)dxdy =- jj H[x(u, v), y(u, v)]J dudv. 

T(S«> ts 

Analogous formulas hold if / < 0 in 9h 

Case 2, Let us now drop the assumption that T is biunique in 9{, and let us also 
permit the Jacobian J to change its sign in 9i. Rvery student in Calculus is 
warned that he should not use the transformation formula (6) under these 
conditions. And yet, the degree of generality just indicated is indispensable for 
many purposes. In particular, if the mapping T represents the orthogonal pro- 
jection, upon the a;y-plane, associated with a surface (see TV.5.J), then T cannot 
be expected to be biunique. As a matter of fact, the formulas (3)- (6) do admit 
of plausible and important extensions to the present general case. Let W(a’, y) 
denote the number of distinct points in 9t that arc mapped by T into an assigned 
point (a, y). We have then the plausible formula 

( 3 *) JJ \ J I dit dv JJ IV (x, y) dx dy, 

» 7'(90 

in analogy with formula (3). As regards formula (4), its derivation is a purely 
formal matter (involving formal partial integrations) and does not i)rc.supposc in 
any way that T is biunique. So we have again 
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(4*) JJ J du ~ ^ J ^ y 

91 C 

Now let (.T, y) bo a point in the a;^-plane that does not lie on T{C), While a point 
(w, v) describes the boundary curve C of 9J in the counterclockwise sense, its 
image \uider T describes a closed (possibly self-intersecting) curve which will 
encircle tire j^oint xy a certain n\imber of times, say k times, where /c is an integer 
(positive, negative, or zero). In fact, k is merely the topological index of the point 
(x, y) relative to the image of C (sec chapter 11.4). This integer /c, which is a 
function of x and y, will be denoted by /ii(a-, y). In analogy with (5), we have the 
plausible form\ila 

(6*) JJ fi(x, y) dx dy = ~ j (x dy - y dx), 

7’ (90 C 


(Combining (4*) and (5*), wo obtain the formula 


(6J 


JJ J dudv = JJ fi(x, y) dx dy,, 


7'(9[) 


which is analogous to (3) too. Wo may think of (3*) as giving the absolute area 
and of (5^) as giving the signed area of the image, in terms of the Jacobian J, 
For (6) we have the plausible generalizations 


(6*) 

JJ H(x, y)}x{x, y) dx dy ^ 

JJ H[x(ti, v), y(u, y)]/ du dv. 


J'(9I) 

ut 

(6*) 

/ f H{x, y)N{x, y) dx dy = 

JJ H[x{u, v), y{u, y)] 1 1 du dv. 


T(91) 

9) 

For con’T'^enient reference, let us put 


(7*) 

a Am = // 

N(x, y) dx dy, 


T{Of) 


(8*) 

<r,.(9i) = 11 

nix, y) dx dy. 


r(9j> 

' 


Then Q;r(9i)> ff7'(9i) may be thought of as the ahsoluie area and the signed area, 
respectively, of the image of 9i under T. 

The utility and convenience of the preceding generalized formulas is obvious 
even in mathematical fields of a classical type. For example, if /(w>) is an analytic 
function of the complex variable w ~ u iv, then on setting 2 = .'i! -j- iy the 
formula z = /(w) defines a (generally not biunique) mapping whose geometrical 
properties are of great value in the study of the function /(ta), and the generalized 
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formulas (3'^)-(8*‘) prove most useful in this connection. And yet, rigorous 
proofs of these generalized formulas arc seldom given, even in situations where 
the context would seem to require absolute precision. In part IV we give a com- 
prehensive discussion of these formulas and of further generalizations. Let us 
add a few remarks intended to motivate some of the general concepts of the 
theory. Let (w, v) be an interior point of 9?, and let s be a small square that 
contains («, y). The formulas {S*), (7*) and (5^), (8 *'), applied to s, yield 


(9*) 


I J{u,v) I = lim 

IsHO 



J (w, v) = 


lim 

I « l-tO 



providing interesting geometrical intoriu’etations for | J \ and J rospeetivoly in 
terms of two-dimensiojial derivatives. Let us now take a point {x, y) in 
and let E be the set of those points {ii, v) G that are mapped into the point 
(a;, y) by T. If (wo , Wo) is a non-isolatod point of E (that is, if every vicinity of 
{uo , Wo) contains further points of E), then J («o , ^o) == 0. Indeed, if J{ua , Vo) 
were different from zero, then by a well known theorem on implicit f\mctions tiro 
mapping T should bo biunique in a sufficiently small vicinity of (uo , Uo), and thus 
(vo , Vo) should be an isolated point of the set E. "1^1x080 remarks reveal the 
significant fact that inspection of iopoloffical properties of T yields information 
concerning points whore J must vanish. Inspection of the formulas (9'“) reveals 
that / and j J 1 may be determined by two-dmG7monal limit processes, in contra- 
distinction to the linear Imit processes indicated by the formula J = x„y, - x,y„ . 
These observations explain a great deal of tlie involved pmcOdure followed in 
part IV. 

IV. 5. 3. The formulas discussed in IV. 5. 2 have been subjected to a searching 
analysis by many mathematicians. Wo shall review presently ono of the main 
lines of development. To achieve adeciuatc generalily, and also to dofer a dis- 
cussion of boundary phenomena, we consider a bounded continuous mapping 


(1) T \ x == x{u, v), y = y{u, v), {u, v) 6 

where S> is a bounded domain (connected open set) in the wa-plane, and x{u, v), 
y{u, v) are continuous and bounded in D (only the real case will bo considered), 
Then the image r(SD) of 3D is a bounded set in the Cartesian .r 2 /-plano. However, 
no assumptions will bo made a priori concerning tho oxistonco of the partial 
derivatives Xa , x, and unlo.ss tho contrary is explicitly stated, T will not 

be assumed to bo biunique. Under such conditions, tho ordinary Jacobian 
J = x„y, — x^Pu may not exist anywhere in 3D (see 1.1.13), and thus the derivation 
of formulas of the type of those discussed in IV.6.2 seems to be a hopeless under- 
taking. On the other hand, the formulas IV. 6. 2(9'*') suggest a promising ap- 
proach: the iwo~dimensio7xal Imit processes appearing in those formulas may con- 
verge even though the partial derivatives Xu , x, , y^ ^ y^ fail to exist. As a matter 
of fact, this actually happens in the example discus.sed in 1.1,13. The first 
systematic development of tlxis idea is due to Rademachor [1], [2]. Radomacher 
assumes that T is biuniquo. Let then {u, v) be a point of SD, and let s bo a small 
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square, with sides parallel to the u, u axes respectively, that contains (u, v). Rade- 
machcr shows that the limit 

<2) D(u, v) = lim 

ui-^o I S I 

exists in 3D with the possible exception of a set of measure zero. To sim])lify 
matters, let us assume that T is sense-preserving. Comparison with the formulas 
IV,6.2(9*) indicates that D(w, v) may be adopted as a generalized Jacobian for 
the mapping T, and the results of Rademacher justify this view fully. He finds 
that D{u, v) is summable in D, and in fact 

JJ D(u,v)dudv ^ I T(SD) I, 

where the sign of equalitj'' holds if and only if T is measurable. The term measure- 
able means that every measurable set ^ C SD has a measurable image T(N). 
Equivalently, T is measurable if and only if for every set e C 3D of measure zero 
the image set T{e) is also of measui'o zero. Under the assumption that 2' is 
measurable, Rademacher establishes a generalization of the transformation for- 
mula IV.6.2(6), where of course the ordinary Jacobian J is now replaced by the 
generalized Jacobian D{u, a). In case the ordinary Jacobian J happens to exist, 
'there arises the question of the relation between J and D(w, v) . For the important 
special case vdien T satisfies a Lipschitz condition, Rademacher shows that 
J = D with the possible exception of a set of measure zero. These results con- 
stitute a theory of biunique plane transformations that is surprisingly general 
and accounts for all elementary results by a wide margin. On the other hand, the 
scope of the applications (in particular in surface area theory) is severely re- 
stricted by the requirement of biuniqueness (ef. IV. 6. 2, case 2). Still, the results 
and methods of Rademacher served as a model in the subsequent development of 
the theory. 

IV.S.4. The next important advance is due to Banach fl], [2] (see also G. 
VitalilU). Let 

'(1) r ; a; = a;(a, v), y = y{u, y), (u, v) G 3D, 

be given as in IV. 5. 3, except that T is now not assumed to be biunique. Let R be 
a generic notation for an oriented rectangle (a rectangle ^vith aides parallel to the 
u, V axes respectively), will denote the interior of R, while | R \ will denote 
the area of R. Let Ri , Rz , • • • be any finite system of oriented rectangles in SD 
such that R°R° = 0 for i ^ j. If there exists a finite constant M such that 
1 T{R°i) I -b I T{Rt) I -H • • •- < M for all such S 3 ''stcms Ri , Rz , * • * , then 2' is 
termed of bounded vanaiion in the Banach sense. If for every e > 0 there exists 
an i){e) > 0 such that for every such system Ri , Rz , • • • we have | 2\R^i) \ + 

I T(Rl) I + ' ‘ • < c whenever | | d- | fJa 1 + ■ • • < then T is termed 

absolutely continuous in the Banach sense. These definitions differ slightly from 
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thosu given by J3anach, but the dif'fci'once is irrelevant, The prcecscling woi'(liii|r 
has been chosen for more convenient com])arison with subsotiuonl modificatioTis. 
With tlie same end in view, let us say that T is sRV {strongly of hounded varialftfn) 
if T is of bounded variation in the Banach sense. Similarly, let us say that T i.s 
.‘<AC {strongly absolutely continuous) if T i.s ab.solutcly continuous in tho Banach 
.sense. Comparison with 111.2.10 shows the com])loto analogy of those) eonct^iJlH 
of bounded variation and absolute continuity with tho.se omiiloyed in tho theory 
of functions of a single real variable. The work of Banach and others rovi’iilod 
the surprising scope of this analogy. Lot D{u, v) be defined as in IV. 5.11(2), 
except that only oriented squares are used. Then the results of Ban noli includo 
the following statements. If T i.s sBV in S), then v) exists a.o. (iilmo-sl. 
e\'eryv’here) in 2), is summable in 2D, and 

( 2 ) Jj D{u, v) du dv ^ jj N{x, y) dx dy < <» , 

D '/(») 

where y) denotes the number of distinct points in 2D that are mappofl by '/' 
into an assigned point (x‘, y). Further, T is sBV in 2D if and only if N{Xj y) Is 
summable on the set T{^). The sign of equality in (2) hold.s if and only if 7' i.s 
sAC in 2). The preceding sample statements suflicc to indicate (ho beauty and 
the scope of the results of Banach. A further important .step was tak('n !i>' 
Schauder [3]. Let us note that in tho present case D{u, v) cannot lie conshh'rcd 
as an adequate generalized Jaco])ian, since T is not a.ssiimcd to be ))iuniquo, and 
hence D{u, v) corresponds merely to the absolute value of (he ordinary Jaciobiim 
(cf. IV. 5.2, case 2). Now let (wo , Wo) be a point of ID, and lot {xn , ija) bn the imago 
of (t/o , Vo). Let us first assume that there exists some small vicinity V of (?<« , Vn) 
such that no point in V (except for (uq , i^o)) is mapped into (.Do , ;/o). Lot tlinn 0 
be a simple closed curve in V that contains (wq , y„) in, its interior. If a point 
(a, a) describes C in the counterclockwise sense, then the imago ])oint dnseribcH 
a closed curve that encircles (.-To , y/o) a certain number of times, sny k times, wlioro 
k is some integer (positive, negative, or zero). This nuinbor k i.s defined as tin* 
local index i,{iio , vf), where we use tho subscript s to distinguish this local iiuk'X 
from one to be introduced later on. Note that a precise formal definition of tlu‘ 
local index may be given in terms of a topological index (sec cliaptor If.4). It 
follows readily that i,{u ,) , Vq) is independent of the particular choice o*f tho curve 
C. If {mo , Vq) does not posses, s a vicinity V as required above, then wc put 
f.(«o , t'o) = 0 (cf. the concluding remarks in IV. 5. 2). In terms of /)(u, v) and 
i,(«, v), Schauder defines a generalized Jacobiaji ^^{u, v) — i,{u, v)I){u, a), and 
derives theorems which yield the foi'raitla.s of IV. 5. 2 for sAC map])ing.s 7', wIum’c 
the ordinary Jacobian J is now replaced by tlic generalized Jacobian jJ, . An 
important obseivation is in order at thi.s lime. Since T is not assumctl to bo 
biimique, the local index i,{u, v) may take on any integral values. As a conse- 
quence, Schauder restricted T by the requirement tliat | A(u, y) | bo hounded in 2D. 
Ihis restriction was removed by T. Radd [9], [12], who showed that A(n> *0 ~ 
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dbl or 0, except possibly on a counUihle set in 2D. Also, T. Rad6 [12] clarified the 
relation between the generalized Jacobian and the ordinary Jacobian J = 
XuVb — by showing that if T is sAC in 3D and J exists a.e. in SD, then g, = J 
a.o. in 3D. These brief comments suffice to indicate that the theory of plane trans- 
formations initiated by Banach is indeed a beautiful and comprehensive theory, 
exliibiting far-reaching analogies with the corresponding classical theory for 
functions of a single variable. And yet, the need for further generalizations soon 
became evident. Indeed, far-reaching results concerning special classes of plane 
transformations, derived from entirely different sets of assumptions by various 
authors, could not be accounted for in terms of the Banacli theory. Apparently, 
the concepts sBV, sAC introduced l)y Banach were too exacting. This becomes 
strikingly evident if one attempts applications in the theory of surface area: 
the fundamental conflict between the projection principle and the lower semi-continuity 
principle (cf. 1.1.14) arises immediately^ the Banach concepts being found biased 
in favor of the projection principle. 

The theory of plane transformations, presented in part IV, originated with the 
desire to eliminate the conflict just referred to. We noted in 1.1.16 that Gcocze 
[3] discovered a modified projection principle that did not conflict with the lower 
semi-continuity principle. It is then natural to attempt to apply the fundamental 
idea of Gebeze in the study of a plane transformation. This program, initiated 
by T. Rad6 [3], [4], [6], [6], is based on the observation (see above) that the map- 
ping T is sBV (sAC) in the Banach sense if the rectangle function | T(R°) ( is 
BV (AC) (cf. III. 1.2), and lienee less exacting concepts may be obtained by 
replacing | T(R^) \ by a smaller rectangle function. Now the Geocze concept of a 
modified projection principle suggests the substitution, for T(R°), of the kernel 
of the image of R under T (see IV.1.3), and the use of the measure of the kernel 
as the fundamental rectangle function in terms of which bounded variation and 
absolute continuity are to be defined. However, as the following rapid survey 
will show, many adjustments must be made and many problems must be solved 
before an adequately balanced set of concepts is obtained. 

IV.5,5, Given a bounded continuous transformation T as in IV.6.3, it will be 
convenient to introduce the complex variables w — u iv, ^ = x + iy to con- 
dense statements and formulas. The mapping T may then be described by a 
formula 

(1) T : z = /(w), 6 SD, 

where /(w) is a single-valued, complex-valued, bounded and continuous function 
of w in the bounded domain 3D (where the term domain is used in the sense of 
connected open set). Let ^( 2 , T, SD) denote the number of distinct points w S 3D 
that arc mapped by T into an assigned point 2 (thus N(z, T, 3D) may be infinite 
for certain points 2 ). This mxdlipliciiy function N{z, T, 3D), which plays a funda- 
mental role in the Banach theory (see IV. 6.4), is replaced in the theory to be 
reviewed presen tlj' by an essential nvulliplidiy function k(z, T, 3D) (see IV. 1.43). 
This essential multiplieikv function was introduced (in a somewhat restricted 
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setting) by T. Rad6 [6], as a substitiito for certain very involved concepts doruiod 
by Gebeze [3] in connection with his modified projection principle (cf. I.L16), 
Chapter IV. 1 is devoted to a study of the es.sential multiplicity function tiud of 
closely related topics from the topological point of view. Always k{z, T, SD) ^ 
N{z, T, £)), and k(z, T, D) possos.ses a remarkable .set of continuity properties 
(see 1V.1.51-IV.1.53), while N{z, T, I)) is generalb'' lacking in such properlio.s. 
Great caution must he exercised in dealing v>ith k(z, Ty D). For example, the image 
r(D) of © may contain a square and 3 ^et K{Zy Ty 3D) may vanish identically (cf. 
IV.1.43, IV. 1.13). A first .systematic topological study of the essential multi- 
plicity function was undertaken by P. V. Roichekhirfer [1], wlio c.stablis!ied, in 
pai'ticulai', the fundamental theorem in IV. 1.47 which yields an intrinsic cknrac^ 
terhaiion of k( 2 , T, ©), in contradistinction to the original deiinitioii (see IV.1.43 
IV, 1.4) which involves all continuous mappings that differ little from the given 
mapping T. Given a point z, the multiplicity function N(z, T, ©) counts the 
number of distinct points of the inverse set T~\z)y while the essential muUipHcitt/ 
funciion K(zy Ty ©) is found to count the number of those components of the inverse set 
'r\z) that are essential in an appropriately defined sense (sec IV.J.4(i). Tin? 
substitution of k(z, T, ©) for N{zy T, ©) neces.sitates, of course, a series of furtlu'r 
adjustments. Thus the strong local index i,{w) of Schauder [3] (cf. I V.5.4, tV.l.Tfi) 
is replaced by an essential local index (see IV. 1.04), which was introducesd 
and studied by T. Radd and P. V. Reichelderfor [17], WiUi the possible oxcoplion 
of countable subsets of the domain 3D, i.(w) and i,{w) take on only the ynluo.s 
±1, 0 (see IV.1,G7, IV.1.79). The replacement of N(z, T, SD) ijy k(z, T, sd) ma^'' 
be thought of as a downward revision in the z~planc which must bo mat(ilu!d by 
a downward revision in the w-plane, consisting of a replacement of tlic domain © 
by an essential subset The guiding idea in this connection is Inised on the wmiark, 
made in IV.5,2, that in elementary eases the ordinary Jacobian J - x„y, — 

IS bound to vani.sh at certain points w for topological reasons, the sot of simli 
points constituting an unessential set for the mapping. For a general continuous 
mapping T, several plausible candidates for the role of the PMcntial set arc avail- 
able (see IV. 1.56). Ad. important special class of mappings is o])taincd by formu- 
as of the type = g(u, v)y y ^ Vy where /?('«, v) is a (roal-valuod) continumw 
iunction. For such mappings, the general theory may bo simpliruKl consiclorabh' 
(see IV.1.80-IV.1.84). For instance, the multiplicity functions N{Zy T, 3D) and 
k(z, fy ©) are found to agree with each other except for a nogligiljle sot of jjoints 
(see IV. 1.82). Except for details of exposition, the contents of chapter IV. 1 arc 

taken from T. Radd [9], (I2|, T. Radd and P. V. Reichelderfor [17], and 1\ V 
Reichelderfer [8]. 

^ It is interesting to see the simplifications that take place in tho case of a nnu)- 
pmg^ — g(u)y wheie g(ii) is real- valued, bounded and continuous in some open 
interval, compared with the case of a plane mapping as studied here. Tho 

^ JS readdy found to imply that in tho case of a mapping (c = g(u) 

the multiplicity functions iV and x (the latter being defined in analogy lilh 
H , , ©)) agiee, except possibly on a countable set. As a consegue^ice, the issim 
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thal neccssiiakd the modification of the Banach theory of plane transformations do 
not arise at all in the case of mappings x = g(u). 

Several problems arise in connection, with the essential multiplicity function 
k{z, Ty 5D) that seem to bo relevant and interesting. Some of these problems will 
be mentioned pre.scntly. 

(i) Lot be metric spaces (see 1.2. 10), and lot T{S) = bo a continuous 

mapping from S into (that is, jS"*" C ■^'1/*). Let A''(p* S) denote the number 

of distinct points p ^ S that are mapped bj’’ T into an assigned point p* G M*, 
In analogy with the concept of the essential multiplicity function of a plane trans- 
formation, the following dcfinition.s suggest themselves. For each non-nogative 
integer k, let us define the kernel St{k, T, S) as the set of those points p'*' G 
for which the following holds: there exists an « — eip*, k, T, S) > 0 such that 
Nip^, y B) k for every continuous mapping T^{B) C that is ’within 
€ of T on S (that is, p[T(p), T^{p)] < e for every point p G ^S). The kernel 
il'( w, Ty S) is defined as the product of all the kernels ^(k, T, S), /c = 0, 1, 2, • • ■ . 
Finally, an essential multiplicity function N fip*, T, B) is defined as follows: 
iV,(p^ Ty S) = ^ if p* G m, T, S) - m + L T, 3), and Nfip^, 7’, ^ - 

if p* G ^(‘"j 7’» *5). Comparison with IV. 1.4 reveals that the essential multi- 
plicity function siz, Ty 8t) of IV.J.4 is a special instance of the preceding general 
definition. On the other hand, the es.scntial multiplicity function k{z, T, £)) 
(see IV, 1.43) is defined in a somewhat different manner, and thus there arises the 
question whctlier «(«, T, S)) = AL( 2 , T, SD). Unpublished results of P. V. 
Rcichcldorfer concerning this question indicate that in a detailed stud}'^ of 
N fip*y Ty 3) the compactness of 3 may be a relevant factor. 

(ii) Exten.sion of the theory, presented in part IV, to transformations in 
Euclidean »-.space would necessitate a thorough .study of Nfip*, T, S) for the 
case when 3 and M* are Euclidean w-spacos. The resulting issues seem to be 
related to certain important topological investigations of H. Hopf [1]. An 
intriiLsic characterization of Nfip*, T, 3)y corresponding to the theorem in 
IV. 1.47, would perhaps constitute the first major objective. 

(iii) The definition of the kernel ^t(^, T, ID) (.see IV. 1,43) has been suggested 
by certain complicated concepts duo to Gedeze, as we noted above. However, 
the precise relation ot our concepts to those of Gedeze [3] has not been fully 
clarified as yet, and intcre.sting and difficult questions may arise in this connec- 
tion. 

IV.S.6. The domnward revisionsy referred to in IV. 5. 5, lead to the topological 
problems studied in chapter IV. 1, and also lead to metric problems that are 
studied in a general form in chapter IV.2. Given a continuous mapping T \ z ^ 
f{w), w G SD, as in IV. 5. 5, the concepts of bounded variation and absolute con- 
tinuity arc defined in the Banach theory in terms of the rectangle function 
I ^(72“) I (see TV. 5.4). Lot now ffi be an arbitrarily selected but fixed Borel set 
in the w-planc. On replacing, in the definitions of Banach, the rectangle function 
I T(E®) i by the rectangle function } T(E°(B) 1, we obtain the concepts BVcB 
(hounded variation with respect to the base set ffi) and AC(B (absolute continuity with 
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respect io ike base set ®), which were introduced and studied by T. Radd and 
P. Reicheldei’fer [17]. If (B is chosen as the whole -w-planc, then the concepts 
BVOJ, AC(B reduce to the concepts sBV, sAC due to Banach. If (B is a proper 
subset of the domain S) in which T is considered, then the concepts BY®, AC® 
are less exacting than the concepts sBV, sAC, and thus an extension of the scope of 
the Banach theory may be expected to result in this manner. If ® is chosen as 
the empty set, then of course every continuous T is AC®, and thus the releva-ncy 
of the geyieralization depends upon the choice of the base set ®. In fact, the inteniioti 
is to choose ® io fit the individual mapping T, and the various essential sets 
referred to in IV. 5. 5 will play an important role in this respect. How'cvor, in 
chapter IV. 2 the concepts BY®, AC® are studied in full generality. It appears 
that a complete generalization of the Banach theory is possible, and in fact 
several improvements are obtained. As compared with the presentation in 
T. Radd and P. Reicheldorfcr [17], a number of simplifications and improvements 
could be achieved, due to a large extent to suggestions of E. J. Mickle. In par- 
ticular, the transformation formula in IV.2.27 seems to represent, in a concise 
form, the metric foundation of the transformation formulas for simple and 
multiple integrals. Investigations of E. J. Mickle, as yet unpublished, indicate 
that the metric theory presented in chapter IV. 2 can be extended to abstract 
metiic spaces. 

IV.5.7. In chapter IY.3, the topological and metric information obtained in 
chapters IV. 1, IV. 2 is combined in a study of two-dimensional demalives, sug- 
gc.ste(l by the remarks in IV. 5. 2 concerning the geometrical interpretations of 
the ordinary Jacobian J ~ — x.y,^ in terms of area-derivatives. As -wo 

observed in IV. 5.2, one may use either the absoliiie area or the signed area to 
obtain such interpretations. In view of the downward re^dsions, in both the 
^a-plane and the 2 -plane, described in IV. 6. 6, IV. 6. 6, a whole scries of two- 
dimensional derimiives and generalized Jacobians must bo studied and compared 
■with each other, as well as with the ordinary Jacobian J = XuVt — x,y,t if the 
latter happens to exist. Except for various improvements of details, the con- 
tents of chapter IY.3 are taken from T. Radd [12], T. Radd and P. V. Rciehel- 
derfer [17], and P. V. Reicheldcrfer [8]. The papers just quoted contain further 
references to relevant literature. As regards methods, the work of Radomachor 
[2] on total differentiability and the generalizations duo to Stepanoff [1], [2] 
and liaslam- Jones and Burkill [1], [2] served as a model in the study of tlio 
relations between the ordinary Jacobian and the generalized Jacobians. 2'he 
interested reader mil find a number of relevant unsolved problems in Chapter IV.3. 

IV. 5. 8. Chapter IV.4 brings the theory of plane transformations according to 
the program stated at the end of IV. 5.4. Thus this theory represents a generaliza- 
tion, suggested by fundamental ideas of Gedeze, of the theory initiated by Banach, 
The fundamental class of mappings T in this theory is the class defined and 
.studied by T. Rad6 and P. V. Reicheldcrfer [17]. The definition of this class Ki , 
based originally upon heterogeneous conditions, has been put into a strikingly 
elegant foiTn by P. Y. Reichelderfer [8], who found that this class may bo defined 
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as the class of those mai)ping8 T that are absolutely continuous with respect to a 
properly defined base-set 8*^, where 8* depends upon the individual mapping T 
(see IV.4.1). Such a mapping is termed cAC {essentially absolutely continuous). 
The theory of eAC transformations is found to yield a complete generalization 
of the Banach theory, where of course all concepts involved undergo modifications 
in accordance with tlie downward revisions described in IV. 5. 5, IV.5.6. But 
while the Banach theory seemed to lack adequate scope, the present theory is 
found to account for all previous major results in this field. The reason is that 
the class of eAC transformations has certain important closure 'pro'pevlies, stated 
in the theorems of IV.4.12,. IV.4.15-IV.4.20. Furthermore, if the ordinary 
Jacobian J = XuVt — is available, then the generalized essential Jacobian 
, which occurs in the present theory, agrees with J almost everywhere, accord- 
ing to results derived in part IV,3. The list of theorems in IV.4.2~IV.4.11 and 
in IV. 4.21, concerned with transformation formulas corresponding to those de- 
scribed in IV. 6. 2, shows that the scope of the theory was not achieved at the price 
of a loss of content. As a matter of fact, application to special situations, previ- 
ously studied in the literature, generally yields improvements and not merely 
verifications of known results. A brief review of some of the relevant applica- 
tions follows, with remarks on unsolved problems. 

(i) Given the bounded continuous transformation T : z ~ /(la), li) ^ D, 
let us assume that T is sAC in SD (that is, T is absolutely continuous in the Banach 
sense). Then obviously T is also eAC. The generalized Jacobian , introduced 
by Schauder, agrees a.e. with our generalized essential Jacobian , and our 
results are found to include all the results of the Banach theory. Let us call 
attention to one significant improvement. As a consequence of IV. 4. 6 we have 
the formula 

( 1 ) JJ [ J,(v}) \ dudv JJ k(z, T, 3D) dx dy, 

while in view of the general setting of the Banach theory we should expect the 
formula 

(2) JJ I J,(w) \ dudv ~ JJ V(z, T, 3D) dx dy. 

a 

As a matter of fact, formula (2) is still not established for all sAC mappings, a 
fact which represents a serious gap in the Banach theory. Of course, (2) would 
follow if we could show that k(z, T, 3D) ~ V(z, T, 3D) a.e. for sAC mappings. 
This problem, which has been solved so far only in special cases (see IV.4.24), 
is of interest for the additional reason that its solution seems to depend upon 
improved topological insight, oven though the problem itself is primarily of metric 
character. As matters stand at present, the essential multiplicity function seems 
to be relevant within the Banach theory itself, by virtue of the formula (1). 
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(ii) The literahire contains a large number of studies coneoriiod with map- 
pings T given in the form 

(3) T :x = v), y - y(u, v), ft ^ g 6, c ^ y g d, 

where the functions x{n, v), y {u, n) are assumed to satisfy, at least, the following 
conditions in the closed rectangle R : a ^ ^ h, c ^ u S d. 

(a) xiu, v), y(u, v) are ACT in R (see 111,2.64). As a eon.scquonce, the ordi- 
nary Jacobian J — x„y^ — x,y„ exists a.e. in R, 

(b) The ordinary Jacobian J is .summablc in R. 

Lei us term the set of cojiditions (a), (b) the hypothesis II o . 

In the type of literature just referred to, various further restrictions are used 
by the ^^arious authors, and far-reaching results arc obtained concerning trans- 
formation foimulas of the nature of those described in IV. 5. 2, case 2. As com- 
pared with the Banach theoi’j' and our own theory, the iinportant feature is that 
the concept of absolute continuity used (absolute continuity in the Tonelli sense) 
is, essentiallj'’, iterated linear absolide continuity, rather than two-dimensional 
absolute continuity as in the case of the concepts sAC, cAC. Comparison of 
results based upon such diverse concepts is therefore a matter of interest. The 
case studied by Radeinaclier [1], where v), y{u, v) are assumed to be Lip- 
schitzinn, is of eoiirse readily recognized as a special case of sAC mappings. 
The situation is different with respect to a large number of cases studied by 
W. H, Young [l]-[6], MeShane [3], C. B. Morroy [1], T. Rad6 [8]. By virtue of 
the closure theorems on eAG mappings, referred to above, all these cases can be 
identified as special eAC mappings, hut some of these cases were found to lie definitely 
beyond ike scope of the Banach Oieoi'y. The systematic verification of the fact 
that all such eases represent special eAC mappings was carried out by R. G. 
Helscl [2] and R, G. IlelscI and T. Rad6 [22]. This work, which is ))ascd essen- 
tially upon approximations by integral moans, is discussed in IV,4.32-IV,4.41. 
Now consider the following case: the functions x(n, v), y(u, v) in formula (3) 
satisfy the hypothesis Hq , and fiirtheimore the partial derivatives a:,, , iVviVt 
are summable with their squares in R. Then T is eAC in R, as a special case of 
iy.4,33. On the other hand, Cesari [1] found examples to show that T need not 
be sAC. This special case is however very important in the tlicory of surface 
area, and thus the lack of scope of the Banach theory, in addition to its conflict 
with the lower semi-continuity principle, seems to justify the efforts devoted to 
the construction of a more comprehensive tlicoiy. 

In each case in the literature where the above hypothesis Hq occurs, the 
verifi-cation of the fact that we liave a special instance of an cAC mapping 
requires, as a rule, only part of the further assumptions made by the rospecth'^e 
authors. Thus there arises the problem to determine whether the hypothesis i-/* 
aJo7ie implies that the mapping is eAC. The ovideneo available at present seems 
to be inconclusive, but an affirmative solution >vould represent a groat step in the 
integration of the literature of this field. 

(iii) Given the continuous mapping T : z ~ fiw), xo ^ 3), let us assume that 
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T is hitmique in 3D. This is the classical case studied by Radeinachcr, In section.s 
IV.4. 52-17.4.66 we find that in this case the concepts sAO, oAC reduce to the 
concept of a measurable 3’, due to Rademacher. Introducing the concept of a 
bimeasurabU T (see IV.4.62), we establish results which show that Immeasurable 
mappings obey all the essential laws that obtain in the elementary theory of the 
change of the independent variables in double integrals. 

(iv) The comparison of the concept eAC (essential absolute continuity of 
two-dimensional character) with t-he concept ACT (absolute continuity in the 
Tonelli sense, of the character of iterated linear ab.solute continuity) is of course 
a matter of intcicst, especially as ri'gards applications in surface area theory. 
This comparison was carried out by P. V. Reichelderfer [8], who.se work is closely 
followed in sections IV.4.{)7-IV.4.76. As a sample, wc quote the following result. 
Let g{u, v) be real-valued and continuous in a closed rectangle R a ^ u ^ b, 
c S V ^ d. Lot us define mappings T“, T" by the formulas T‘ ; x ~ g{ii, v), y — o, 
and T’ i x = ti, y = g(ii, v) respectivety. Then g(u, v) is absolutely continuous 
in the Tonelli sense if and onty if T " , 7’" arc both esscntiallj'- absolutely continuous. 
Further details may be found in IV.4.67-IV.4.76, but it is evident that the 
concepts of Tonelli lie well within the scope of our theory. 

IV.S.9. The preceding comments on the relationships between various aspects 
of the theory of plane transformations are not meant to give a complete account of 
the veiy extensive literature. A few comments should be added, however, 
concerning a series of papers 1)3'^ Oacciopi3oU (see Bibliograph}’’). As noted above, 
the program of applying and further developing the fundamental ideas of Geocze 
on the modification of the projection principle has been initiated 1)3'^ T. Radd 
[4], [5], [6] in 1928. In 1930, Caccioi)poli [8] published a ])apcr in which he 
discussed a theoiy of plane transformations based essentially on the same 
approach, and gave extensive applications to surface area theory. This paper is 
one of several papers of Caccioppoli in which a number of important topics were 
considered, in particular applications to Calculus of Variations. A general vague- 
ness of concepts and proofs made the stud 3 '’ of tho.so papers quite difficult, a 
circumstance which may account for the fact that a first fundamental error in 
Caccioppoli's work was noticed onty in 1941. One of the main tools of Cacciop- 
poli is the following extension theorem. Let 4^(0) bo a (i*eal-valucd, finite-valued) 
function of open sets 0 comi)riscd, say, in a fixed rectangle R and satisfying the 
following conditions: (i) 4>(0) g 0 for every 0 C. R- (ii) If 0, , O 2 ? * • • are 
disjoint open sets in R, then 4?(X) ~ ^ 4>(0„). (iii) If 0i C. O 2 , then 

‘I’(I^i) = ^(Os). (iv) If 0, denotes the set of those points of the open set 0 
Avhose distance from the boundary of 0 exceeds €, then lim 4>(0,) == 4>(0) as 
€ 0, for cveiy 0 C. R, According to Caccioppoli [1], $(0) should then possess a 

completely additive extension to all Borel sets in R. Unfortunatel 3 '-, this theorem is 
false (sec T. Radd and P. V. Reichelderfer [17]). Since fundamental concepts in 
the work of Caccioppoli were defined in teims of nontxisting additive extensions, 
the consequences of this error were extremel 3 '- serious. Further errors, equally 
relevant, occur in the topological statements of Cacciojipoli (see P. V. Reichel- 


422 


IV.5,9 


derfer [1]). In retrospect, it would seem that these cumulative errors prevented 
Caccioppoli from recognizing the fundamental difficulties that were responsible 
for the relatively slow progress of other workers in this field. 

IV. 5. 10. In IV.5.5-IV.5.8, we reported on the contents of part IV, emphasizing 
also various unsolved problems. Some further open problems will be mentioned 
presently. 

(i) Let T \ x — x{n, v), y — y{u, y), 0 ^ m ^ 1, 0 ^ y ^ 1, be a continuous 
mapping, such that the partial derivatives , x*, » Z/u > y. exist a.e. in the unit 
square and the ordinary Jacobian J = x„?/, — x,?/,, is summable there. Lot fur- 
ther : .X = x„{m, v),y - v) be a sequence of quasi-linear mappings (see 
IV.4.30) such that x„(«, v) — > x(m, y), y„{u, v) — > y{u, v) uniformly in the unit 
square, and 

1 1 

(1) jj [ / - /„ I dwflfy 0 for?t— ^co, 

00 

where J„ is the Jacobian of the mapping . As a special case of IV.4.18, it 
follows that T is eAC in the unit square. Suppose, conversely, that T is given 
as above and is kno^vn to be eAC in the unit square. Does there exist then a 
sequence of quau-linear mappings Tn , converging uniformly to T, such that (1) 
holds? The affiimative answer would yield, in the special case whore the ordinary 
Jacobian J exists a.e, and is summable, a characterization of eAC mappings 
which would be independent of the involved topological concepts that occur in 
the original definition of such mappings (see IV.4.1) . An analogous characteriza- 
tion of general eAC mappings would be of course an even more desirable objec- 
tive. 

While the problems just suggested seem to be quite difficult, it may seem quite 
easy to avoid them by basing the theory of piano transfonnations upon some 
conveniently chosen class of mappings, defined in teims of approximations by 
quasi-linear mappings, instead of insisting upon eAC mappings as a basis of the 
theory. However, the theorem of V.2.61 shows that eAC mappings are inescap- 
able in surface area theory, and thus the problems suggested above would be 
merely deferred by changing the form of definitions in the tlicory of plane trans- 
formations, 

(ii) An outstanding instance of a mathematical field where Jacobians are 
important is the theory of double integral problems in Calculus of Variations, 
and there arises the question of the fitness of our generalized essential Jacobians 
as regards applications in Calculus of Variations. A first plausible objective 
would be the derivation of analogues of certain theorems on the lower semi- 
coniinuiiy of double integrals (see, also for literature, MeShane [2], T. Ilad6 [19], 
W. Scott [1]), where the ordinaiy Jacobians considered in the literature would be 
replaced by essential generalized Jacobians. A fundamental tool in this type of 
work is a lemma of MeShane [2], [3], which has been generalized by T. Hadd [16]. 
While the papers just quoted are concerned with ordinary Jacobians, the theorem 
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in IV.4.42 gives a partial generalization involving essential generalized Jacobians. 
To achieve adequate generality, it seems however that the following question 
must first be settled. Let v), y{u, v), z{Uf i;) bo continuous functions in a 
domain 3), such that the three mappings T'’ ‘,y — y{u, v), z = y), T" : z — 

z{u, v), X = x{u, v)^T \ x = x{\i, y), y = y{u,v ) are oAC in SD. Let be 

the corresponding essential generalized Jacobians. Suppose now that the Car- 
tesian coordinate system xyz is replaced by a new Cartesian coordinate system 
Then the functions v), y(u, v), z{u, v) undergo a certain linear trans- 
formation with constant coefficients, and the ordinary Jacobians, if they happen 
to exist, undergo the same transfoimation. On the other hand, no informaiion is 
available at 'present concerning the effect of a change of the coordinate system upon 
the generalized essential Jacohmis. The question thus raised is related to some 
apparently very difficult questions in surface area thcorj'', and hence a thorough 
study of this question may lead to important methods and results. 

(iii) Let us insist again upon the discrepancy between the concepts eBV, eAC, 
already noted in IV.4. 1. The concept cAC is defined there as absolute continuity 
relative to a properly chosen base set S'**, but the concept eBV is not defined as 
bounded variation relative to a base set. The clarification of this situation seems 
desirable, especially in view of the fact that the main unsolved problems in 
surface area theory involve the concept of bounded variation (cf. V.2,65-V.2.67). 

(iv) Extension of the theory, from plane transformations to continuous 
transformations in Euclidean ?i-space, is a natural objective. From the geo- 
metrical point of view, the discussion of the isopcrimetric problem (estimate for 
the volume enclosed by a closed surface) seems to require such an extension, for 
instance. The reader will sec readily that many new topological phenomena 
arise even in Euclidean three-space. 


PART V. SURFACE AREA 


CHAPTER V.l. THE LOWER AREA a{S) 

VJ.l. Given a surface S by a representation (see II.3.44) 

S \ 1C == X2(w), a‘a («>)), w G % 

let us introduce the following permanent notations. We put 

J. ~ (Oj X2 ) *'^3)] J; (.Ti j Oj SJa), = (iTi f X2 I 0). 

We denote by Zi , Z 2 , z^ the complex variable.^ 

Zi ~ .^’2 + U’a , Z 2 = X 3 “h iXt , ^3 = .Vi + U'2 . 

We define the complex-valued functions f\w), f(w), f(w) by the formulas 


f(w) = a’2(«^) + iXiiw), w 6 

f{w) = .^'3(«>) + ixi(w), w G 9?, 

f(w) = Xi(w) + ixiiw), w G 

We define three transfonnations T\ T^, by the formulas 

: Zx = /*(w), to G 

: ^2 = f{io), w G % 

r : 23 = J\wl w G 9i. 


If SD is any domain in 9P, then each one of the transformations T^, j ~ 1, 2, 3, 
gives rise to an essential multiplicity funciion k{z, , T', SD) in the sense of IV. 1.43. 
For fixed j and 3D the function K(Zj / SD) is a l.s.c. (lower semi-continuous) 
function of Zi (see IV. 1.51), Hence, for fixed j and SD, K{Zi , ID) is a measur- 
able function of Zj . Since T' is continuous on 9t, 7” is bounded on and hence 
also on every SD C 91*^. Tims the theory developed in part IV applies to each T\ 
Let us note that the transformations dejiend upon the particular representa- 
tion chosen for 

V,1.2. Given 8 as in V.1.1 and a domain 3D C wo define the quantity 
Q> (?j 2D)> 3 ~ 1> 2, 3, as follows. If jf( 2 , , T', SD) fails to be summnble, then we put 
Qiih 5>) = +“. If k{Z{ , T\ 3D) is summable, then wo put (cf. IV. 2.1) 

(1) g,U, fj , r, 3D). 

Let us note that, for given j, z, is of the form , The integral occurring 

in (1) is the Lebesgue integral of k(z, , T^, SD) coiLsidered as a function of the tw'o 
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real variables Xa , . Since k(Z( , T\ ©) vanishes outside of a sufficiently large 

circular disc in the -plane (cf. IV.3.8), the integration is performed on such a 
disc (cf. IV. 2.1). 

Wc define now 

3)) - a))f + a))r -h lizaCi*, 

it being understood that <7(1’, 3D) = + «? if at least one of the quantities gi{x, 3D), 
3)), OiiXi SD) fftiis to be finite. We have the obvious inequalities 

Oi(Xt 3^) ^ f?(i> 3D), j = 1, 2, 3, 

Oih ^ 9i(h 9D) + ffaCf, 3D) + j/aC?, £>)• 

V.1.3. Given S as in V.1.1, let o- denote a finite system of disjoint domains 
S)i , 3D2 , • « • , SD,„ in 9?®, Wc define 

Vi 

a(f, 8J) = l.u.b. 'Effih »<). 

T ,»i 

where the least upper bound is taken with rospeci to all possible systems o*. 
The quantity a(i‘, 9?) may bo infinite. The notation a(i‘, 9f) indicates that the 
definition of this quantity involves a particular representation of jSf. Wo proceed 
to show that a(j, 91) is independent of the choice of the representation for S. 
V.1.4. Let 

(1) S :x ~ hM, Wi G , 

(2) S :t == h('U)2), 6 912 » 

be two representations of a surface S, and suppose that these representations are 
topologically similar (see II. 1.26). We assert that (t(i'i , 91i) = a(?2 , 912). 

PnooF. By assumption we have a topological transformation 9I2 *= t(91i) such 
that 

(3) hM = ?2(i'(^i)) ^or all Wi G 91i . 

Lot us use y{(toO> fhi'^s)} > T2 to denote the functions /"(w) and the trans- 
formations T* associated with the representations (1) and (2) respectively, in the 
sense of V. 1. 1. Then (3) implies that /{ (w»i) = /2 (t(wi)), j — 1, 2, 3. By IV, 1.48 
it follows that k(z{ , Tl, SD^) « K(zt , Tl , 3)®), j = 1, 2, 3, where 3D‘ is any domain 
in 91? and 3D® = T(a)‘). Hence (cf. V.1.2) (7/({i , SD^) = g 1 ( 1^2 > ®‘*)> 3 ~ 2, 3, and 

consequently g{^i , SD^) = £?(f2 , S)**). In view of V.1.3 the assertion follows. 

V,1.5. Let there be given surfaces : j = ?(«>), G 91, : ¥ = ¥»(«>)) ^ G 91, 

in terms of representations such that 

(1) ¥n(w) ^ fN 
uniformly in 91. Then 

(2) 


a(¥> 91) ^ lim inf a(¥„ , 91). 
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V.l.o 


Proof. Let 3D be any domain in We first show that 

(3) g,ix, SD) ^ lim inf g^(Xn , SD), j = i, 2, 3. 

Tl-<CO 

Let us put 

(4) X/ = Hm inf g,{^„ , SD), j = 1, 2, 3. 

n-ico 

Let 118 fixj. If X, = + CO , then (3) is obvious. So we can assume that X, < -f oo . 
We have then a sequence of positive integers ni < Tig < • ♦ • < < ♦ • • , such that 

(5) lim > 3^) = X, < +». 

Clearly, we can assume that 

(6) , JD) < + CO, /v = 1, 2, • . . . 

Let us denote by the transformation corresponding to the representation 
Sni ■ i' = ¥nj(i«), w G 91, in the sense of V.1.1. In view of (6) wo have 

(7) ,r.l. , aa). 

In view of iy.1.52, the relation (1) implies that 

(8) k{z, , T\ SD) S lim inf k( 2 , , Ti^ , 3D). 

k-*ca 

(S)> (7)> (3) imply, by the lemma of l<'atou (see L3.10), that k(z, , T', 3D) is sum- 
mable and 

(9) [f k(z, , r, 3D) ^ lira inf ff k(z, , Ti, , SD). 

V ^ A'— tco V J 

Since k(z, , 2’', 3D) is summablc, we have by definition 

(10) g,(^, ED) = jj k(z, , r, 3D). 

(9), (10), (7), (6), (4) imply (3). Clearly, (3) implie.s that 
(fl) 0(h 2D) ^ lira inf f/(j„ , 3D). 

Now let 3Di , • ■ ■ j SD„ be any finite S 3 ^stem of disjoint domains in 91°. By (II) 
we ha^’^e then 

tn m », 

S giXi ©0 ^ E iim mf g(Xn , 3D,) ^ lim inf g(i„ , ED,) 

i"l t «* 1 n— »— 1 1 

S lim inf a(i‘„ , 3D,). 

n-»oJ 

Since this holds for every finite sj’^stem of disjoint domains, (2) follows. 
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V.1.6, Let now 

w 6 9?, 

(1) : i' = f («;*), e dl*, 

bo any two representations of a surface S. We assert tliat a(i', 90 = a(i'*, 3t*). 

Proof, By assumption (cf. 11.3.12) we have for 8 a sequence of representa- 
tions 

(2) 8 :^ = u(w), w G % 

such that for each n the representations (1) and (2) are topologically similar, 
and uniformly in 91. By V.1.4 and V.1.5 wo obtain the relations 

(3) . = a(j:Sr), 

(4) a(i’^ 90 g lim inf a(y„ , 91). 

(3) and (4) imply that 0(3;, 91) S «(¥*> 91’^'). The complementary inequality 
«(¥*, 910 S a(i‘, 91) is derived in a similar manner, Thus it follows that afy, 
91) = a(f, 910. 

V,1.7. In view of V.1.6, the quantity a(j, 91) has the same value for all repre- 
sentations of a surface 8. We denote this value hy a(8). Thus a(S) = a(i‘, 91) 
for every representation of 8. The quantity a{S), wliich depends only upon 8, 
will be termed the lower area of 8 (however, see the remarks in V.1.8). 

From II. 3. 16 and V.1.5 \vc infer immediately that the relation 8,^^ 8 implies 
that a{S) g lim inf a(8f„). That is, a{S) is a lower semi- continuous function of 
8, in the class of Frdchot surfaces of the type of the 2-cell (,sec IL3.44). 

V.1,8. In defining the lower area a(/S), we made explicit use of the Cartesian 
coordinate system jUi , X 2 , a's . There arises the question as to whether a{8) is or 
is not independent of the choice of the coordinate system, or, equivalently 
(cf. II.3.42), whether ai8) has the same value for congruent surfaces. The 
answer to this question is unlmown as yet. ‘ On the other hand, we shall find that 
a(;S) is a very useful tool in the study of surface area, 

V.1.9. In the definition of a(i*, 91) we used finite systems of disjoint domains 
in 91“ (cf. V.1.3). Let us denote by 5(3;, 91) the quantity obtained by using finite 
or infinite systems of disjoint domains. Wo assert that a(x, 91) = a(i‘, 91). 

Proof. Let SDi , a)a , * • • , • be any infinite system of disjoint domains 

in 91“ For eacli in we have then 

(1) E ID.) ^ 91). 

t-i 

Suppose first that a(^, 91) < -j- “ , Since (1) holds for every m, it follows that 

Tn view of results of Cesari [6] whicli came to the attention of tlio writer after the manuscript 
of this book had been completed, it can bo shown, that a(S) is indeed Independent of tho choice 
of tho coordinate system. Sec also V,2.65, V.4,8. Tho relationships between the fundamental 
concepts used in tiiia book and those used in the work of Cesari are studied in Radd (30|. 
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v.i.a 


(2) 3>.) ^ a(i‘, 9?}. 

1-1 

Since (2) holds for every system SDi , D3 , • • * > K)m ? • • • , it follows that 

(3) 5(j;, 9t) g aix, 9t). 

In deriving (3), we assumed that afe 9t) < + <” . If «(¥> 9t) = + “ , then (3) is 
obvious. Thus always a(i‘, 9?) ^ a(i’, 9t). Since the complementary inequality 
o(i‘, 9E) ^ o(¥, 9t) is obvious, the assertion a(i;, 90 ~ a(y, 9^) follows. 

V.1.10. Given S as in V.l.l, let 9io , 9ti , • • ■ , 9^m be any finite system of 
simply connected Jordan regions, such that 

C 9?o C 9t, f - 1, 2, , in, 

9??9t° ~ 0 for i ^ j, i 9 ^ 0, j 7 ^ 0. 

Let u.s denote by S, the surface determined by the representation 

(S, : = liw), w i = 0, 1, . • . , m. 

Then w'c assert that 

t<Si) S a{So) ^ a{S). 

1-1 

Proof. By V.1.7, we have a{S{) ~ a{%, 9J0) a(;S) = a(¥, 9t). The asserted 
inequality appears now as a direct consequence of the definition given in V.1.3. 

V.l.l Given *3 as in V.l.l, let 9in be a sequence of simply-connected Jordan 
regions that fill up 91 from the interior. That is, 9^„ C 9t for every n, and if F is 
any closed set in 91®, then C 91® for n sufficiently large. Lot S„ be the surface 
determined by the representation : j: = y(iy), w G 9t„ . Then a(S„) —> a(»S). 

Proof. Let 3D be any domain in 9i®. Let 91„(9D) be a sequence of Jordan re- 
gions that fill up SD from the interior, in the sense of IV. 1.41, We have then l^y 
definition (cf. IV. 1.43) the relation 

(1) K{Zi , T', SD) = lim k(«, , P', 91„(aD)), y = 1, 2, 3. 

Let us fix y. By IV.1.44 we have 

(2) k(zi , r', 8i.(lD)) g k(ii , T', SD), ' 
while IV. 1.60 yields 

(3) k{>, , f\ 8i.(»)) = k{z, , T<, ji;(»)), 

where 91:“(3D) denotes the interior of 91n(3D). From these relations we propose 
to derive the formula 

(4) 2)) = lim 91®(3D)). 

ri-»eo 

Let us note first that 91^^)) ^ Oiih 3D), n « 1, 2, • - • , os a consequence of 
(2) and (3), Hence, if (4) is denied, then we should have 
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(fi) lim inf ®). 

(6) implies the existence of a finite constant M and of a sequence of positive 
integers ni < Wa < • • • < % < • • • such that 

(6) (7,(y, 9?"t(a))) <M < g,{x, SD), A; = 1, 2, • • ■ . 

From (6) there follows that 

(7) If *(«, , T‘, K(I>)) <M < (/,({, B), i = 1, 2, • . • . 

(7) , (3), (1) imply, by the lemma of Fatoii (1.3.10), that k(z, , 2D) is summable, 

and 

(8) . // , T', S)^M< g,(h »). 

Since k(z) , T\ 2D) is summable, we have by definition the fonnula 

(9) //,(«, ,r',!D) = ffXr,i)). 

(8) and (9) contradict each other, and thus (4) is proved. From (4) we infer that 

(10) g{x, 2D) = Hm (?({, 

Now let 2Di , • • • , 2Dm be any finite system of disjoint domains in For each 
■f = 1, 2, • • • , m, let us take a sequence of Jordan regions 9l«(2Dv) that fill up S>i 
from the interior. For fixed n, the set 9?fl(2Di) q- • • • 4- 81„(2D„) is a closed set 
in 91®. Hence, for large enough N, we shall have 9?„(2D,) -f . . . 91„(2D„) C 92j\r * 

Hence 

0(X} 91«(3D<)) ^ a(j, 9U)' 

For fixed n, it follows that 

£ ^2(aD,)) ^ lim inf a(¥, SIa^). 

For «. ^00 we obtain, in view of (10), the inequality 

Z (?(?, ^ hm inf «(?, 91^). 

• “1 lif-tm 

Since this holds for every finite disjoint system 2Di , • • • , 2D„ , it follows that 

(11) «(?> JK) S lim inf «(? , 9Ji^). 

On the other hand, by V.1.10 we have 

(12) a{x, 9iy) ^ a{x, 91). 
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V.1.11 


Clearly, (11) and (12) imply that a(i‘, DJa^) — > a(j;, 00 for N In view of 

V.1.7, the proof is complete. 

V.1.12. Given S as in V.1.1, let be a closed set in 01. Lot o-* denote any 
(finite or infinite) system of disjoint domains SDf , SDJ , in ^ — E. Let ua 
define (cf. V.L2) 

(1) a(y, dl,E) = l.ii.b. Z) '?(f> SDt)j 

ff* K 

where the least upper bound is taken with respect to all possible systems tr* 
satisfying the conditions just stated. Let us note that the summation occurring 
in (1) may be equal to -h “ foi’ two different reasons, namely (a) one or more 
terms of the summation fail to be finite, or (b) every term is finite, but the series 
fails to converge. In view of V.1.9, it is obvious that 

(2) a(j:, % E) g a(?, 91). 

Furthermore, if Ei , E 2 are closed sets in 91, such that Ei C. E 2 , then obviously 
a(L 91, E,) ^ a(i*, 91, E 2 ), 

V.1.13. Using the terminology of V.1,12, lot us assume that, for j — 1, 2, 3, 
the set T\E) is of measure zero (cf. V.1.1). Then a(i’, ^l, E) = a(i‘, 91). 

Pboof. In view of (2) in V.1.12, it is sufficient to show that 

(1) aix, 91) g a(L 91, E). 

(1) is obvious if ct(j;, 91, ^1) = + “ . So we can assume that 

(2) a{^, % E) < -\r CO , 

Since E is closed, the set 91'’ — is open. Let us denote by aii , S)a , ■ • • the 
components of 91“ — E, Then each 3D, is a domain. Let us now fix j. By 
IV.1.66 we have 

tini , T‘, 81") = E »(«. , T‘, »,) for*, ^ r(K). 

t 

Since T\B) is of measure zero by assumption, it follows that 

(3) «(2, , T\ r) = E «(«’ , r, , ».) 

I 

a, e. in the Zpplane. (2) implies that each term of the series in (3) is summable and 

(i) E // , 3”, ».) = E ?,(£ , ».) s 0(t , 9f, sx + « . 

(3) and (4) imply (sec 1.3.11) that k(z{ , T\ 91“) is summable. Hence, if 3D is any 
domain in 9l“, then K{Zi , T', 3D) is also summable (cf. TV. 1.48, IV. 1.64). As a 
consequence, we have, for every I) C 9l“, 

(7,(t, ») = JJ h(z, ,r, B) < +CO. 


( 6 ) 
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Let us now observe that (1) will be established if we can show that 

m 

(6) Z) 3D') ^ 

for every finite system of disjoint domains S>i , • • ■ , SD^ in To prove (6), 
consider tlic sets 0, = 2DJ — s = 1, 2, • • • , m. Each 0, is an open subset of 
9^® (since E is closed). Let 3Dh , 30^2 , • - • be the components of 0, . Then each 
3Dh is a domain. The domains are disjoint, and are comprised in 91® — E. 
Hence, by the definition of a( 3 ;, 91, E), 

(7) Z E Kf , o.'*) S a(f , 9(, «)< + » . 

« k 

On the other hand, in view of IV. 1.66, 

(8) *( 2 , ,r,»;)= »;.) 

t . 

for 2 / not in T'{E), Since T^(E) is of measure zero by assumption, it follows that 

(8) holds a.e. in the ^j-planc. From (5), (2) it follows that 

(9) Z 11 '‘(. 0 . , T\ »,'0 = Z !/,(f , ».'i) s <»(r , stt, «)< + ~ • 

(9) implies (see 1.3.11) that termwise integration is pennitted in (8). In view of 
(6) wo obtain, by integrating (8), 

k 

Hence, by the Minkowski inequality (see 1.3.10) 

^ Z i?(f ; a)h), 

K 

and finally, in view of (7), 

m 

Z 17(¥; S>0 ^ ait, 

«”i 

Thus (6) is established, and the proof is complete. 

V.1,14. Given /Sf as in V.1.1, let 91, , * • • , 91, „ be a finite system of simply- 
connected Jordan regions in 91, such that 91i + • • ■ + 91„ == 91 and 91?91® = 0 
for i 7 ^ k. Suppose that !r'(9L — 9lS) is of measure zero, j = 1, 2, 3, s = 1, 2, 
* ♦ • , m. Then 

m 

(1) a({, 91) = Z a(i'j 

««»1 


-e = Z (9i. - SR5- 


Proof, Put 
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V.1.14: 


Then t T^{E) [ = 0, j = 1, 2, 3. Hence, by V.1.13, 

(2) a(b 9^) = a(?, 9?, E). 

Obviously, in view of the conditions satisfied by 9?i , • • • , 9im , 

m 

(3) «({,SR,i!!) = i:«(S.3!.). 

(2) and (3) imply (1). 

V.1.15. A representation <3 : i’ = ^{w), w G 9t, will be termed eBV if the 
transformations T', j = 1, 2, 3, are eBV in 9?'’, and eAG if the transformations 
are eAC in 91" (cf. V.1.1 and IV.4.1). 

V.1.16. Given S as in VTl, the representation ^lsed for S is eBV if and only if 
a(S) < +"■ 

Proof, (i) Suppose a(S) < + co, By V.1.7 we have then a(j;, 9i) < + «», 
and hence a fortiori 

(1) g(^, 9f) < + 00 . 

(1) implies, by V.1.1, that { 7 ,(f, 9t") <+ 00 ; hence k{z, , 91") is summable, and 

consequently (cf. IV.4.1) is eBV in 9t", j ~ 1, 2, 3, 

(ii) Suppose that k(Z{ , T‘, 9t") is summable, j = 1, 2, 3. Then «( 2 , , T', S) 
is also summable for every domain 3D C 9t", by IV. 1.64. There follows, for every 
system 3Dj , • • * , SD„, of disjoint domains in 9t (cf. IV. 1.64), 

m m p p p p 

S 9l(.h »<) “ 2 ji »') ^ JJ 

Hence (of. V.1.2) 

m 3 n 

E 9(h ».) sE “(Oi , J", 8i"), 

/-I JJ 

Since this holds for every finite system of disjoint domains in 9t", it follows that 
(cf. V.1.7) 

0(5) - 0(5, 8i) S E // «(a/ , J", 9!") < + » . 

V,1.17. As an immediate corollary of V.1,16 we obtain the statement: if one 
representation of a surface S is eBV, then every representation of S is eBV, 

V.1,18. Given S as in V.1.1, we shall denote by y) the essential general- 
ized Jacobian corresponding to the transformation (cf. IV.3.21). If the ordi- 
nary Jacobian (cf. IV.3.21) corresponding to happens to exist at a point w, 
then it will be denoted by J\w, jc). The notation is meant to stress the fact that 
these Jacobians are relative to a given representation of S. 

V.l.lP. Given S as in V.1.1, suppose that a{S) < + «. Then the Jacohians 
?), j ~ 1) 2, 3, exist a.e. in 91°, are summable in 91°, and 
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( 1 ) If [[S>, t)]’ + [a>. r)]’ + is>, f)]’)''’ ^ <S). 

«« 

Proof. In view of V.1.7, we have 

(2) a(i*, = a(AS) < + «» , 

Let now R, Ri , • • • , be any finite system of oriented rectangles in such 
that R^iRl = 0 for i 9 ^ k, and Ri C. R) i = I, • • • y m. By V.1.10 we have then 
(cf. V.1.7) 

(3) S a(i' > R^) ^ ; 72) g rt(i‘ , 9?) < + ro . 

Thus the rectangle-function a(y, 9i) is of type A in 91” (see 111,1.62). As a con- 
sequence, this rectangle-function has a derivative a.e. in 91°. Let us denote this 
derivative by a{v}). Then aiw) is siimmable in R and (see 111.1.28) 

(4) jj a(w) g a(¥, 72). 

if 

Thus (4) holds for every oriented rectangle 72 C 91”* Now we can choose (see 
1.3.2) a sequence of oriented rectangles n , • such that 

^ r, “ 91°, ’ ?'K = 0 for i k. 

If n is any positive integer, it follows that (cf. (4), (3)) 

^ ct{w) ^ Sa(¥,r.) g a(j, 91) < + «• 

rj 

In view of 1.3.11, it follows that a(«j) is summnble in 91° and 


( 6 ) 


//«(») 

£U» 


Now let 72 be any oriented rectangle in 91°. By V.1.2, V.1,3 we have then the 
inequality 


( 0 ) 


r g.cr,ie°) ? , r g.(t,if°) T , _ o{%,m ^ 

,L |if| J +L |K| J |B| JJ |B| - |fi| 


Now let us consider the rectangle-function ^/(y, 72°). Since a(y, 91) < + we 
have the formula (of. V.1.16) gdt, 72°) = // K(Zf , 72°). Now is eBV in 

91° (see V.1.16). By IV.4.1, IV.3.26, IV.3.12 it follows that the derivative of 
Qfilt 72°) exists and is equal to | ?) 1 a.e. in 91°. From (6) there follows now 

that 


( 7 ) 
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a.e. in Integration of (7) yields, in view of (5) and (2), the inequality (1). 

V.1.20. Given S as in V.1.1, suppose that the given repTesentaiion of S is eAC 
(see V.1.15). Then a{S) < + 00 , the essential generalized Jacobiam ^[(w, {) 
exist a.e. in 9?° and are summaUe in and 

(1) a(S) = II W.(w, r), 

where we have put 

mw, + [s>, 3 ;)]“ + 3 ?). 

Peoof. By assumption, the transfoimaiions T‘ arc eAC in Oi”. By IV.4,1, 
each is eBV in 9^“. Hence the given representation is eBV. By V.l.lG, 
V.1.19 it follows that a{S) the Jacobians y) exist a.e, in and 

(2) II W.(.w, t) g aiS). 

Now let Di , • • • , 2D„ be any finite system of disjoint domains in Since is 
eAC in and hence in each SD, , we have, by IV. 4.7, V.1.2, 

^•) =" // "" // I I- 

By the Minkowski inequality it follows that 

ffCib SJ.) ^ // WAw, i'). 

!D( 

and hence, since the domains 3)f are disjoint, 

II W.iw.t). 

9J0 

Since this holds for every disjoint system ©1 , • • ■ , aD„ in there follows the 
inequality 

(3) II W.(w, t). 

0)0 

In view of V.1.7, the formula (1) follows from (2) and (3). 

V.1.21. We shall see later on (of. V.2.61, V.2.58) that the converse of the 
preceding theorem also holds under very general conditions, but it is not known 
whether the converse holds for every surface S such that a(S) < + oa . The 
result of V. 1 . 20 suggests a further imp or tant, as yet unsolved, problem . Suppose 
that S, given as in V.1.1, has finite lower area a(S). As observed in the course 
of the proof in V.1.19, the rectangle-function a(t’, R) has then a derivative 
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a (to) a.e. in St”, Let us suppose now that the given representation of S is 
eAC. If R is any oriented rectangle in 9^“, let us define a surface Sn by the 
representation 

: ? = ¥N, w E R> 

Clearly, this representation is also eAC, and hence, V.1.20 (applied to Sn), 
we obtain the formula 

a{t,R) = jj WM j). 

By III.1.2G it follows that a{w) — W^iWj y) a.e. in The problem, referred to 
above, consists of deciding whether this formula holds if we only assume that 
the given representation of S is eBV (ef. III,3. 13 concerning the analogous situa- 
tion in the theory of arc-length). 

V.1.22. Given S as in V.1.1, suppose that a{S) < -H and that the ordinary 
Jacobians J‘{w, 3:)> 3 = Ij 2, 3, exist a.e. in 9^® (cf. V.1.18). Let us use the nota- 
tion ]Ve(to, x) in the sense of V.1.20 and lot us put 

Tr(«>, t) = f)]’ + £)]'“ + (./’(w, t))’!'". 

By AM. 19, the essential generalized Jacobians |) exist a.e. in SR*' and 

(1) // W.(w, j) S a(S). 

IR" 

We assert that 

(2) If (la, i) S Tf ,(w, f) a.c. in 3e", 

and consequently i in mew of (1), 

JJ W(w, y) ^ a(S). 

0?“ 

PnooF, Since a{S) < -{-«>, the functions k(zi, T^, 9t°) are summable by V. 1. 1 G. 
Hence, by IV.3.4G, | J\w, j) | ^ | ?) \ a.e. in 9^®, and (2) follows. 

V.1.23, Given S as in V.1.1, suppose that the given representation of S is eAC 
and that the ordinary Jacobians J\Wf y) exist a.e. in 9?°. By V.1.20 the lower area 
a{S) is then finite. Using the notation W{io, y) introduced in V.1.22, we assert that 

(1) <1(S) = // W(w, {). 

8!<> 

Proof. By assumption, the transformations T ’ (cf. V.1.1) are eAC in 
Hence, by IV. 4.1, IV.3.42, we have J’(w, y) « ^{(w, y) a.e. in 9t°, for j = 1, 2, 3. 
Thus W(w, y) = Wt{w, y) a.e. in 9?°, and (1) appears as a direct consequence of 
V.1.20. 

V.1.24. In part IV, we derived various criteria for a transformation to be 
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eAC (cf. IV.4.28, IV.4.29, IV.4.30, IV.4.31, IV.4.33, IV.4.34, IV.4.41). These 
special criteria, if combined with the theorem of V.1,23, yield a number of results 
concerning cases where the lower area a(S) is given by the usual integral formula 
(1) in V.1.23. We shall list presently a few simple cases of this type that will be 
needed in the sequel. 

V.1.25. A representation 

(1) s ; { = t(w), w 6 8f, 

will be said to be of class C if (i) the partial derivatives of the first order of the 
components of exist and are continuous everywhere in 9^°, and (ii) the 
function Wiw, x) (cf. V.1.22) is summable in A surface S will be said to be 
of class C" if it admits of a representation of class C'. Such a representation 
will be termed a typical representation of S (cf. II. 3.47). 

Lei (1) he a typical representatioii of a surface S of class C*. We assert that 

(2) a(S) = 11 W(.w, t). 

PuooF. If (1) is a representation of class C*, then this representation is cAC 
as an immediate consequence of IV.4,29. Thus (2) follows directly from V.1.23. 
V.1.26. , A representation 

(1) #3 : = i{w), w G 

will be teimed quasidinear if (i) is bounded by a simple closed polygon, and 
(ii) 91 can be subdivided into a finite number of (rectilinear) triangles A, , • * • , 
A„, , such that the components of j;(wj) are linear functions of w and v in each one 
of the triangles A, , • • • , A„ , where u iv ~ w. A surface S will be termed 
quasi-linear if it admits of a quasi-1 inear representation. Such a representation 
will be called a typical representation of S (cf. II. 3. 47). 

Let (1) be a quasi-linear representation. By IV.4,30, the representation is 
then eAC, and obviously the first partial derivatives of the components of j(ty) 
exist a.e. in 91”. Hence by 7.1.23 

(2) o(S) = JJ W{w, t). 

Dt® 

This result admits of the following interpretation. By assumption, 91 can be 
subdivided into a finite number of rectilinear triangles A, , • • ■ , A„, , such tlmt 
the components of ^{w) are linear functions on each one of these triangles. By 
means of the representation (1), each A, is transformed into a point-sot in 
iTiaJaavspace. Since the components of y(w) are linear in A, , the point-set is 
either a nondegenerate, plane, rectilinear triangle, or else a straight segment or 
a single point. In the first case, let | j be the area of the triangle in the ele- 
mentary sense, while in the second and third cases let | 5,- \ bo equal to zero, 
Well known elementary formulas yield then 
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I 8, I = // W(w, f). 

Hence, by (2), 

(3) a(S) = E I h |. 

In other words, the lower area a(S) coincides in this case with what may be con- 
sidered the expected value of the area of S, 

V.1.27. A representation 

(1) 5 : i’ = w € 9?, 

will be termed Lipschitzian if the components of i'(w) satisfy a Lipschitz condition 
in 9i (cf. 1.3.14). A surface S will be termed Lipschitzian if it admits of a Lip- 
sclutzian representation. Such a representation will bo termed a typical repre- 
sentation of S (cf. II.3.47). In the literature, a Lipschitzian surface, in the 
son.se just explained, is u.sually called rectifiable. To avoid misunderstandings 
that may arise from various other connotations of the term rectifiable, we shall 
use the tenn Lipschitzian. 

Let (1) bo a Lipschitzian representation. By IV.4.28, the first partial deriva- 
tives of the components of exist a.e. in 91*^ and the representation is eAC. 
Hence, by V.1.23, 

(2) a(S) = 11 W(w, x). 

From tire point of viov^ of elementary mathematics, we should be hardly justified 
in speaking of an expected value of the area of a Lipschitzian surface. On the 
other hand, from the point of view of advanced mathematics, a Lipschitzian 
representation is an exceptionally favorable case, and no definition of the area 
would be considered as acceptable unlc.ss H agrees with the value furnished by the 
usual integral formula in case of a Lipschitzian representation. Thus (2) states 
that the lower area a{S) coincides, in the Lipschitzian case, with the expected 
value of the area, from the point of view of the expert. 

V.1.28. Given a simply-connoetcd, bounded Jordan region in the w-plane, 
we define a curvilinear triangulation of as follows. A curvilinear triangle i in 9? 
is a simplj^'-conneclcd Jordan region, with three distinct points on the boundary 
of t being fixed. These three points are the vertices of the curvilinear triangle i. 
The three nonoverlapping arcs determined by the vortices on the boundary of t 
are the sides of t, A curvilinear tri angulation 3 of 9? consists of a finite number of 
curvilinear triangles ti , • L > such that the following conditions are satisfied. 

(i) tX = 0 for i 9 ^ j, 

(ii) ifi + * ’ • + 4(1 = 94 

(iii) For i 7 ^ j, the set t,t, is cither empty, or is a common vortejil of I, and i , , 
or else a common side of ti and t, . 
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V,1.29. A representation 

(1) : i- = i‘N, ^ € 9f, 

is termed polyhedral if there exists a curvilinear triangulation 3 of % consisting 
of triangles h , - • , L , such that the following conditions aro satisfied. 

(i) On each i, , the transformation (1) from t, into iria’aOJa-spnce is topological. 

(ii) The image of U , i = 1, 2, •••,?«, under the transformation (1), is a 
nondegenerate, plane, rectilinear triangle A, , the vertices of A. being the images 
of the vertices of U . 

For claritj', we shall use the symbol (y, 9?, 3) to refer to a poljdiedral roproaentfi- 
tion and a triangulation 3 satisfying the conditions (i), (ii). If (t) is a polyliedml 
representation and 

(2) file'll e 

is any other representation of ;S, then (2) is not necessarily polyhedral, but if 
(2) is topologically similar to (1) (cf. 11.3.19), then obviously (2) is also polyhedral. 

V.1.30. A polyhedron (more explicitly, a Fr&chei polyhedron of the type of the 
2-cell, cf. II.3.7) is a surface that admits of a polyhedral ropro.sontation, in the 
sense of V.1.29. Such a representation is termed a typical representation of the 
polyhedron (cf. 11.3.47). We shall use 9? to refer to a polyhedron. 

V. 1 .3 1 . Given a polyhedron 

(1) iP : = ¥(w), w E 

in a typical representation (j;, 9i, 3), let Aj , • • ■ , A„ bo the rectilinear triangles 
that correspond to the curvilinear triangles ii , ■ • • , i,„ of 3 in the sonso of V. 1.20. 
We define F(v, 9J, 3), the elementary area of ^ in terms of a givcii typical nsproaon- 
tation (y, 9t, 3), as the sum of the areas (in the elementary sense) of tho triangles 
Ai , • ' • , A„ . In symbols: ^(y, 9^, 3) = | Ai | + - • * + I A„, |. 'The notation 
E{x, 9i, 3) indicates that it is not clear a priori that this elementary area depends 
only upon However, we shall prove now that this is the ca.so. 

V.1.32. Under the conditions stated in V.1.31, wo have 7?(j:, 9?, 3) «= a(iP). 
Proof, (i) Let us first suppose that m — 1. Then 9t itself, with three dis" 
tinct points w, , iv^ , on its boundary fixed as vertices, i.s the only triangle of 3, 
The transformation from 9t into .'c,rc 2 .ra-space, defined by (f) in V.i.31, is tlren 
topological, and carries 9t into a nondegeneraic, plane, rectilinear triangle A, tho 
points ^ 1 ,^ 2 , Wa being carried into the vertices Ft , Pz , Ps of A. Wo have to 
show that a(^) = 1 A |. Now let A* be a (nondegeneraic) rectilinear triangle, 
with vertices lyf , w? , in an auxiliary w‘*'-plano. Wo have then an affino 
transformation P(A) - A* that carries the ^^cr trees Pi , P^ , Pa of A into tho 
vertices wf ,wt , wt of A* respectively. Let t( 9^) = A be tho topological trans- 
formation, defined by (1) in V.1.31, from 9t onto A. Then tho roprosontation 
y = *(«)*), w* S A*, is clearly topologically similar to (1) in V.1.31 (cf. 

ILl.26), and hence this is also a repre.sentation of 'ip. On the oilror hand, the 
transformation from A* onto A, defined by this representation, clearly agrees with 
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the transformation ~ A. Since 7' is an affine transformationj it follows 

that this representation is quasi-linear, and hence o{^) — | A | by V.1.26. 

(ii) Now let us return to the general case (m an arbitrary positive integer). 
For s 1, 2, • « • , let us denote by 3^ the triangulation of t, consisting of the 
single triangle i, . Then the representation y = j(w), w ^ t, , is clearly a poly- 
hedral representation (y, , 5,), in the sense of V.1.29. Thus we obtain vi 
polyhedra : y = yM, G , s = 1, 2, • • • , m, and by the discussion just 
completed under (i) above, we have 

(J) = I I) s = 1, 2, • • • , m. 

Now for j — 1, 2, 3, s — 1, 2, ' • • , m, the sot T'(l, — t1) is merely the orthogonal 
projection of the perimeter of A, upon the 2 /-plane (cf. V.1.1), and thus surely 
I T^(t, ~ f.)\ = 0. Hence, by V.1.14 and V.1.7, 

(2) am - am) 4- ••• +a(i|5„.). 

(1) and (2) imply that «(i)3) - | Ai | -f • • • -|- [ A„ | = ^(y, 91, 5). 

V«1.33. The result established in V.1.32 shows that ^(y, 91, 3) has the same 
value for all typical representations of a given polyhedron % namely the value 
aCiP). We shall term this common value the elementary area of the poly- 
hedron Thus we have the formula Em — 31, 3) == a(^) for every typical 

representation (y, 91, 3) of a polyhedron In view of V.1,7, it follows that the 
elementary area is a lower semi-continuous function in the class of poly- 
hedra. That is, if (cf. II.3.15), then ^ lim inf Em), 

V.1.34. The special surfaces considered in V.1.26, V.1.26, Y.1.27, V.1.30 may 
bo thought of as elementari/ surfaces. These elementary surfaces will be used 
extensively for purposes of approximation, and we shall develop presently various 
facts needed in the sequel. For technical reasons wo introduce first a slightly 
more general class of surfaces, termed surfaces of class IFo • A surface S belongs 
to {Fo if and only if S admits of a representation 

(1) iS : y = y(u>), w G 91, 

such that (i) y(ia) satisfies a Lipschitz condition in every simply-connected 
Jordan region 91,,, C 9l“, and (ii) y) is summable in 91" (cf. V.1.22 for the 
definition of W). Such a representation will be called a typical representation 
(cf. 11.3,47) of the surface S of class IFo • Note that as a consequence of condition 

(1) , the first partial derivatives of the components of y(tw) exist a.e. in 91" (cf. 
1.3.14), and hence condition (ii) is meaningful. 

Let (1) be a typical representation of a surface S of class 3^o • Let 91„ be a se- 
quence of simply-connected Jordan regions that fill up 91 from the interior; then 
by V.1.1 1 we have 

(2) a(S„) ^ a{S), 
where 
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(3) Sn'.^ = i'N) WJ G 8t« . 

Clearly, (3) is a Lipseliitzian representation, and hence by V.1.27 

(4) a{S„) = iO- 

Obviously, since W{w, 0 is summablc in 9^, 

( 5 ) 

(2), (4), (5) yield 

(6) a(S) = II W(.w, f). 

VJ.35. Let us use the symbols jC'}, (Q), {L}, {P} to donoto the oliias of 
surfaces defined in V.1.25, V.1.2G, V.L27, V.1.30 ^especLivol 3 ^ Tims S ^ {C'\ 
means that 8 is of class C’ in the sense of Y.1.2G, >S G (Q) means that 8 is qiiasi- 
lincar in the sense of V.1.26, and so forth. Wo assert tliat the classes {fY}, {Q), 
{L}, {P} are .subclasses of JFn . For the first throe classes this is obvious (ch 
y.1.34). The inclusion {F} C 9 ^d follows from the next section. 

V.1.36, If is a polyhedron (cf. V.1.30), then admits of a ro.prvsenlalion 
$ : jc = j‘(w), w £ 9f, with the following properties, (i) The houndary of 9i' is a 
convex polygon, (ii) The representation is quasi-linear (see V. 1.2(5). 

Proof. By definition, iP admits of a polyhedral representation 

(1) = 

Let be the triangles of a curvilinear triangiilation 3,^ of 9i',^ associated 

with the pobdiedral representation (1) in the sense of y.1.29. Then eacsh w 
mapped, by means of (1), topologically onto a (nondogcncrato) plains reotilinear 
triangle A, in a’i.raavspace, the vortices of t^^ being mapped into the vortices of 
A, . Let us denote this topological transformation from mito A,- <x,(l,^) = 

A. . 

By 1.2.53 there exists a topological transformation r that maps 9f,j, fmto a 
simpl 3 '’-coimected, bounded Jordan region 9J in the w-planc, where 9i is bounded 
bj*^ a convex polygon and each triangle i^^ is mapped onto a rectilinear triangle I, , 
the vertices of being carried into the vertices of ti , B^’' moans of r, the curvi- 
linear triangulation 3^ of is thus carried into a rectilinear triangulation 3 of 9h 
Ihe representation j = ‘(w), w £ 9t, being topologically similar to the 

representation (1), we obtain thus for ip the representation 

(2) ip : i' = w 6 

This representation is obviousty polyhedral and may be denoted by the symbol 
(?) 9i, 3) in the sense of V,L29, the triangles A, being the same for both ropre- 
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scntationa (1) and (2). For each triangle t, of 3, we defino the transformation 
- A, as the (univoeally determined) alRne transformation that carries 
into A, and agrees with (2) at the vertices of . Then /37‘a;,r“\'U)), w ^ t, , is 
clearl}'- a topological transformation of onto itself, each vertex of t, being 
carried into itself. Furthermore, as a consequence of the definition of a, and j(3< , 
if t, , t, are any two triangle, s of 3, then (3J^a,T~''{io) = for w G t,i, • 

Consequently, the tran.sformations /37'a.T“'(ir), i = 1 , 2, • • • , m, make up a 
topological transformation of 91 onto itself that we denote by !7'(91) == 91, By 
means of T we obtain from (2) the representation (cf. TI,3. 11) 

(3) wG91. 

Now let Wo be any point in 91, Then lOo G b for some t = 1, 2, ■ ■ • , ?a, and we 
obtain the formula == ^^T~\a~^^,{wo) = = a.a7'i8, W 

— jdi(«^o). Now j8, is an affine transformation from onto A, . Thus the 
representation (3) coincides, in each one of the triangles b of 3, with an affine 
transformation from onto A, , Hence this representation is quasi-linear, and 
the proof is complete. As a matter of fact, the representation (3) is both quasi- 
linear and polyhedral, 

V.1.37. Let Qo denote the unit square Qo : 0 ^ ^ I, 0 ^ y ^ 1, in the 

w ~ u -{■ iv plane, and lot 'i|3 : y == i',^(iy), ly G Qo j be any representation (not 
ncce.ssaril 5 '^ typical) of a polyhedron ip. Given € > 0, we have then a quasi- 
linear representation iP : i’ = j:'*'(w), G Qo , «nc'h that \ ¥*(w) — 3 ;*(w) ] < « on 
Q„ (cf. IL3.11), 

Pkoof. By V.1.3(), iP admits of a quasi-linear representation ip : j; = 
w G 91, such that 91 is Ijounded by a convex polygon. Given any rj, such that 
0 < y < e/2, we have then (see II. 3. 12) a topological transformation 91 = t(Qo), 


such that 

(1) i xM - \<v, weQo. 

By 1,2.54, we have a quasi-linear topological transformation 91 = «^>(Qo), such that 

(2) I r{w) — 0(w) !<'»?, w G Qo ■ 

Since i‘(iy) is continuous, we can choo.se y so small that (2) implies 

(3) I ^Iriw)] - id0(t«)] I < e/2, wEQo. 

Since </> is topological, we have for iP the representation 

(4) ip : = i[<f>iw)], w^Qo. 

This representation is clearly quasi-1 inoar, and (1) and (3) yield | ^*,^( 1 ^) — i‘l^('i«)] | 
< c/2 -|- 1 ) < e. Thus the representation satisfies our requirements. 


V.1.38. Given 8 ^^ 0 ) & admits of a typical representation upon the unit square 
Qo (cf. V.1.34). 

Proof. By definition, S admits of a representation /S ; — i‘,^(w 4 ,), G 91,^ , 
such that satisfies a Lipschitz condition on every simply-connected Jordan 
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region contained in 9?^ . Now let = t(Qo) be a topological transfoi*mation 
from Qo onto , such that r is conformal on Qo (cf. 1.3.19). Then we have for 
S the representation S = ^{w) = ?^[t(w)], w^Qo^ Now let 9? be any simply 
connected Jordan region in Qo • We assert that J*[r(ta)] satisfies a Lipschit?! 
condition in 9^. Indeed, if this were not the case, we should have in 9t a sequence 
of pairs of points ii/l , , such that 


I 

( 1 ) 




Co , 


Since ¥,^[ 7 ( 2 ^)] is clearly bounded in Qo , it follows that | laa ^ | ^ 0 . Since we 

can extract convergent subsequences from the sequences w” , Ws , we can assume 
without loss of generality that both sequences converge, necessarily to the same 
point, say 

(2) w’i ^ Wo , wl W q , Wo 6 9h 

Let us put t(wI) = , t(wi) = , r(wo) = Wo* . Then (1) and (2) yield 


(3) 





, Wo,„ G 9i* . 

Now let be a closed circular disc in 9t^ with center at Wo^, . Since r is continu- 
ous, we have a closed circular disc c C Qo with center at Wo , such that w ^ c 
implies t{w) G • For n large enough, the points w'l , wl will lie in c, and hence 
the points will lie in . But satisfies a Lipsohitz condition on c* 

and r satisfies a Lipschitz condition on c. Thus (3) is clearly impossible. There 
remains to show that ir(w, y) is summable on Qo (cf. V.l.Sd). Now W(v}, 
exists a.e. in Qo by 1.3.14, and since a{S) < by V. 1,34, the summability of 
W{w, f) on Qo follows from V.1.22. 

V.1.39. Given /S G SFo (cf. V.1,34), and an e > 0, there exists a polyhedron^ 
such that I a{S) — J?(iP) i < e and d(S, ^ (cf. II.3.16). 

The proof will be given, for convenience, in several steps. 

V.1.40. Let ^S be a surface that admits of a representation 


(1) #S : j = j(w), w 

such that R is an oriented rectangle and the components of j(w) are defined and 
have continuous fimt partial derivatives in a domain 30 containing R. Given 
e > 0 , there exists then a quasi-linoar surface S* (cf. V.1.26), such that | a(>S) - 
a(^*) 1 < e and d{S, S*) < e (cf. 11.3.15). 

Proof. Let r be an oriented rectangle in R, with vertices (u, v), (w -j- h, »), 
(u + /i, V + A;), (w, V + h), where h > 0, k > 0, tict A, B, <7, D be the points 
that correspond, in a;ia; 2 a; 3 -space, to the vertices of r in the indicated order, by 
means of the representation ( 1 ). Let the symbol \ABD \ denote the area of the 
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triangle ABB if this triangle is nondegenerate, and let us put ) ABB \ = 0 
otherwise, The symbol | BOB \ is defined in a similar manner. Let us put 

(2) a(r) = I ABB \ + | BOB |. 

Let a’,(w, y), i = 1, 2, 3, be the components of the vector i{w) appearing in (1). 
Let us put 

y) ~ xzju, v) _ xAu, y + ^) - v) 


Xs(u, V -{- k) — Xijiiy v) Xjju + fe) y) ~ v) 
Jc'h 


and let us define the quantities i> 3 (r) by cyclic pennutations of the sub- 
scripts 1, 2, 3. An elementary computation yields the formula 

\ABB\^ [<hirr + Mrr + I 1/2. 

Now the first partial derivatives are continuous, and hence uniformly continuous, 
on the closed rectangle R. Using this fact, and the Lagrange mean value theorem, 
wo obtain readily the result that for every > 0 we have a 5 = d(ri) >0, such 
that 


(3) 


[ ABB I 


- I W(u, V, j) 


< V 


for every r CR such that the diameter of r is less than d (of. V.L22 for W). Now 
let <r be a subdivision of R into oriented rectangles r, and let || c || denote the 
maximum diameter of the rectangles of (t. Prom (3) it follows that 


'L\abd\-\j:w{u,v, f)|H 

rStf r 6 «r 


< n \ R\ 


if II (T II < 5. 


Since W is continuous on R, it follows that for any sequence of subdivisions <r„ , 
such that II o-„ II — > 0, we have 


(4) 


E I I ^ 

r 6 ffn «-•» 



W{u, y, i). 


An entirely analogous reasoning yields 


( 5 ) 


J: l SOD I -*Uf W(v,«, f), 

n-»«o a 


(2), (4), (6) yield 

(6) [[W(u,v,!). 

rSffB n-.® 

R 

Now let us choose tr„ as follow's: we subdivide the horizontal and vertical sides of 


n 
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R into n equal parts, and draw horizontals and ^^erticals through the points of 
division. Let us now subdivide each rectangle r of (r„ into two triangles by draw- 
ing the diagonal from the upper left to the lower right corner. We have then on 
R a (univocally determined) single- valued continuous vector-function ¥*( 10 ) that 
agrees with at the vertices of each one of the triangles so obtained, and whose 
components are linear functions of u, u in each one of these triangles. The surface 
S* defined by the representation S* : y = R, is then quasi-linear, and 

clearly (cf, V.1.26) 

(7) a(Sl:) = 

rG<Tn 

In view of the continuity of it follows readily that 

xHw) -> 

uniformly on R, and thus (cf. II.3.17) 

(8) d(S* 

By Y.1.25 we have 

( 9 ) a(S) = II W(.u,v, i). 

R 

(7), (6), (9) imply that 

(10) am ^ a{8). 

Given any e > 0, it follows from (8) and (10) that j a(»S') - a{8t) \ < €, d{S, 

8*) < € for n sufficiently large, and the proof is complete. 

V.1.41. Let ;S be a quasi-linear surface (see V. 1.26) . Given c > 0, there exists ' 
a polyhedron i]3 (see V.1.30, V.l.SS) such that | - ^(ip) | < €, d{S, ip) < e. 

Proof. Let * 

(1) ^ ; j; = ?(w), w e % 

bo a quasi-linear representation of S. Then the boundary of 9t is a polygon, and 
9t admits of a triangulation 3 such that (i) each one of the triangles U , ■ > • , 
of 3 is rectilinear, and (ii) the coraponent.s of the vocto]' 3 ;(^y) are linear func- 
tions of li, V in each one of the triangles . Now let , ■" ,Wn be the vortices 
of the triangulation 3 in any order, and let Pi , • • • , bo the points that corre- 
spond to , • • • , v)}f in a:t.r 2 a'a -space, by means of the ropre.sontation (1). For 
each lot us define Q:(i,) as follows. If the three points V that correspond to the 
vertices of i{ determine a nondegenerate rectilinear triangle, then a{li) is equal 
to the area of this triangle; otherwise ct{il) ~ 0. By V.1.26 we have then 

(2) a{8) ~ a{ii) a(i,„). 

For each positive integer ?i, let P" , ■ • ■ , P)(r be a sj^stem of points, in .^’l.^ 2 .^' 3 -space, 
with the following properties, (a) The points P'f , • • • , Py are all distinct, and 
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no three of those points are collinear. (b) The distance between tho 
7, and 7" is less than Ijn for every « = 1, 2, • • • , N, These conditions are 
clearly compatible. Let us consider now a triangle , with vertices lOn ^ , 

■Wo . Then the rectilinear triangle A” Avitli vertices 7", , 7"2 , 7', 3 is nondegencr- 
ate. Let t"(/ 0 == A" denote tho (imivocally determined) affine transformation 
that carries L into A" , tho vertices w,i , , ^,3 being carried into tlic vertices 

7L , 7"2 i V'li , in the indicated order. Clearly 

(3) I A" I a{t), i = Ij 2, • • • , m. 

Since A” is nondegenoj’ate, r" is a homeomorpliism. Lot us define in a vector 
function ■^,Xv)) by tho condition that the transformation j; = 9?, agrees 

Avith r"in L , i = 1, 2, •••,?«. Tlion the surface determined by tho representation 
93ri : i’ — i'nCw); w G 9?, IS clcavly a polyhedron, and 

(4) = I A-; ! + -.. + I a::. |. 

Obvioii.sl.y — > i’(w) uniformlj^ in 9t, and hence (of. IL3. 17) 

(6) d{S, 9?,.) 0. 

(2), (3), (4) yield 

(6) Em 

(5) and (6) imply that for given 6 > 0, the ])oIyhedron satisfies tho require- 
ments I a(AS) — 7?(9)«) I < e, d(/S, '!]3n) < e for a sufficiently large. 

V,l,42, Let 

(1) ^ u> e K 

be a typical representation of a surface S of class C' (sec V.1.26}, where R is an 
oriented rectangle. Given e > 0, we have then a poljdiedron 93 such that | a(#S) — 
J?(93) I < e, d{S, 93) < e. 

PaooF, Lot Wq be the center of i2, and i?„ the oriented rectangle with center 
Wo that is obtained from 72 by the transformation 

(2) VI* = Wo + = Mw), 10 e 72, 

The transformation (2) is a transformation bj*- similarity with center Wo . Let us 
denote this transformation by T„ : w* = w Q R, Wo have then 

I Mw) - 10 I = ' J I , 


.Since ^(w) is uniformly continuous on 72, tltere folloAvs tho relation 
(3) * 


w G R. 
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uniformly in R. Let us define the surface by 

(4) = xiw), G i?„ . 

Since r„ is a homeomovplusm betu'ccn R and R„ , we have for the represenia- 
tion (cf. 113.19) 

(5) ^ WER- 

(3), (1), (6) imply, by II.3.17, the relation 

( 6 ) d(S, S„)-^0, 

Clearly the representation (4) is of class C\ since by assumption t.hc representa- 
tion (1) is of class C . Hence, by 7.1.25, we have 

. a(g) = IJ W(w, ?), «(&,) = // W(w, !■). 

Ji 

Since W is summablc on R by assumption, it follows that- 

(7) a(^n) — ^ 

Now give e > 0. By (7), (0) we have then an N such that 

(8) 1 a(B) ~ a{S^) \ < e/3, d{S, < e/S. . 

Now the representation (cf. (4)) 

Sn ^ > 

satisfies the assumptions in V.1.40 {R^f and /f" replacing the R and tD of V.1.40). 
Hence we have a quasi-lincar surface such that 

(9) I a{S^) - a(AS^) 1 < e/S, , S^') < e/3. 

By 7,1.41 we have a polyhedron ij) .such that 

(10) i a(ASf‘*) - m) I < ^/3, (KS*, iP) < e/3. 

(8), (9), (10) yield (of. II.3.16) finally 

I a{S) - Em I < e, d{S, iI3) < e. 

7,1.43, We proceed to prove the statement in 7.1,39. Since aS S ffo > wo 
have by 7.1.38 a typical representation of S of the form 

(1) . a 5 : j « i/w), wEQo, 

where Qo is the unit square Lot the transformation f« 

be defined by (cf. the argument in 7.1,42) 


/n .k , w - Wo 

="» + r+i^’ 


w G Qo i 
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where Wo is tlic center of Qq . Let O' be the image of Qq under T„\ then Q" is an 
oriented square wth centor JCo , and | Q'’ [ j Qo I, Q" C Let us define the 
surface by 

(2) : % = j(w); e Q\ 

The argument used in V,1.42 yields 

(3) d{S, S„) -> 0. 

Clearly, S„ £ ffo , find tlie representation (2) is typical, since by assumption the 
representation (1) is typicfil. Hence we have, by V.1.34, 

(4) a(S) = If W(w, j). a(« = jj W(.w, j). 

Of n" 

8inco TK is summable on Qf , , it follows that 
(6) a{S„) a(S). 

Give nou' « > 0. Tlien by (3), (6) wo have an N such that 

(6) I a(S) ~ a(Sy) | < «/3, d(^, < e/3. 

From this point on, JV will be kept fixed. For the surface /Sjv wo liave by (2) the 
representation /S^r : y = ?(w), G Q'L We note that C Qo j and that i‘(w) 
satisfies a Lipschitz condition in (3“'' . Hence there exists a finite po.sitivo con- 
stant M such that 

W(w, jc) < M a.e. on Q^. 

Now let Xi(u, y), i ~ 1, 2, 3, be the components of ^(w). We introduce the 
integral means (cf. III. 2. 66) 

xi'(u, ^ ^ j / y + v)d^dv. 

0 0 

Since C Qo , for h small enough we can define a surface by 

(7) Sk'^X === X\'^) = y), X 2 (u, y), a: 3 (w, y)), u iv = w ^ 

Since satisfies a Lipschitz condition on we have by 111.2.66, III.2.67 
the following facts at our disposal. 

(a) The representation (7) is of class G'. 

(b) We have a finite positive constant M*, independent of h, such that 
W{w, y'*) < i/* in 

(c) If /i 0 through any .sequence Jh , h , ■ • * , then W(io, W{w, x) 

a.e. in Q‘'’ and y(w) uniformly in Q^, 

From (a) wo obtain, by V.1.26, 


i 
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(8) = If nw, t*). 

The last part of |(c) yields 

(9) , >Sjf) —^0 if /i 0 

through any sequence Jh Jh , • ' ' • In view of 1.3. 1 1 , it follows from (b) and (c) 
that 

(10) If W(w, x') If i’) if /i-> 0 

(jA’ Qff 

through any sequence hi , Jh , • • • . From (8), (10), (4) \vo obtain the relation 

(11) a(*8^) — > if h — > 0, 

From (9), (11) we infer that 

(12) I o(S,v) - o(6’fv) I < 6/3, diSu , Si) < 6/3, 

if h is sufficiently small. We choose an h small enough for this purpose and keep 
it fixed. Now by (a) above, the surface is of class C', Hence, by ¥.1.42, 
there exists a polyhedron ijJ such that 

(13) I a(Si) - E(f) I < 6/3, d(8i , ^P) < 6/3. 


(fi)i (12), (13) yield the desired relations | a{S) - a(ip) | < e, d(Sf ijJ) < e. 

V.1.44. Let us note that the surface Sl^ .satisfies the assumptions in V.1.40, 
and thus V.1.42 is unnecessary as far as the preceding proof i.s conoerned. In 
fact, V.1.42 is obviously a special case of V.1.39. On the other hand, V.1.42 is 
an elementary case of independent interest, and for this reason it has been 
stated and proved explicitly. Similar remarks could be made on several other 
occasions throughout this book. 

V,1.45. We proceed to derive further approximation theorems needed in the 
sequel. We shall first study a certain modification of a given surface S tliat we 
shall term the stretching process, In this procos,s, use will be made of an auxiliary 
function \(p) of a real variable p, defined as follows. Iict there bo given two 
constants r, R such that 0 < r < R. Tlicn 


( 1 ) 


( 


0 


for 0 ^ p ^ r, 


X(/>) 


Rip - r) 

p{R - r) 


for r ^ p % li, 


u 


for p § TJ. 


Then X(p) is defined and continuous for 0 S p < + “ . 'I'he function X(p) 
depends upon the two paramotei'.s r, R; as long as r, R are kept fixed, it is needless 
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to use a more involved notation like \(p, r, R), Except for p = r and p = ij, 
X(p) has a continuous derivative X'(p). We find by oomputation 


It follows that 


0 


y(p) = 


Rr 

(« - r)/ 


10 


for 0 < p < r, 
for r < p <R, 


for p > R. 


(2) 0 < y(p) < 7 ^-^ for r < p < R. 

— r)r 

Thus X(p) is a strictly increasing function in the interval r ^ p ^ R^ and hence 

(3) 0 < \(p) < 1 for r < p <R. 

From (2) we infer, for any two distinct points Pi , p^oi the interval r S P S R, the 
inequality 


(4) I X(p2) ~ X(pi) I < ' I P2 - /Ji |. 

Since X(p) is constant for 0 ^ p g r and for p ^ R, it follows that (4) holds for 
any two points pi , pa such that pj ^ 0, pa ^ 0, pi Pa . In other words, X(p) 
satisfies a Lipschitz condition, with the factor 


on its whole range of definition 0 ^ p < + <” • Let us note finally that (cf. (1), 
(3)) 0 g X(p) g 1 for p ^ 0. 

V.1.46. Let there be given two constants r, R such that 0 < ?" < and a 
j)oint A, wth coordinates (oi , Ua , Oa), in aJia’a^’a-space. For convenience, we 
introduce the vector a = (ui , Ua , Ua). Given a surface iS by a representation 

G) jS ; j = j;(w), w E 

wc derh'’o from this representation a new surface 

(2) ' S* = f (w), we% 

where 


(3) f{w) = 0 + X(j f(w) - a -- «)• 

Since | ?(w) — a | ^ 0 and X(p) is continuous for p ^ 0, clearly y *(-«;) is continuous 
on 8?. The process that leads from (1) to (2) by means of (3) will bo termed the 
sir etching process Q{r, R, a), the notation being meant to indicate that this process 
depends upon three parameters r, R, a. However, if r, R, a remain fixed in the 
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course of a discussion (as vAW be the case for the time being), we shall write 
merely instead of Q{r, R, a). The term stretching i^rocess is justified ])y the 
following remark. Let P be the point that corresponds, in .ria'aa's-spaco, to a 
point G 9^ by means of the representation (1), and let P'*' have the same mean- 
ing relative to the representation (2). Let AP, AP* denote the distances from 
A to P, P* respectively. Inspection shows that P* = P ‘A AP ^ R, AP"^ < AP 
if r < .IP < R, and P^ == A if AP g r. 

V.1.47. Using the terminology of V.1.46, let 

(1) aS : j* = hM, G 91, , 

(2) S:-^ = hiw,), Wa G 912 , 

be two topologically similar representations of a surface S, and lot 

(3) y = 3:f (wi), w. G 9?, , 

(4) j == yr(w2), G 912 , 

be the representations derived from (1) and (2) respectively by the stretching 
process 12, Then the representations (3) and (4) are also topologically similar. 

PaooF. By assumption we have a topological transformation Jha = t(91i) such 
that 

(5) hM = Jr‘2(T(w0)j Wi G 91i . 

We have then (cf. (3) in V.1.46) 

?f(W]) = n + X(1 fi(iai) - R |)(¥i(u>i) - a) 

= n + X(i ?a(r(a;0) - R i)(¥3(r(a)i)) - r) = ¥2^(t(w,)). 

Thus (3) and (4) are topologically similar also, and in fact it follows, more pre- 
cisely, that (5) implies i’f(wi) = ^2 (r(«Ji)), w, G 91i . 

V.1.48. Let there be given a sequence of surfaces in terms of representations 

(1) aS„ : ¥ = ¥„(w), iy G 91, n = 0, 1, 2, • • ’ , 
such that ¥„(w) ^ uniformly in 91. Lot 

la G 91, n 0, 1, 2, • • • , 

be derived from (1) by the stretching process U Then ¥?(w) ¥o (“ly) uniformly 
in 91. 

Proof. We have by definition 

(2) ¥?(w) = « -h X(i L.(w>) - R l)(¥'»(w) ~ a). 

Now \{p) is uniformly continuous on its range of definition 0 ^ p < -|- oo, and 
¥„(iy) ¥o(w>) uniformly on 91. Thus (2) clearly implies that ¥,t(w>) ¥o (w) uni- 

formly on 91. 

V.1.49, Let 
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(1) S Wi G , 

(2) S :x = hMy ^<^3 G ' 

be two representations of the same surface S. Lot 

(3) St \ ^ ^ w, G , 

(4) /6^2* : ? == ylCw^a), , , 

be the representations derived from (1) and (2) respectively b}'’ iiio sU'ctohiiif^ 
process 0. Then Sf Sf . 

Pro OP. By assumption, we have for every positive integer n a topological 
transformation dhi == Tn (9?i) such that 

(5) I fiCw'i) - j3(n,(wJi)) I < lAb Wi 6 ^ 

Lot us put 

(6) = Xz{Tn{iOi))f Wi G , 

and let us consider the surface 

(7) S„^ :t = w, 6 . 

Let us apply the stretching process Q to (7), obtaining 

(8) G . 

Jn view of (6), the representations (2) and (7) are topologically similar, and thu.s 
= /S, w = 1, 2, • • ■ . By V.1.47, applied to (2) and (7), it follows that the 
representations (4) and (8) are also topologically similar. Ilonco 

(9) S„% ^ S^, n = 1, 2, ^ . 

By (6) and (6), — > ¥ 1 (^ 1 ) unifoimly on 9^ . Hence, l)y VJ.48, —> 

uniformly on . Thus 

(10) 5,1; St . 

Clearly, (9) and (10) imply that Sf ~ Sf , 

V.1.50. By V.1.49 the stretching process i2, applied to any rcprc.sontation of a 
surface S, yields a representation of a surface S* that is independent of the pai’- 
ticular representation chosen for S, We shall say that this surface S* is derived 
from S by the stretching process O, and we shall write S* = ^(S), or aS"*" « (^(S, 
r, Ry n) if explicit reference to the parameters Vy R, n of the stretching procjcsH il 
is desirable. 

V.L51. Using the terminology of V.1.50, we assert that d{S, S*) ^ R, whore 

S* = «(,S) = ^(S, r yRy fl). 

Proof. Let ^ = f(w), w G be a representation of S, Thou wo have for 
S* the representation 

: f = i‘*(R>) = a 4- X(U(w) - a |)(i’(«>) ~ a), 


v> G 8e. 
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Hence 

(1) 1 “ f(w) 1 = I i'N “ a hll - X(i “ rt I)], w G 

By V.1.45 we have 

1 - ^(i i’H - « 1) = 0 if I - rt I > /2, 

0 ^ 1 — X(| x(w) — a I) ^ 1 if I — (i \ ^ R. 

Hence, by (1), [ j;(wi) - j ^ in 9?, and thus (see II.3.18) a forliori 
diS, S*) SR. 

V.1.52. Let ;S be a Lipschitzian surface (see V.1.27). Using the terminology 
of V.1.50, we assert that the surface S* ~ U(S) is also Lipschitzian. 

Proof. Let S :x ~ w G 9^, be a typical representation of the Lipschit- 
zian surface S. We have then a finite positive constant V such that 

(1) 1 i‘(w2) - ^(w,) 1 ^ r I W2 ” wi I 

for every pair of points Wi , in 9t such that the straight segment with end points 
Wi , Wi is contained in 9i. Since ;;(w) is continuous on 9?, wo have further a finite 
constant M such that (cf. ¥.1.46) 


(2) I i‘(ia) ~ a t ^ i/, i« G 9J. 

For S* we have the repre.scntation 

/S* : f (w) = n + X(| i'(w) - n ])(?(ia) - n), w G 9?. 

We obtain therefore 

I ¥*(^2) ” I == I X(| a;(w2) - ft |)(¥(iy2) “ ft) 


(3) 


- X(i y(wi) - ft t)(?(wi) - ft) I 

^ x() i-(w> 2 ) “ ft i) 1 ?W “ ?(wi) I + I l(iOi) - ft I I X(| ^(tya) - ft 1) 


- x(l xM - ft I) 

By (4) in ¥.1.46 we have 

X([ 3;(w 2) - ft I) - X(| y(w,) -- ft 0 

R 


(4) 


< 


{R - r)r 
R 

{R — r)r 


I y(w2) ~ ft I - I i‘(w,) ~ ft I 


I j(w2) - i;(«;i) |. 
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Since 0 g Mp) ^ 1 for all p ^ 0 , wc obtain from ( 1 ), (2), (3)> (4) the inequality 

I ^*(^ 2 ) ~ I ^ r(i ~h \w2 - toi 

Thus the representation defining S* is Lipschitziaii, and hence S* is Lipschiliiian, 
V,1.53, Lei 'H^bea polyhedro 7 i (see V.1.30), and let = S* be the surface de- 
rived from ^ by the stretching process S2 (note that is not a polyhedron in general). 

Then S* is a Lipschitzian surface, and 

The proof will be given in several steps, 

V.1.S4. Continuation. By VJ .36, ^ admits of a qnasi-lineav representation 

(1) ^ : y — i’Cw), E 9^ 

where is bounded by a convex pclj'^gon. As noted at the end of Y. 1.3(5, we 
have in fact a representation (1) that is both qnasi-linear and polyhedral. That 
is, admits of a rectilinear triangiilntion 3 such that each one of tho (I’cotilinoar) 
triangles U ,i = 1, • • • , 7 n, of 3 is carried, by means of ( 1 ), topologically into a 
(nondegenerate) rectilinear triangle A, in a;|.r 2 .T 3 “Space. By V.1.46, V.1,50 we 
lave for S* the representation 

[2) : j: = w E 9^, 

vhere 

3) i‘^(w) = n -f X(i - a |)(i‘(?y) - n). 

lince ( 1 ) is quasi-linear and hence Lipschitzian, by V.1.62 tho representation ( 2 ) 

3 also Lipschitzian. Writing for brevity (cf. y.1.22) W = W(w, y), TK* *= 
V(w, y*), we have therefore by y.1.27, y.1.34, 

4) E{^) = jj TIC a(S*) = Jf W*, 

M» 3JO 

V.1,55. Continuation, If ju is any non-nogatiT''c i*oal number, then wo .shall 
enote by tlie subset of 91 on vliich \ ^(w) — n j ~ ju. The sob is closed (pos- 
bly empty), and the set — c,, is open. Since the representation (1) in V. 1.54 
both quasi-linear and polyhedral, the set e,, is of a very simple sti'ucturo. In- 
ecd, for each one of the triangles t, (sec XM. 54), the sot e^^ti is carried, by moans of 
.) in y 1.64, into the set (?< of those points of A; whose distance from the fixed 
lint A (see y,1.46) is equal to p. Since the correspondence between t{ and A< 
aflSne, it follows that e„/, is a closed set of measure zero. Hence, for eacli 
^ 0 , the set e„ is a (possibly empty) closed set of measui’o zero. 

V.1.56. Continuation. Let us put e = Co Sr -t ojt -j- b, where b is the 
m of the sides of the triangles t, (sec V.1,64). By y.1.55, the sot e is a closed 
t of measure zero. On the set 91“ — e, the components of ^(^y) have continuou.s 
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partial derivatives of all orders, and [ y(w) ~ a \ 7 ^ 0, r, R for w ^ — e. 

Since A(p) has continuous derivatives of all orders for 0 < p r, R, it fol- 
lows that the components of J^^ve continuous partial derivatives of all 
orders on — e. Hence, on the set — e the computations which wo shall 
carry out presently are clearly legitimate. 

V.1.57. Continuation. Wo assume until furtlier notice that 

ta G at" - e. 


We shall use the conventional notations in dealing with vectors. Thus denotes 
the vector function whose components are the partial «-dcrivativos of the 
components of i’; X h denote the scalar and vector products of and , 

and 80 forth, We put E === xl , P = , G - 3 ;^ , with similar definitions for 

E*, 7?*, (t* in terms of 3 ^*. Wo have then tlic well known identities TK 4 = (EG - 
Fy\ W* = {E*G* - We shall write, for brevity, \ for X(| i'(uj) ~ a |) 

and X' for X'(l j(w) -- a |), and put p = j ^(w) - n [. By (3) in V.1.54 wo have 
then the formulas 

iu X Pt»(l a) d” Xjij , 

= X'p.(i’ - a) + Xy. . 


A straightforward computation yields then the formulas 

TP'*® = X‘W^ -H XVp(X'p 4" 2X)(pufr 2pup,/'' -|- 

PnG “ 2pyP(7^ 4“ PvE “ (pu¥» PkJu)' ■ 


( 1 ) 


By a well known identity wo have 

(? “ a) X (y, X U == ((j ~ - [(iC - idT’.li'.. . 

Direct computation yields 


pu¥i — P4’i. “ [(i lllliJli* 

P 

If we put, for brevity, \) = ¥„ X , then the preceding formulas yiokl the equa- 
tion 


(2) AG - 2p.p.F + ptrs = L (t' - ») 

p 

By the identity of Lagrange we have 

(3) [(j: - a) X l)]^ = (j >- a)^)“ - [(); - a) ^ (j: - a)^)^ = phj^ 

(4) if = (^« X i',)' = - (UhY ^ EG - F'^ = W\ 

Hence, by (2), (3), (4), 

(5) PuG - 2p„p„F + p^,E g W\ 
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Since X' ^ 0 nnd X ^ 0 (cf. V.1.45), (1) and (6) yield 

(6) W* g X(X + pX')T7. 

Let us recall that w G — e and hence p == [ — a i 0, ?*, 22. Using this 

fact and V.1.45, we obtain readily the inequality 

(7) X(X + pX') < 

(6) and (7) yield 

(8) W* g W. 

This inequality holds, according to the preceding derivation, on the set 91“ — e. 
Since e is of measure zero, it follows that (8) holds a.e, in 92“. Integration yields 
therefore, by (4) in V.1.64, the inequality 

“(«*) s 

and the proof of V.1,63 is complete. 

V.1.58. Given a polyhedron a point A in a:i.'r 2 .r 3 -space, and an e > 0, we 
can determine the positive constants r, R of the stretching process (see V.1.46) 
in such a manner that 

( 1 ) I m) - aiS*) I < e, d{% S^) < e, 

where S* - n(^) (cf. V.1.60)i 

Pro or. The polyhedron “ip, the constant e > 0, and the vector n = (ui , Og , a^) 
(where Oi , Uj , fla arc the coordinates of the point A) are fixed, while r, R are to be 
determined to satisfy (1). We choose a sequence of positive numbers Rn such 
that R„ 0. For each n, we choose 


Tlicn 

Let us denote by S2„ the stretcliing process with parameters r„, R^, a, and let us 
put = f2„(iP). By V.1.61, V.1.63 we have then the inequalities 

(2) d{% S*) g R„ , aiS*) ^ (1 + l/n)Em. 

Thus d(P, ^S,t) 0. Hence (see V.1.33, V.1.7) 

(3) £?(iP) ^ lim inf a(iS?). 

(2) and (3) imply a{S^) .0(?3). Hence, for n large enough, we shall have the 

desired inequalities 1 2?(ip) — [ < €, d(i}3, < e. 
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V. 1 .59. The result of V. 1 . 20 indicates the importance of eAC representations. 
We shall now derive a sufficient condition for a given representation 

(1) S'.x nH, G Qo , 

to be eAC, where Qo is the unit square Qo : 0 ^ w ^ 1, 0 ^ ^ 1. This sufficient 

condition, which is analogous to the closure theoi'em of IV. 4. 16, will be proved 
in a more general and satisfactory form later on. Let us assume that the repre- 
sentation (1) satisfies the following conditions. 

(i) a(y, Qo) < + “ (cf. V.L15). By V.1.16, V.1.19 the essential generalized 
Jacobians y)) 3 = 1» 2, 3, exist then a.e. in Qj and arc summalile on QJ . 
As a consequence, the function 

w.{w, %) = f)]’ + i)f + \s>, 

is also summable in Qj (and hence in Qo), and by V.1.19 we liave 

II W.(.w, f) S a(f , Qo) = a(S). 

(ii) There exists a sequence 

(2) : y = y„(w), io^Qa,n ^ I, 2, • • • , 

such that (a) for every n the representation (2) is eAC, (b) y„(w) — > y(w) 
uniformly on Qo , and (c) we have the relation 

(3) fj y,.)-^ fj W,{w, y). 

0« 0. 

Then the representation (1) is eAC. 

Proof. For each oriented rectangle R C Qo wo put 

(4) V(K) = // I 3:(», t) I, J = 1,2,3, 

R 

(5) ^•,{R) = jj I y„) I, i = 1, 2, 3; R = 1 , 2, • ■ . . 

R 

<»{R) = mm + [AR)f + 

o>niR) - {(<f>i(i2)r + + [<i>iiR)]Y\ 

By 1.3.10 we have the inequality 

m) S <R) S II W.(w, I.) S II w.(w, {„). 

R 


By (3), (4) it follows that 
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lim inf ff | ^\{w, i'n) | < + “, 

n-»» 

R 

Since the representation (2) is eAC, it follows by IV.4.11 that 

(6) // I y) I ^ fj I f' 

n R 


(4), (B), (6) yield 

^ lim inf 

n-^cp 

By III 1.6, III. 1.50 we have 

(7) U(Q,,,^)^jjw.(w,x), 

0« 


j = 1,2,3. 

j - 1,2, 3. 

j = 1,2,3. 


( 8 ) U(Q, ,1^.) ^ If W.(fD, s„). 

Od 

(7), (8), (3) yield UiQo , o)n) U(Qo , <o). Clearly the reolanglo functions ^'(72), 
01(12) are additive on oriented rectangles. Thus all the assumptions of III. 1.10 
are satisfied, and hence 

(9) U{Qo,<t><), 3 = 1,2,3. 

«~»c» 

Clearly 

U(Qc,<^i) = // I „.'(w, i',) I, 

Oo 

UiQ, = // I Si(w, s) |. 

Qo 

Hence, by (9), 

// I ¥«) i “^ // I 1^) \f 3 ^ 2, 3. 

Oo Qo 

Since the representations (2) are oAC, it follows by IV. 4. 16 that each one of the 
transformations T^t j = 1, 2, 3, associated with the representation (1) in the 
sense of V.1.1, is oAC. Thus the representation (1) is eAC (see V.1.16). 

V.1.60. Lei 92 be a fixed, bounded, simply-connected Jordan region in the 
ta-planc, and lot 0 bo tire class of all continuous transformations from 92 into 
a;ia) 2 .T 3 ’-space (cf. 11.2.99). Using vector notation, each T G 3 can be given in 
the form T : ^ ~ w G. % where the vector function j(w) — (a;i(w’), 
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XsCw)) ii5 single-valued and continuous on 9?. Equivalently, T may be given lij'- 
the formulas 

I a:, = .Ti(w), 

= Xz{w), y) ^ jyj. 

. 1:3 = Xsiw), 

The vector function s(w) determines a surface jS : y — ic(w), w G 5H. Wo define 
(cf. V.1.3) 

m = aix, 90 . 

IFe proceed to verify thatf{T) satisfies ike conditions required in the cyclic additivity 
theorem of 11.2.113, II.2.114. Clearly /(IT) is non-negative. By V.1.6 it is clear 
that/(?’) is lower semi-continuous. The further conditions slated in II. 2. 113, 
II. 2. 114 will be discussed in the following sections. 

V.1.61. Continuation. Wc assert that f{T) is additive with respect to 
continua of constancy, in the sense of II. 2. 105. 

Proof. Let T G 3 be given. Lot P be a continuum in such that T{ r) is a 
single point A. Let , a 2 » «3 be the coordinates of A, and let us delinc a vector a 
by the formula « == (a, , Oj , af). Then y(w) = 0 for lo G P- Let D be a com- 
ponent of 9i - P. Let the vector functions ys(u>) be defined a.s follows: 

f l(w) for 

I n for ta G 9t - D, 


h(w) 



We have to show (see 11.2.106) that 

(0 aft. . s») + aft* , S)i) = aft, iR). 

Let us define the sets E, Ei , E^ as follows: 

(2) £; = r, = 9i - D, E, *= /) + r. 

Then E, E^ , E2 are closed, nonempty subsets of 9i, and 

x{w) = a 
= a 
= a 

By V.L13 we have therefore tJie relations 

«(L 5)0 = aix, % H), 

«(!., - aix ,_ , % E,), 

, 90 = o(u , % Ef). 


for w G E, 

for w G 5)t - D. 


for w G E, 
for V) E. El , 
for la G /i’s . 
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In view of the dcfimtioii of a(j:i , E\) (kco V. 1.12), this c|uaiitity dopends only 

upon the values of Xi{w) on the set Sil — Et ~ D. But on D, and 

hence a(i', , E^) = a{x, 91, Ei). Similai'ly a(i -2 , 91, E 2 ) = 91, E^). Tluis 

(1) is equivalent to 

(3) ait, % A\) + ait, % E 2 ) = nit, % E) 
and hence it is sufficient to prove (3). We first show that 

(4) ait, % Ey) + a(j;, 91, E-,) ^ a(t, 91, E). 

Clearly (cf. V.L2, V.1.12), (4) will be ostablislicd if wc show that 
(6) 2] {?(¥, ^D)) 4- 2 0i¥, ^ «(i’, 

> t 

for every choice of the disjoint domains S)} , • • • , , • • • in 91 — = D and 

for every choice of the disjoint domains 3Di , • • • , 5D? , • • • in 91 — E^ = 91 — 
(D + r). Now if two such systems are chosen, then the domains 2D1 , • • , fD] , 
• • • , ID?, • < • , SD? , • • • arc disjoint since (91 — E,) • (91 — E 2 ) is clearly empty, and 
all these domains lie in 91 — ^ since 91“5?i = DC91— r==91~^?,91-' 
^2 = 91 — (B -{- r) C 91 — r == 91 Thus (5) follows from the definition 
of ait, 91, E) (see V.1.12). Next wc show that 

(6) a(t-, 91, Ey) 4- ait, % E^) ^ a(i*, 91, E). 

In view of V.1.12, it is sufliciont to show that 

<7) 2] ^ ^i(i’j 91,i?i) 4- o(i‘, 91, E 2 ) 

I 

for every clioicc of the disjoint domains a)i , • • • , 20* , • • • in 91 — /? = 91 — r. 
Now since each 2D* is connected, each 3D* is a subset of a component of 91 — V. 
One such component is D (see above). Let D* be the sum of the other com- 
ponents of 91 — r. Of course D* may be empty; if this happens, then clearly 
r s= 91 “ D and hence E — Ey (see (2)). Thus in this special case a(t, 91, Ei) = 
o(i', 91, E) and (G) is obvious. So we can assume that D* ^ 0. Then each 3D* is 
cither a subset of D or a subset of D*. Let <r, o-* denote the sum of those terms 
git, a)*) for which 3D* C and 2D* C L)* respectively. Then 

( 8 ) + 

K 

On the other hand, B C 91 — and C 91 E^ (cf. (2)). Hence (cf. V.1.12) 

(9) <7 ^ ait, 91, ^ 1 ), a* ^ ait, 91, E^), 

(8) and (9) imply (7). Thus (6) is established. (4) and (6) imply (1), and the 
proof is complete. 

V.1.62. Using the terminology of V.1.60 and V.1.1, lob us suppose that 

(1) I T'm) 1 = 0 , j_= i, 2 , 3 . 
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Wo assert then that 

(2) f{T) = a(t, m = 0. 

Pboof. By IV.lv4, IV.1.50 we have 

0 S «(«, , T', 9!”) S N(z, , T', m = 0 

for Zi not in 7^(9?). In view of (1) it follows that 

K(Zf , T', 9l“) =0 a.c. in the ^ipplane. 

If SD is any domain in 91°, then it follows that (of. IV. 1.64) nizf , T\ S)) = 0 a.c. 
in the 2 ,-P^ane. Hence (see V.1.2) g,{%, ©) = 0, j ~ 1, 2, 3, for every domain 
© C 91°. In view of V.1.3 the assertion (2) follows. 

V.1.63. Using the terminology of V. 1.60, let us assume that in the monotone- 
light factorization of T the middle-space (cf. II. 1.18, II. 1.20) reduces to a 
simple arc. Then/(T) == 0. 

Proof. In view of II. 1.21, we can assume that is a closed segment 9K : 
0 ^ ^ ^ 1. The monotone factor M of T is then given by a formula M : ^ = 
k{w), w E % and the light factor L of T is given by a formula L : j - i)(^), 
0 ^ ^ ^ 1, where Kw) is a continuous real scalar function of w and \){^) is a con- 
tinuous vector function of and M (9t) - 9)?. For each positive integer n, let 
l)n(J), 0 ^ I ^ 1, be a vector function defined as follows: (i) l)rt(^) ~ 1)(^) for 
^ = k/n, = 0, 1, * • • , w, and (ii) the components of l)«(^) arc linear on each 
subinteiwal (7c — l)/n ^ I ^ /c/n, /c = 1, 2, • • « , n. Lot us define a surface S„ 
by the formula : |c = 3 :„(w) = l)n(Kw))) ^ E 9t, and lot us denote by 7'„ the 
corresponding transformation T„ ^ ^)n(K'^))) 'UJ G 9i. Clearly, !)„($) l)(^) 

uniformly for 0 g ^ 1, and thus }:„(w) = l)n(K'i^)) uniformly 

on 9t. Hence (cf. V.1.6) 

(1) a()C, 9i) ^ lim inf a(5„ , 9?). 

Obviously, the set ?'„(9t) consists (at most) of a finite number of straight segments 
in .^l^: 2 a: 3 -space, and may even reduce to a single point. Hence, by V.1.62, 

(2) a(j„ , 9J) = 0, 71 w 1, 2, • • • . 

(1) and (2) imply that 0 = a()C, 91) = f{T). 

V.1.64. Using the teiminology of V.1.60, lot us assume that in the monotone- 
light factorization of T (cf. II. 1.18) the middle space 971 reduces to a single proper 
cyclic element (by II. 2. 91, 9)1 is then either a 2-cell or a 2-sphore), We assert 
then that/(!r) > 0. The proof requires various preliminary lemmas. 

V.1.65. Let (P be a Peano space (sec 1.2.33). Let yi(P), VziP), lh{P) be 
three single-valued, real-valued, continuous functions on (?. Then wo obtain 
on (P a continuous vector function 


i)(F) = iviiP), y.{P), y.{P)), 


P E 
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\){P) will be termed nondegoncratc if it is not constant on any nondegenerate 
continuum on (P. 

V. 1 . 66 . Continuation. We associate with 1 )(P) the following three single- 
valued, complex-valued, continuous functions: 

(P) - y.iP) -h iy,iP), 

MP) - v,(P) + m(P), 

0a(P) - y^(P) -t- miP). 

V.1.67. Continuation. A continuum r on (P will be termed an indicator 
continuum for \)(P) if at least one of the associated functions 0i(P), 03(P), 0a (-P) 
(see V.1.66) fails to satisfy the condition (Arg, r) (.see II.4.3). If an indicator 
continuum T is a simple closed curve, then shall call it an indicator curve for 

IKP). 

V. 1 . 68 . Continuation. If there exists an indicator continuum for l)(P), 
then there also exist^s an indicator curve for l)(P). 

Pnoop. Let P be an indicator continuum for l)(P). Then one of the associ- 
ated functions 0 /(P), j = 1, 2 , 3, say 0 i(P), fails to satisfy the condition (Arg, P). 
That is (cf. 11. 4.3), there exists a complex constant f i such that 

(i) 01 (P) - 5 *^ 0 for P 6 r, and 

(ii) 01 (P) — Ti does not possess a single-valued continuous argument on P. 
By II.4.18, it follows that there exists a simple dosed cuive C such that 0 i(P) — 
fi 0 on C7 and there exists no single-valued continuous argument for 0 i(P) — i*! 
on 0. By definition (sec V.1.67) C is then an indicator curve for l)(P). 

V.1.69. Lemma. Lei \){P) he a nondegeneraie continuous vector function on a 
Peano space (P (see V.1.66). Suppose that for every totally disconnected closed set 
F on <S* the set (9 ~ F is connected. Then there exists an Micator curve for \)(P) 
on (P. 


PnooF. Since \}{P) is nondegenorate, it is not constant on (P. Hence at least 
one of the components of \}(P), say yi(P), is not constant on Sinco (P is 
compact, yi(P) takes on a maximum value ifcf, at a point and a minimum 
value mi at a point A. Then 

(1) 2/i(A) = mi , ^ Ml , < 4/, . 


Let us put 

( 2 ) 


mi "h Ml 
2 ’ 


and let us consider the sot E of those points P where yi{P) < f Then ^ is a 
'nonempty open set, and clearly (of. 1.2.14) 

A e E, (P - c(E). 

Let S) bo the component of E that contains tire point A. Then 2 ) is a domain 
(connected open set) that contains A. Clearly (cf. 1,2.16) 
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(3) Vx{P)=^ forPe/K3)). 

We assert that/r(SD) separates the points A and (that is, and lie in 
different components of (P - /r(SD)). In the first place, in view of (1), (2), (3), 
both A and A^ lie in — /?'(©). Suppose then that A and A^ lie in the same 
component G oi (P — /r(2D). Then we have the relations i4 + C f?, -^1 £ SD, 
A^G: (? — E C. <P — 3). Thus G5D 7^ 0, G^((P — D) 0. Since G is connected, 
it follows that Gfr{^) ^ 0 (see 1.2.40). This is a contradiction, since (? C — 
/r(SD). Thus/r(SD) separates the points A and A^ . We assert that/?’(SD) is not 
totally disconnected. Indeed, if fr{S>) were totally disconnected, then since 
/r(a)) is closed it would follow, by assumption, that (P ~ /?’(3D) is connected, in 
contradiction to the fact that the points A and A^ lie in different components of 
(P ~ /r(JD). Thii8/?’(2D) has at least one component Go that does not reduce to a 
single point. Since 2/1 (?) = ^ — constant on Go (cf. (3)), and since l)(?) is 
nondegenerate by assumption, it follows that at least one of the components 
y^iP), VsiP)) say ?/2(?), is not constant on Go . 

V.1.70. Continuation. Summing up, wo obtained a continuum Go with 
the following properties. 

(i) Go is a nondegenerate continuum. 

(ii) yi{P) = ^ = constant on Go . 

(iii) y 2 {P) is not constant on (?(, . 

(iv) Go C A(SD)j where S) is a domain on which yi{P) < On the basis of 
these properties, an indicator continuum for \)(?) may be constructed as fol- 
lows. In view of (i) and (iii), y 2 {P) talces on a minimum value at a point . 
E G Go and a maximum value M 2 at a point B^GGot where the terms minimum 
and maximum are relative to Go . In view of (iii) we have then 

yziB) = m 2 , y2{B^) = M 2 , B G Go , B^^ G Go , 

1112 M^2 } B 5^ . 

Now let’us use again the symbols co(yiiP), ?), w(ya(?), ?) to denote the oscilla- 
tions of the functions yi{P), y 2 {P) respectively on a sot ? C CP. Since y\{P), 
y 2 {P) are continuous and m 2 < M 2 , we have an r > 0 such tliat (cf. 1. 2, 14, 


1 .2.10) 



(2) 


f — 1, 2, 

(3) 

4 y.(P),c(C/(B, ,r))] <"2-^, 

i ^ 1, 2. 

(4) 

U{B,r)>UiB^,r) =0. 


Smee ?, B^GGoG /r(2D), the sots 3)* [/(?, r) and 'Jd- U{B^ , 
Hence wc have two points Q, such that 

, r) are not empty. 


Q G ^’U{B, r), Q, e 3D*C/(?^, r). 
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In view of (4) the points Q and are distinct. Since SD is a domain and <P is a 
Peano space, wo have in i) a simple are y with end points Q, (cf. 1,2.41). 
Since pi (P) < ^ in © and 7 is a compact .subset of ©, ?/i(P) has a maximum value 
lo on y which is loss than Tluis 

(6) ]h{P)^ho<^ for P 67 

In view of 1.2.33, we can assume that the spherical neighborhoods V{B, r), 
U(B^ , r), and honeo also their closures c(l/(B, r)), c(l/(B^ , r)}, are connected. 
By (1) the set 

(6) r - r)) -h 7 + c(C/(B^ , r)) 

i.s then a continuum. Let us define a complex number fg by the formula 

(7) r, = ^ + 

Vd.71. Wo proceed to verify that the continuum T, defined by (6) in 
V.1.70, is an indicator continuum for \)(P). In view of V.1.67, this fact is estab- 
lished if wo can sliow tlmt the function 

(1) MP) = MP) -h ^ys(P) 

fails to satisfy the condition (Arg, T), and this latter fact is established (cf. 
IT.4.3) if we prove tiro following two statements (cf. (7) in V.1,70): 

(i) <^,(P) - 0 for Per. 

(ii) 03 (P) — fa docs not po,ssoss a .single-valued continuous argument on V. 
We first verify the inequalitios 


(2) 

9ite(7^) - f.l > 0 

on fro , 

(3) 

9ih(P) - r.l < 0 

on c[UiB, r)J, 

(4) 

S[hiP) - fal > 0 

on c[UiB^ , r)l, 

(5) 

9f(*{7") - rJ < 0 

on 7, 


where 9i, ^ denote real and imaginary part respective^ To verify these inequal- 
ities, olwervo that we have on 6*0 (cf. (1), V.1.70(ii), and V.1.70(7)) 

f > 0. 

since ^0 < On c[U(B, r)] wc have (cf. (1), V. 1.70(7), (1), (2)) 

S\UP) - W = y^(P) - s vm + ‘Avm, 4UW, m - 

^ , il/2 Ifli M2 d* m2 ~~ M2 ^ n 

S W, + J 2 ‘1 ^ 
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On c[U{B^ , r)] we have similarly 

3fc(P) - r.] = y,(P) - - - f - ■ 

S V2{B,) - ciUiB, , r))] - Ml±^ 

^ , r ^^2 - Wig Ms + ms Ms - ma . « 

^ ^ 2 ~ 4 > 0 - 

On 7 we have (see (1) and V. 1.70(5), (7)) 

9!fe(P) - fJ = Vi(P) - ^ S fo - ^ < 0. 

Thus (2), (3), (4), (5) are verified. In view of V. 1.70(6), it follows that (i)»{P) — 
f 3 5 ?^ 0 on r. Let us note the folio-wing further inequalities: 


(6) 

9?[03(P) fa] > 0, 

(7) 

■3'[03(P) ~ fa] <0, 

(8) 

9f[03(P*) ” fa] > 0, 

(9) 

3^[03(P*) " fa] > 0. 


( 6 ) and ( 8 ) follow directly from ( 2 ), since B E: Go , ^ Go , while (7) and ( 9 ) 

follow from (3) and (4) respectively. 

Let us assume now, in contradiction with (ii) above, that 03 (P) — fa does 
possess a single-valued continuous argument q!(P) on T. We have thon (see 
IL4.3) 

( 10 ) 03 (P) — fa == I 03 (P) ” fs I (cos «(P) -}- i sin a(P)) on T. 
In view of ( 6 ) and (7) we can assume that 

(11) — 7r/2 < a{B) < 0. 

Consider now a(P) on the continuum Go C V. We assert that 

(12) —TT < o:(P) < TT on 6*0 ► 

Indeed, these inequalities hold at one point of C7o , namely at B by (11) . If those 
inequalities should fail to hold at some other point of G*o , thon <x{P) would 
assume at some point P'’ of Go one of the values •— tt, tt, since «(P) is continuous 
and Go is a continuum (see 1.2.46). At such a point P° we should have (of. (10)) 

^{03(P') - fa] <0, p" e , 

in contradiction with ( 2 ). Thus ( 12 ) holds. In particular it follows that 

(13) —TT < a(P^) < TT. 
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In view of (8), (9), (10), it follows from (13) that 
(14) 0 < a{B^) < 7r/2. 

Consider now a(P) on the continuum c[U{B,r)] ^ c[U{B^ ,r)]. We assert 

that 

(16) ~27r < «(P) <0 on c[U{B, r)] + y + c[U{B^ , r)]. 

Indeed, (15) holds at one point of this continuum, namely at B by (11). There- 
fore if (15) should fail to hold, then a{P) would assume on this continuum one of 
the values 0, — 2r, which is however impossible by (10), (3), (4), (6). Thus (15) 
holds. It follows in particular that 

(16) -27r < a(PJ < 0. 

Since (14) and (16) contradict each other, it is established that — fa does 
not possess a single-valued continuous argument on F, and the proof of the lemma 
stated in V.1.69 is complete (see V.l.GS). 

V*1.72. Now let us consider a representation S = ^(w), w £ 9i, and (of, 
V.1.60) the corresponding transfoimation : 3: = y(ta), w £ 9?. Let us consider 
further a monotone-light factorization T : y = LM(u>), w E Let us put 
M(U) = Then the middle space is a Peano space, and the light factor L 
is a continuous transformation from 911 into .riOig-rs-space. Hence L can be 
represented in the form (cf. V.1.66) 

L : 3; - l)(P), P^Wl. 

Suppose that there exists an indicator continuum for ^(P) on 9)1. Then we 
assort that there exists an indicator curve for y('w) on 91 (cf. V.1.67), 

PnooF. Let t/i(P), 1/2 (P)j 2/3 (P) be the components of l)(P). Then the com- 
ponents Xx{w)f Xi{w)f Xz{w) of j(w) are given by the formulas 

X{{v}) = y{[M{w)\ j = 1, 2, 3. 

Let us put (cf. V.1.66, V.1.1) 

01 (P) == 2/2 (P) + m{P)x = .r2(u>) + ixM, 

02(P) = Vs{P) + Wi{P)> /'(w) = a;a(ty) + ixx(w), 

03 (P) = 1/1 (P) 4- m{P)> /^(w) “ .^’i(ti>) + iXiiw), 

Clearly 

(1) f'iw) = (f>{[M(w)l j “ 1, 2, 3. 

By assumption there exists an indicator continuum F for l)(P) on 9D1. Then one 
of the functions 0,(P), 02 (P), 03 (P), say 0i(P), fails to satisfy the condition 
(Arg, F). lienfee there exists a complex number f, such that 

(i) 0,(P) - 0 on F, 

(ii) 01 (P) - fi does not possess a single-valued continuous argument on F. 
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Now let us put 7 = iV *( T). By II. 1. 2, 7 is then a continuum, By (1) and (i) 

(2) f(w) - 0 for w e 7. 

Suppose now tiiat f\w) ~ ^ possesses a single-valued continuou.s argument 
aiw) on 7. We assert that the formula 

(3) oc^P) = a(il/-‘(P)), P e r, 

defines a single-valued continuous argument (x*(P) of (f>i(P) ~ on T. Lot us 
first show that €c*(P) is single-valued. Clearly this fact is estal^lished if wo show 
that 

(4) ' a{w') = a(w") if M(w') - M(w") = Po E 

Now M~\Po) is a continuum 70 C il/“^(r) = 7, and ilf(7o) = Po • Hence, by 
(1), f(w) is constant on 70 . Hence (cf. II.4.7) (x(w) is also constant on 70 , and 
consequently <x(w') = ct(w''), since w', 6 70 = U~\P^ by (4), Hrom (1) it 

follows now that q:*(P) is an argument of ^i(P) — ft for every P G T. The con- 
tinuity of a*(P) follows readily from (3) once wo know that a*(P) is single- 
valued on r. Thus a*(P) would bo a single- valued continuous argument of 
01 (P) — oi'i r, in contradiction to (ii), Thus it follows that /‘(-w) — cannot 
possess a single-valued continuous argument on 7 = In view of (2) 

this shows that 7 is an indicator continuum for ^(w) on The oxiatonoo of an 
indicator curve for i’(w) on Hi follows now by V.1.68, 

V.1.73. Given a representation *8 : =*= ?(«>), w E 9^ suppo.se that there 

exists an indicator curve for ]c{w) in Hi (cf. V.1.67). Then a(i’, H^) > 0 (cf, V.1.3). 

Proof. Let C be an indicator curve for i'(ia) on Hi. Then one of the functions 
f'(-io) (see V.1.1) fails to satisfy the condition (Arg, G). Suppose that this is the 
case for J\w), Then there exists a complex number ft , such that f^(w) — 7*^ 0 

on C, and f(w) — fi docs not possess a single-valued continuous argument on 
Now (7 is a simple closed curve in Hi, and bounds a simply-connected Jordan 
region Hi* C Hi. Clearly (cf. II.4.34, IL4.25, IV.1.24, V.1.1), ^(^1 , T\ 9i*) 0. 

Hence (see IV. 1.26), Kff, , T\ Hi*) > 0, and thus a fortiori x(fi , T\ ^°) » 
K(fi , T\ Hi) > 0 (see IV.1.50, IV. 1.14). Since k(zi , T\ Hi°) is a lower semi- 
continuous function of Zi (see IV. 1.61), it follows that k{zi , T\ Hi'’) > 0 on some 
open set containing . Hence (cf. V.1.2), pi(y, Hi**) > 0. By V.1.3 it follows 
that a(y, Hi) > 0, 

V. 1 .74. We are now ready to prove the statement in V. 1 . 64. So lot us suppose 
that in the monotone-light factorization 

p u' - i’(w) = TM(w), w e Hi, Hf(Hi) « m, 

the middle space Hli is a single proper cyclic clement. By II. 2. 9 1, Hli is then either 
a topological 2-cell or a topological 2-sphere. In either case (see 1.2,32) for every 
totally disconnected closed set P C HTi the sot 9)? — P is connected. Hence, for 
the light factor 


i = l)(P), 


p G aii, 
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there follows from 1.69 the existence of an indicator continuum r. By V.1.72 
tliere follows the existence of an indicator curve for in 9?, and finally V.1.73 
yields the result f{T) = a(y, 9?) > 0. 

V.1,7S. By II.2.92, V.1.60, V.1.61, V.1.62, V.1.63, V.1.64 the function /(T) 
of V.1.60 satisfies all the conditions stated in II.2.113, II.2.114. In view of 
V.1.7, we thus obtain the following statements. Given a surface by a repre- 
sentation 

>S : y = y(w), w G 91, 

let SO? denote the middle space that arises in the monotone-light factorization of 
the corresponding transformation T (cf. V. 1 . 60) . By II. 1. 28, SO? is determined by 
S up to a hoineomoi’phism. 

Characterization theorem for surfaces 8 of zero lower area a(S). 
The lower area a (8) is equal to zero if and only if the middle space SO? reduces to a 
dendrite. 

Cyclic additivity theorem for the lower abba a{S). Suppose that 
a{S) > 0. Then the. middle space 90? has at least one proper cyclic elementf and hence 
the cyclic decomposition A(jS') of 8 is not vacuous (cf. 11.3.20). Let A{S) =* [iSj , • • ■] 
he the cyclic decomposition of 8. Then 

a(S) = E »(«.)■ 

n 

If the series on the right divergeSf then the formula is understood to mean that a(8) = 

-j- DO . . 


CHAPTER V.2. THE LEBESGUE AREA A(^. 


V.2.1. Given a surface S (cf. II.3.44), there exists a sequonco S„ of qimsi- 
linear surfaces such that S„—>S (cf. V.1.26, 11.3,16). 

Proof. By 11.3.11, we have for S a representation S ~ ^{w), w ^ Qo , 
where Qa is the unit square 0 ^ w g 1, 0 ^ v ^ 1. Eor each positive integer ii, 
let us choose a rectilinear triangulation 5" (cf. V.1.28); that is, the trianglo.s , 
• • • , C» of a" are rectilinear (nondegencrate) triangles. Bet us clenoto by || 3" |[ 
the maximum side-length of the triangles of 3". The (juantity || 3’‘ |) may be 
tenned the norm of 3". If e„ > 0 is a sequence such that €„ — > 0, then wo can 
choose 3” subject to the condition 

(1) Ii3''|j<e,.. 

Let x„{w) be the (uni vocally determizied) quasi-Iinear vector function in Qo that 
agrees wth y(za) at the vertices of 3" and whose components are linear functions 
of Uy V (where u + iv ~ w) in each one of the triangles C of 3". Clearly (1) implies 
that i„{w) i{w) uniformly in Qo . Plenco, if we define a surface by I, ho 
I'epresentation 

>S„ : ? = j;„(u)), (E Qo , 

then S (cf. II. 3. 17), and clearly S„ is quasi-Hnear. 

V.2.2. Given a surface S (cf. 113.44), there exists a sequence of polyhedra 
such that ^ ^ (cf. V.1.30, 11.3.16). 

Proof. By V.2.1, we have a sequence Sn of quasi-lincar surfaces such that 
S„ S. By V.1.35, V,1.39 we have for each n a polyhedron such that 
d(S„ , %) < 1/n. Clearly % -> S. 

V.2.3. Given a surface /S, we have by V.2.2 a sequence of polyhedra sucli 
that S. We define a quantity A(j 3) by the formula (cf, V.1.33) 

/1(^ = gr.l.b. limmfE(^„), 

where the greatest lower bound is taken with respect to all sequences of polyhedra 
such that S. The quantity A(^) will be termed the Lebesgiie area A(S) 
of S. Of course, A(jS) may be infinite. Since no particular I'oprosontation of *8 
was used in defining A{S)y this quantity is a function of S and is independent of 
the particular representation in terms of which S may bo given. 

V.2.4. Continuation. There exists a sequence of polyhedra such that 

(1) ^„-^;Sfand^(^„)->^(-S). 

Proof. If A(jS) = -f then clearly (1) holds for every sequonco ip„ such 
that ^ S. So we can assume that A(;S) < . Given then any positive 

integer n, we have by definition a sequence of polyhedra such that for,-/ — 
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5 and lim inf < ^(^) -}- i/n, 

Hence wo have a j such tliat 

S) < 1/n andi^^(^’) < A(S) + l/n. 

This j depends upon n. Let us denote the corresponding polyhedron by . 
We have then the inequalities " 

diS^,,S) <l/K,Em <A{S)~j^l/n, 

It follows that for ?i — > w 

(2) — > S, lim sup ^(^„) ^ /1(;S). 

On the other hand, by the definition of 

(3) ^1-(»S) S lim inf 
(2) and (3) imply (1). 

V.2.5. Continuation. If i‘l(>S) < then for every e > 0 we have a 
polyhedron ^ such that d(S, ?) < e, | /1(>S) - [ < e. This is an immediate 

consequence of V.2.4. 

V.2.6, Continuation. is a lower semi-continuous function of iS. That 
is, S implies that ^ lim inf 
Pnoor. If lim inf A(jS„) = then the assertion is obvious. So we can 
assume that lim inf < -f- “ • Then the lim inf is unchanged if we discard 

those terms >S„ for vdiich A (S„) = -[- 00 . Thus we can assume, without loss of 
generality, that < -j- 00 for every n. By Y.2,6 we have then for every n a 

polyhedron such (hat 

d(S„ , < l/?i, \ A(S„) ~ E(%,) i < L/n. 

Clearly -h* S, and 

(1) ' lim inf = lim inf /i(<Sl„). 

By the definitioji of /i()S) we have 

(2) ^‘1(<S) ^ lim inf 

(1) and (2) yield the desired relation ^(jS) g lim inf 
V.2.7. Given a surface S, there exists a .sequence of quasi-Iinear surfaces S„ 
such that (cf. V.2.1). Now for quasi-linear surfaces the lower area coin- 

cides with what may bo referrocl to as the expected value of the area (.see V.1.26). 
There ariso.s tlic question: What happens if we replace, in the definition of the 
Lobosguc area vl(*9), polyhodra by quasi-Iincar surfaces? Let us define (cf. 
V.1.7) 

/i^(^S) = gr.l.b. lim inf a(Sn), 

where the greatest lower bound is taken Avith respect to all sequences S„ of 
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quasi-linear surfaces such that S„ S. Since llie class of polyhcdra is comprised 
in the class of qiiasi-lincar surfaces (sec V.1.36), it is clear that 

(1) A^(S) ^A(S). 

Now a simple argument, entirely analogous to that used in V.2,4, shows that 
there exists a sequence of quasi-linear surfaces S,, such that 

(2) S„ S and a(S„) A^(S). 

By V.1.41 we have for each n a potyhedron such that 

(3) diS, , < 1/n, I a(^„) - m^) I < 1/n. 

(2), (3) imply that ^ S, A^(S). Hence, by the definition of A{S), 

(4) ^(5) g \immiE(%) = A^(IS). 

(1) and (4) yield A(^) — In other words, A(S) remains unchanged if in 

its definition we replace polyhedra by quasi-linear surfaces (the elementary area 
of polyhedra being replaced by the lower area of quasi-linear surfaces). 

V.2.8. The Lebesgue area .4(#S) is independent of the choice of the Cartesian 
coordinate system .rl.^• 2 a’ 3 , or equivalently, congruent surfaces (sec II. 3. 42) have 
equal Lebesgue areas. 

Proof. Let a surface S be given by a representation 

S '-t ~ [•'^’i(w), Xi(w), .^’3(^a)], u> S 9^. 

H /S is a surface congruent to S, then for S we have a representation (cf. II.3.42) 
Six- [xi{w)f ^ 3 (w)], w 6 whore x,{io), x,(w), j 1, 2, 3, are related 

by equations of the form 

3 

X,(w) = C, + 2 j ^ 1» 2, 3, 

the constants c, , c,* being real and the m^rix |1 H being orthogonal. Using 
the fact that .4(;S) - j'l^(iS), j4(jS) = ^^(jS), established in V,2.7, there follows 
the existence of a sequence of quasi-linear .surfaces S" such that 

(1) S, a(S'‘)^A(S). 

For each n, let 

1/2(H l/”Mh ^ E r, 

be a quasi-linear representation of /S" (this implies of course that is bounded 
by a simple closed polygon). Let us define S" by the representation 

= irm, r3(^o)h w e r, 

where 

= c, + £ c„t/Uw), 


3 = 1 , 2 , 3 . 



V.2.11 


471 


111 view of the elomoniary infcorpretatioii of the lower area of a quasi-hiiear 
surface (see V.1.26), obviously 

(2) a(*S") - a(S''), 

By II.3.42 wo liavo the relation 

(3) d{S, S") = d(S, S"). 

Hence, by (1), (2), (3), and in view of V.2.7, 

5" S, a(S'') A(S) = ^1^(»S). 

Hence, by the dofimtioii of i'l^ , ^(^S) = = lira a(S’') ^ d^(»S) = /1(^S). 

Thus -^.(6^). All analogous argument yields the complementary in- 

equality A (^S) § ACS). Hence A(>Si) = A(aS). 

V.2.9. If is a polyhedron, then i?(^) = A($) (cf. V.1.33). 

Paoor. By V.2.4 we have a sequence of polyhedra such that 'iPn — > 

■“> ^(^)> By V.1.33 it follows that 

(1) ^CiP) ^ lim inf 

Let us put = 1, 2, • • ♦ . Then and hence by the definition 

of A(iP) 

( 2 ) A(^) g liminf 7i?(W)' 

Since (1) and (2) imply that = A(^). 

V.2.10. For every surface S, ive have the inequality a{S) ^ ACS). 

Pnoor. By V.2.4, wc have a sequence of polyhedra such that 

(1) S, mn) ACS). 

By V.1.S3 

(2) mn) = aC%). 

By V.1.7 

(3) aCS) ^ lim inf a(^„). 

(1), (2), (3) yield aCS) g A(S). 
v.2.n. If iSf 6 {Fo (of. V.1.34), then aCS) = ACS), 

Proof, By V.1.39 there exists, for every positive integer n, a polyhedron 
such that 

dCS, %) < l/n, i aCS) - | < 1/n, 

and hence wo have the relations —> S, FC%) —*• aCS). By the definition of 
A(jS) we have therefore 

( 1 ) 

By V.2.10 


ACS) ^ lim inf = aCS). 
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(2) a(S) ^ ^(^). 

(1) and (2) yield a(;S) = ^(5). 

V.2.12* If iS E ITo (cf. V.1.34), then bj'- V.2.11 and V.1.34 we have 
. A(S) = a(S) = Jl W{w, f), 

for every typical representation = j;('U>), w E 9f. In view of V. 1.35, this 
resuU may he interpreted to mean that in all elemenlai'y (or familiar) cases the areas 
a(^i A(S) coincide with the expected value of the area. 

V.2.13. Given a surface Shy a representation S\x = i'M, vv E suppose that 
A(S) < + 00 . Then (cf. V.1.20 for the definition of 11^) 

« If ri S a(S) £ A(S). 

PflOOF, By V.2,10 we have a(S) < + «, and thus (1) is a direct coii.so(|uoneo 
of V.l.lO and V,2.10, 

V.2.14, Continuation. Suppose further that the ordinaiT .Tacobians 
J'(w, 1, 2, 3, exist a.e. in (cf. V.1.18). Then 

If V{vi, t) S Jl W.(w, f) S a(S) S A(S). 

W® SK® 

This is a direct consequence of V.2.13 and V.1.22. 

V,2,15. Given a surface by a representation 

(1) -5:1; = l-(w), w 6 82, 

let 9f, , • • • , be any finite .system of simply-connected Jordan rogion.s in 
such that 

(2) = 0 for i p£ j. 

Let us define >S, by the representation 

: Jr* = j(ia), la E 9t, , f = 1, 2, • . . , w. 

Then 

MSO + ... -\-A(S^) ^ .4(^5). 

Proof. Case (i). S E and (1) is a typical representation of S (cf. V. 1.34). 
Clearly, S, E 9^o and (3) is a tjqiical representation of Si , Honce, liy V.2J2, 

(5) +(-5) = Jl W(w, x), A{Si) ^ IJ W(w, x). 

Thus (4) follows directly from (2) and (6). 
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Case (ii). iS G ffo , but the representation (1), instead of being typical, is 
merely topologically similar to a typical representation 

(6) ^ . 

Then (cf. II. 1.26) there exists a topological transfonnation , such 

that ((w) == ?*[r(w)], w G Lot us put 9?,^ == — I, 2, • - ?n. Then 

we have for »S, the representation (of. II.3.11) iS, : n = G Jlii* i 

i « 1, 2, • • ■ , ?a. Since clearlj'^ = 0 for i ^ j by (2), and since (6) is a 

typical representation, (4) follows by case (i). 

Case (iii). General Case. By V.2.4 we have a sequence of polyhedra ip„ , .such 
that -4 Sf A(S,). By V.1.36 wc have for a representation 

(7) i)3„ J i* ~ £ 9'ii>|c ) 

such that is a convex polygon and the representation is qiiasi-linear. Since 
ip„ — > S, WQ have by 11.3.16 for each n a representation 

(8) %'^X = x»{w), w e 9?, 

such that (7) and (8) are topologically similar and -4- }c(w) uniformly on 9t. 
Ijet us define 

S" : 4 = xM, w i ~ 1, 2, • • ■ , m. 

Then 

(9) Sl-yS. for n-) CO. 

Since the representation (7) is quasi-linear, it is clearly a typical representation 
of considered as a surface of class SFo (ch V.1.34, V.1.26). Hence, by case (ii), 

(10) .4(5?) + • • • + Am ^ Am = 7i?(ip„). 

In view of (9) we have (cf. V.2.6) 

(11) AiS,) ^ Urn inf ^(5?), i = 1, 2, • • • , m. 

n-»tt 

Since E{%) — > A (5), cloarb'' (10) and (11) imply (4). 

V.2.16, Given S by a representation 5 : j; = y(w), w G 9i, let Jf** bo a simply- 
connected Jordan region in 9?, and let us define 5* : ¥ 4(1/^), w G Then 

-4(5’*“) ^ .4(5). This is merelj'^ a special case of V.2.15. 

V.2.17. Given 5 by a representation 5 : jf — ¥(«;), la G 91, let 91» be a sequence 
of simply-conneeted Jordan regions in 81 that fill up 91, in the sense of IV. 1.41. 
Lot us define 5„ : j = ¥(w), w G 9?n • Then i4(5„) — > ^1(5) (note that our as- 
.sumptions do not imply the relation 5„ 5). 

PnooF, Given a positive integer j, wo have by II.3.44 a .simply-oonnoctcd 
Jordan region 91f C 9?*’ .such that the surface 

5f : ¥ = ¥(u)), 


w G 91? , 
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satisfies the condition 

(1) Sf) < i/j. 

For fixed we have 9if C 9fn for n large, and hence (cf. V.2.1G) 

A(Sf) S A(S„) 


Hence, for n — ^a>, 


^ lim inf /1(/S^„). 


for n largo. 


For y ^ « we obtain the inequality 

(2) lim inf ^ lim inf A (<5,,). 

l-^e» n“*oo 

I 

In view of (1), we have b 3 '^ V.2.6 

(3) /1(jS) ^ lim inf ilCjS*!;). 

Since 9i„ C 91, we have by V.2.15, V.2.16 

(4) A(S„) ^ A(S). 

(2), (3), (4) imply that 
V.2.18. Given ,Sf by a representation 

(1) *Sf : i- = w G 91, 

let R be anj' oriented rectangle in 9l“. Let us define 

: ¥ = ¥M, ^ G R, 

A(R, ¥) - AiSu). 

Tlie representation (1) being fixed, A(R, ¥) is a rectanglc-funotion dofinod for 
every oriented rectangle R C 91*. From V.2.16, V.2.16 it follows that if A{S) < 
-f then A(R, y) is of type A in 91* (see III. 1.52). Henco, a.o. in 91*, A{R, f) 
has a derivative A'(w, ¥) wliich is summablo in 91* by an argument entirely 
analogous to that used in V.1.19. Now let us suppose that A(jS) < and 
let R be any oriented rectangle in 91*. By V.2.13, V.2.16 wo havo thon 


(2) 11 w.(a, r) s a(S„) S A(Sn) = A(.R, f). 

R 

Since (1) holds for every oriented rectangle R C 91*, it follows that 

¥‘) ^ A'(w, ¥) a,e. in 91*. 

It is not known whether the sign of equality holds a.e. in 91* as soon as < 
d" °° • 

V.2.19. Given a surface S in terms of a representation 

: ¥ = ¥(^), 


w G 91, 
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let us suppose that -4(#S) < •+«>. B}'’ V,2<10, V.1.19 the generalized essential 
Jacobians i')) 3 ~ 2, 3, exist then a.o. in 9?“, and the quantity 

WM ?) = x)r + x)fV'^ 

is sunimablc in 9?’’. On the other hand, no general information is available 
concerning the existence of the ordinary Jacobians J\w, x), j — 1, 2, 3 (cf. 
V.1.18). If the ordinary Jacobians happen to exist a.e. in then by V.1.22, 
V.2.10 the quantity 

w(w, to - x)r -f i-)]^ + x)]r'" 

IS summablo in and in fact Wi^o, x) ^ Wt(w, x) a<e. in 9?“, These remarks 

load, in view of the inequalities in V.2,13, V.2.14, to the folio-wing questions. 

Question (i). Given S, docs there exist a representation (1) such that the 
ordinary Jacobians J*{w, "i), j — 1, 2, 3, exist a.e. in 9^°? 

Question (ii). Given aS*, let (1) be a representation such that the ordinary 
Jacobians J^{w, j;), i = 1, 2, 3, exist a.e. in 9?“ and are summable in 9?°. Under 
what conditions will the formula 

(2) // W(w, s) = A{S) 

n* 

lioldf 

Question (iii). Given S, does there exist a representation (1) such that the 
ordinary Jacobians y), j = 1, 2, 3, exist a.e. in 9J° and are summable in 9?” 
and the formula (2) holds? 

We shall discuss presently theso questions in a preliminary fashion. More 
saii.sfaoiory answers will be obtained later on, but it should be noted that the 
information available at this time is far from complete. Analogous questions 
arise in connection with the generalized essential Jacobians ^i(wj y), and the 
answers to these latter questions are a groat deal more satisfactory, as will 
appear later on. 

V.2.20, By IT. 3. 44, 11.3.11 every surface iS has a representation S x ^ 
€ Qh j (3o^, is the unit square 0 g ^ 1, 0 g g 1 in the 
ta,^-plane. Let 0(i), 0 ^ i ^ 1, denote the so-called Cantor ternary function. 
Tlie function 4>(t) has the following properties: 

(i) is continuous for 0 ^ i ^ 1. 

(h) ,^(0) = 0, 0(1) « 1. 

(in) If < ^2 > then 0(h) ^ 0 (^ 2 ). 

(iv) There exists a sequence of disjoint closed intervals 7i , Ja j • • • on the 
interval 0 ^ ^ ^ 1, .such that f A | + [ /a I + • ' • = 1, and is constant on 
each one of the intervals /i , /s j ■ • • • 

(v) As a GonscquencG of (iv), 0^(0 exists and is equal to zero a.e. in the interval 

0 ^ j! ^ 1. 

For each posilivo integei' n, let us denote by t„ the transformation 
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Tu 



(fijii) + u/n 
1 4 “ 1 /^ ' 


<f)(v) + fj/ n 
1 + l/n‘ 


where the point («, v) ranges over the unit square 

Qo : 0 ^ ^ 1, 0 ^ ^ 1. 

For conciseness, let us write r„ in the form r„ : — g„{w), w S Qo • Clearly, t„ 

is a topological transformation from Qo onto . Furthermore, if we put g(w) = 
+ mv), then clearly 

nt/2 

(1) I 9(w) - gn{w) 1 ^ w G Qo . 

Let us define the transformation fx by the formula 

M : -w* = giw), w ^Qo. 

Clearly, ^ is a continuous transformation from Qo onto (of course n is not a 
liomeomorphism). Let us now define a surface S* by the representation 

(2) w E Qo . 

Now since t„ is a homcomophism, wo have by 11.3.11 for S the representation 

»S . uj E Qo • 

F]‘om (1) it follows that i*[6f„(w)] -> uniformly on Qo . By II.3.I3 it 

follows therefore from (2) and (3) that >$'*' = S. In other words, S has the roju’e- 
sentation ^ : ? = i*(w) - w E Qo . Now lot , v^), j « 1, 2, 3, be 

the components of Then the components a;,(w, v) of = j(w) are 

given by the formula 


X/(t(, v) = x,J(^(u)j </>(v)l 

Now let (uo , Vq) be a point in Qo , such that Uq is an interior point of an interval 
Ui ^ uS Ui on wliich«^(w) is constant (see (iv) above). Then x,(u, Vq) = Xi{Uo , 
ro) for Ui < u < U 2 , and hence dxjdu exists and is equal to zero at the point 
(2<o ) Vo)' In view of (iv) above it follows that dXj/du exists and is equal to zero 
a.c. in Qo . A similar reasoning shows that dXf/du exists and is equal to zero a.c, 
in Qo . As a consequence, the ordinary Jacobians j;) exist and aro equal IjO 
zero a.e. in Qo . 

V.2.21, Thus the answer to question (i) in V.2.19 is as follows. The con- 
struction in V.2.20 yields for every surface B a roi)i‘esentation upon the unit 
square Qo such that the ordinary Jacobians /^(w, f) and hence the quantity 
I'r(ry, iO exist and are equal to zero a.e. in Qo • 

Hence, every surface B such that A(>S) > 0 has what may be referred to as a 
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deceptive representation, namely a representation upon Qo for which Witu, f) 
exists a.e. in Qo , but the integral 

// W(v>, t) 

Qo 

fails to yield the value of the area This remark sliows that the questions 

(ii) and (iii) in V.2.19 are relevant. 

V.2,22, Taking up question (ii) in V.2.19, let bo a surface, and let ; i* = 
i*(w), w G be a representation such that the ordinary Jaeobians J’(w, f) 
exist a.e. in 9?° and arc summablo on S?”. W(to, y) is then summable in and 

(1) // lK(w, i') £ 

Indeed, if /l(<Si) = +<», then (1) is obviou.s; if ^1(5) < -f- then (3) holds by 
V.2.14. 

Tiieohem. Under the conditions just stated, the sign of equality holds in (1) if 
and only if there exists a sequence of smfaces S„ such that 

(2) lim sup yi (iS„) ^ ff lV(w, ¥). 

PnooF. Necessity. Suppose we have 

(3) // ir(w, f) = yus). 

Then yl(;S) < +<». By V.2.4 we have a soquonee of polyhedra 1j3„ such that 
> S, £!(%) — > /1(5). Since = yl(^„) by V.2.9, the sequence 3„ ~ % 
.satisfies the conditions (2) . 

Sufficiency. Suppo.so we have a sequence Sn such tirat (2) holds. By (1) and 
V.2,6 wo liave then 


JJ W(tv, y) ^ yl(*S) ^ lira inf yi (S,,) ^ lira sup yl (<&'„) ^ JJ W{w, y), 

djo 9JO 


and the formula (3) follows. 

V.2,23. The preceding result, combined wth the inothod of approximation by 
integral moans, leads to a variety of useful statements. Lot there be given a 
surface S in terms of a represonfcation jSf : y = if G Let Xf{w) « («, v), 

u iv <= w, be the components of y(iF). For h > 0, let us put (see 111.2.66) 


“ il? / / dv, j = I, 2, 3. 


Let 91^ be a simply-connected Jordan region such that 91^ C Let SD^ be 
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a domain such that C , and sucli tliat the closure of SD^ is contained in 0^°. 
Then for h small enough, the functions v) will be defined in SD^ and will 
have continuous partial derivatives of the first order in 3D^ (see 111.2.06). As- 
suming h to be small enough for this puiposc, let us put 

Xh{w) = v), v), .r8(?^, v)], 

(1) : X = w € 9?:^ . 

Clearly the representation (1) is of class C' in the .sense of V.1.26, and hence 
(see V.1.35, V.2.12) 

.d- ( aSji jj.) " j'J' T'T(ty, jft). 

After these preliminary remarks, we proceed to state an application of V.2.22. 

V.2.24, Theokem. Lei B \ w E: 9f, he a representation with the 

folloiving properties. 

(i) The ordinary JacoUans j), j = 1, 2, 3, exist a.e. in and are sum-' 
mable in 9f^. As a consequence^ W(w, i') exists a.e, in and is simmable in 

(ii) being defined as in V.2.23, we have (cf. V.t.18) 

(1) [f \ j) - J’(w, i'O I 0, J = 1,2, 3, 

J J h-^a 

n 

for every oriented rectangle R C 9?'’. 

Then A < + co and 

(2) .1(5) = II W(w, I). 

K" 

Proof. Let us first note that 

(3) ([ \ J'iw, y) ~ J’{w, yj 1 -> 0, i - 1, 2, 3, 

A-iO 

F 

for every closed set R C Jli", as an immediate consequence of (1). Lot 
have the same meaning as in V.2.23. As noted there we have, for h small enough, 

( 4 ) = JJ ^^0 W(w, 

By (3) the integral in (3) converges to zero if taken over 91^ and hence, a fortiori, 
if taken over 9?“ , That is. 


(5) 


i - h 2, 3. 
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Now by the triangle inequality 

(6) I W(w, l) - F(w, J») 1 S L I ■/'(», S) - h) I- 

t' 

(5) (iml (6) jncld, if //„ JR a sequence of positive numbei’S converging to zei'O, 

<7) f/'q... I mw, S) - Tf(«J, ft.) I 0. 

Now lot US denote by the surface iS^:^ ~ $(w), w E 9?* • We have i*A«(w) -> 
^(iv) uniformly in 9?^, (see 111.2.66), and hence 

(8) for — > oo . 
(4) and (7) yield 

^1(5..,) = //g,. !!'(«>, ft.) S /f g ,0 W(W, r) + jjgjo I W(U>, ft.) - W{w, t) I, 

(9) S //jR" 

(8) and (9) imply, by V.2.22, that 

(10) ^(-S,) = //gj„ W(VI, t). 

Now lei be a .s(K]uencc of Jordan regions that fill up 9J from the interior. 
By V.2J7 we have then 

( 11 ) A{S,^) A{S), 
whore : y = y(w), W ^ 9?*.^ . Clearly 

(12) W(w, d ^ 11 W(w, t). 

«« 

By (10) wc have 

(13) A(SkJ = jj^o^ W{v), y). 

(11), (12), (13) imply the formula (2). 

V.2.25. We shall sta te now some applications of the preceding theorem. Let 
N ; y - y(ta), w ^ 9?, be- a representation with the following properties. 

(i) The ordinary Jaeobians y), j = 1, 2, 3, exist a.e. in 9t“ and are sum- 
niable in 91'’. 

(ii) The components of y(«)) are ACT on every oriented rectangle R Q 91° 
(cf. 111.2.64). We shall term the set of conditions (i) and (ii) the hypothesis Ho . 
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V.2.26. Suppose that the representation iS : j w G % satisfies the 

hypothesis Ho of V.2.25. Suppose that on each oriented rectangle R C 8i it is 
true that in each one of the six products that appear in the three Jacobians 
H{w, i*)» J ~ h 3j the two partial derivatives involved belong to associated 
Lebesgue classes H (cf. 1,3.10). Then A(/S) < + nnd 

(1) A{S) - // W(w, ?)• 

8 ?» 

Proof. Each one of the transformations T’, j ~ 1, 2, 3, a.ssociated with tlic 
given representation of & (cf. V.1.1), satisfies the assumptions of IV.4.33; hence 
by IV.4.33 the given representation of 18 satisfies the assumptions of V.2.24, and 
the foimula (1) follows. 

V.2.27. In view of its importance, we state the special case p ™ ~ 2 of 

V.2,26 explicitly. If a representation ?(u>), w e 9i, satisfies tho hypoilicsia 

Ho of V.2.25, and if the first partial derivatives of the components of i{w) ))clong 
to the Lebesgue class on every oriented rectangle 72 C 8t , ihen 

i(S) = jj W(w, f). 

9t" 

V,2.28. The remarks in IV. 4.34, combined with V.2.24, yield iinmodiatoly tho 
following very special but c^uite useful result. Given a roprosontatiou S ~ y(w), 
w € 91, suppose that the following conditions hold. 

(i) The ordinary Jacobians J‘(w, y) exist a.e. on 91“ and arc summablo on 91“. 

(ii) Two of the components of ^(w) satisfy a Lipschitz; condition (cf. 1,3.14), 
and the remaining component is ACT on every oriented rectangle R C81°. 

Under these conditions, A(»S) < + » and we have the formula 

yl(S) = 11 1f(w, t). 

Proof. By IV.4.34, the given representation satisfies the assumptions of 
V.2.24. 

V.2.29. We proceed to discuss a number of topics in preparation for a study 
of question (iii) in V. 2, 19. A representation ^8 : j; = y(w), w ^ 91, will bo termed 
generalized conformal if the following conditions arc satisfied. 

(i) The fii-st partial derivatives of the components v), j = 1,2, 3, of 
X(w) exist a.e. in 91*. The vector functions 

V _ ^ „ far, 0X2 c>a?a \ 

\du ’ du ' du /’ \do ' dv ^dv r 

are tlien defined a.e. in 91*. Furthermore the ordinary Jacobians /^(la, jf), 
j = 1, 2, 3, tile function Wiw, jc), and the scalar products 
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iMiif 


dxi dXi . ^ 
dll dv du dv 


du dv ’ 



are also defined a.e. in St'*, following the practice in. Differential Geometry, we 
put B = , F ~ j G* = Jr‘* « We have then the well known identity TF® = 

EG - F\ and the inequality 0 ^ TF ^ g (E 4- G)/2, 

fii) The ordinary Jacobians J’iw^ i’), j == 1, 2, 3, arc summable in 9't°, As a 
consequence, W{w^ i‘) is also summable in Si®, 

(iii) On every oriented rectangle R C 9^^ the components of ACT 

and the first partial derivatives of these components belong to the Lebesguc 
class IJ. 

(iv) A? - (?, F = Oa.e. in 9^“. 

V,2.30, Continuation. Su'p'pose that S : ^ ~ ^{ w ), w E : 9^, fs a generalized 
conformal rep'caentation, Then A {S) < one? 

A{S) ({,’ + fl). 

W" 


Proof. ByY.2.27, conditions (i), (ii), (iii) imply that A (>8) < +<» and 

A(S) = fj W(w, r). 

«» 

By condition (iv), Avchavo TF = andhenec IF = (E -j- G)/2 = + ?^)/2 

a.o. in 9?®. 

V.2.31. Wo shall need tlie following lemma. Let </(u, v), gn{u, v) bo (real- 
valued) continuous fimotions on an oriented rectangle 

R a S u S hy c ^ V S d, 


such that tlio following conditions hold. 

(i) (7„(r, v) — > f/(zi, v) uniformly on R, 

(ii) {/«(«? y) is ACT on H (see III. 2. 64), n — 1, 2, • • ♦ . 

Oil) Tlio partial dcrivativc.s (/„„ — g„, — dgjdv belong to the Lebesgue 

class on R (note that tho.so partial derivatives exist a.e. on. R by (ii)). 


(iv) 


JJ (ffL + glv) 


< II for all n, where II is a finite constant. 


n 

Tlion g(u, v) is ACT on R, the partial derivatives iy„ , g„ belong to the Lebesgue 
class U on R, and 
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(1) jj (guY ^ Jim inf JJ (g„uY, fj (g.Y ^ lim inf jj (g„,)\ 

n R R R 

Pnoop. Bj'’ condition (ii) we have (cf. 111.2.68) 

W.(R, ?.) = JJ I C- |. 

R 

Hence, by the Hbldei’ inequality (see 1.3.10), and by condition (iv), 

( 2 ) W.iR, o„)S\R riR'’. 

By 1112.63 we have the inequality 

(3) TFu(^, g) S lim inf W„(R, g„). 

n-*o> 

(2) and (3) show that g(u, v) is BVTii in B (cf. III. 2. 49). Similarly it follows that 
g{^^, v) is BVTr on R, Hence g{u, v) is BVT on R. As a consequence (see III. 2. 60), 
the partial derivatives gu , g, exist a.e. on R, are summable on R, and we have 

(4) JJ 1 ff. I g W.(r, g), JJ I ff. I ^ g), 


for every oriented rectangle r C R' Now (see 111.2.63) 

(5) lP„(r, g) ^ lim inf IF,(r, f/,,). 

Since is ACT on R, we obtain, by the hldlder inequality, 

( 9 ) 1 F„(»-, g) ^ lim inf jJ ^ t ^ lim inf ( jJ . 


Let D be any subdivision of R into oriented rectangles r, , • • • , . By (4) and 

(0) we ha'\'^e tlien 


jJ 1 j ^ 1 r. (// > 

r, 

and hence 


( 7 ) 



£ lim mi U gl^ S lim inf [ f gi, 


Since (7) holds for every subdivision D of R, the first inequality (1) follows by 
1.3.10. The second inequality (1) is proved in a similar way. 



V.2.32 


483 


Now let Ti , • • * , Y„ be any finite system of oriented rectangles in Rj such that 
= 0 for f y. Using the inequality of Schwarz, \ve obtain from (6) 

m m / r r \ 1 /2 

S T]^(r.- , g) £ lim inf £ 1 r, i <?.« 1 ; 

t <=> 1 n-t-as » = 1 ( 

r\ 

( m \ 1 /2 / Hi n p \ I /2 

L f ^ i) ( z // 1 ffnu r] . 

ri 

Hence, by condition (iv), 

m / "' \ 1 /2 

£ In i) . 

*->l \ l=-l f 

Hence the rectangle function lF„(r, g) is absolutely eontinuoius in R; similarly 
it follows that Wt{r, g) is absolutely continuous in R. Hence, by III. 2.56, g{u, y) 
is ACT in R) and the proof is complete. 

V.2.32. Let S and n ~ 1,% ■ • ■ , be surfaces given, by representations 

(1) 

(2) ^ w G 

such that the following conditions hold. 

(j) l:'n(w>) — > ?('«') uniformly on 9i. 

(ii) For every n, the representation (2) is generalized conformal (see V.2.29). 
(iii) A < 4- . 

(iv) A(jS„) — > A(.S). 

Then the representation (1) is also generalized conformal. 

Proof, By V.2.30, A(X) < -f and 

(^) A (jS'„) = 2 JJ (y 4“ I’® J , 

SK“ 

As a consequence of (iii) and (iv), the sequence A(»SJ is bounded. Hence, in 
view of (3), there exists a finite constant U such that 

w If ai + » = 1, 2, • • • . 

Si" 

Now let R be any oriented rectangle in 9^**. By (i), (ii) and (4), the components 
of the vectors i'(«y), satisfy the assumptions of V. 2. 31 on /?, and hence we 
obtain the following statements. 

(a) The components of ^(w) are ACT on R. 

(b) The first partial derivatives of the components of j(r?) belong to the 
Lebesgue class on R. 

^ (c) JJii (lu + f!) ^ lim J Jr (j®, + i'L). 

Since R was any oiiented rectangle in St**, it follows that the first partial deriva- 
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lives of the components of f(w) exist a.e. in 9?”. Now let F bo any closed sot in 
We have then a finite system of nonoverlapping oriented rectangles Rt , 
. • • , in that cover F. By (c) we obtain therefore 


// 

(j2 + tl) it, [[ ({1 + !•'> S lim inf 

t If (f- + *”) 

F 

Ri 

ni 

(5) 

^ lim inf 

JJ (i‘L + 

By V.2.30 


9(0 

(6) 

ff (tL + f2.) = 21(5,). 



fii« 


(6) and (6) yield, in view of condition (iv), the inequality 

(7) // (t.’+ {D S 2yl(S). 

F 

By (iii) and V.2.14, the ordinary Jaeobians ]c) are siimmable on 91°. By 
(a), (b) and V.2.27, it follows therefore that 

(8) If W(w, t) = i(S). 

s« 

Since (7) holds for every closed set in wo have 

(8) If (i'2 + rf) S 21(5). 

M" 

(8), (9) yield 

1(5) = // w(w, r) s I // d'.’ + ri) ^ !(«. 

Hence 

CIO) If W(w, s) = yj (t! + f.). 

9to 9(0 

Since 

W(w, j) ^ (ju + j")/2 a.e. in 

it follows from (10) that 

(11) ' TF(w, x) = (EG - FY'^ = (2? + G)/2 a.o. in 9f^ 

Simple computation leads from (11) to the formula 
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(12) {E - + 4/!^" >= 0 a.c. in 9?^ 

Clearly, (12) implies that E = G, F = 0 a.e. in iJf", and the proof is complete. 

V.2,33. AVe proceed to discuss the problem of the existence of genoraliKod 
conformal representations for a given surface. AA^e begin with a study of poly*' 
hedra. Given a polyliech'on fl, wo have by V. 1.30 a representation 

(1) ^ WJ 6 

with the following iJiopcrties. 

(i) 9t is bounded by a convex polygon. 

(ii) There is given a rectilinear triangulation 3 of 5)i', comprised of roctiliuoai* 
triangles , - • ' , t„, (cf. AM. 28, V.1.3C), such that tlie following holds. Con.sid- 
ered on any one of the triangles tf , the rcpi'e.scntation (1) dotennines a biuni quo 
affine transformation from /, onto a (nondegoneraic) rectilinear triangle A< in 

.ri.i:2.r3-spacG. 

(iii) J?(^) - a(^) = ^l(^) = ( A, I + - - ^ + 1 A„.J (sc3e AM.33, V.2.9). 
AAOiile the correspondence between ^ and A, is biunique, of course tlic roi)rc- 

sentation (1) need not define a biuniquo transformation if considered over tho 
whole of Dl. In other words, two triangles A, , A, , f y, may intersect (;aoh 
otlior and may in fact have interior points in common. 

As a consequence of the general theory of conformal maps of absti’aci llicmann 
surfaces (L3.19), the following existence tlioorem liolcls. bet Wi , W 2 , ho 
tliree distinct points on the boundary of Dt, sucli that tho poinLs w, , Wg , Wa 
follow upon each other in the eounterclockwise sense around tho boundary of 
Let denote the unit circular disc j g 1 in an auxiliary ~ -h 
plane, and let , Wa* > be three distinct points on the porimotor oi that 
follow upon each other in the coiintorclockwise sense. Then tiiere exists a topo- 
logical transformation r(K^) ~ 9?, such that ir, = ~ i, 2, 3, an<l such 

that the representation (cf. II. 3. 11) 

(2) ip : i' = i:^(w*) == i-[r(^«^)], , 

has the following properties. 

(a) Let us put f = 1, 2, • • • , m. Tluni the triangles make up 

a curvilinear triangulation 3^ of . The .sides of each h* arc simple analytic 
are.s (including their vertices), and arc not tangent to each other at the vcrticos of 

« 

(b) For each i ^ 1, • * • , tho ropiusentaiion (2), if considered on t{^ only, 
defines a biunique and continuous transformation from onto A, which is 
conformal at interior points of h* . 

(c) For each f = 1, • • • , the components of i',^(ia,^) arc harmonic function.s, 

in , of and { 21 ^. + iv^ = w^), and we have, on putting 



the equations = 0 for 2, • • ■ , 
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(d) If u>o^ is a point on the boundary of a , but is not a vortex of , 
then the first partial derivatives of the components of approach finite 

limits if Wo^ is approached from the interior of . 

V.2.34. A representation with the properties (a), (b), (c), (d) will be termed a 
quasi-conjorrml representation of the polyhedron Wo assert that such a repre- 
sentation is generalized conformal in the sense of V.2.29. Indeed, let be the 
subset of consisting of all the sides of the triangles f = 1, • • • , m. By 
(a) in V.2.33, i a# | == 0, and hence by (c) in V.2.33 the first partial derivatives of 
the components of exist a.e. in . By (iii) in V.2.33 and by V.2.14 it 
follows that the ordinary Jacobians J'{w^ , y*), f = 1, 2, 3, and the function 
} I'#) are suminable in K\ . By (c) in V.2.33 we have, since | ( == 0, the 

equations I?:,. = = 0 a.e. in K], . As a consequence wo have = 

W{w^ , a.e. in . Since T'F(u>^ , i‘+) is summable on Kl , it follows that the 
first partial derivatives of the components of belong to the Lobeisguo class 
L* on K^. , and hence a fortiori on every rectangle C . There remain.^ to 
show that each component of is ACT on every oriented rectangle R^, : 
a ^ ^ b, G ^ ^ d, in 7C^ . Now lot Wo^ be any value l)etweon a and b, 

such that the line does not contain any vertex of the triangulation 3^ . 

Since the sides of the triangles of 3^ are simple analytic arcs, it follows that tlie 
segment lo : — uo^ , c ^ ^ d, contains at most a finite number of points 

that lie on the perimeter of some triangle of 3,^ . Since 7o docs not contain any 
vertex of 3^ , it follows by (d) in V.2.33 that 7o i.s the sum of a finite number of 
segments on each of which the components of are absolutely continuous 
as functions of . Thus these components are absolutely continuous on 7o as 
functions of . Since this holds for all but a finite numlDor of points tio ^ , and 
since the first partial derivatives of the components are summable (and in fact 
of the Lebesgue class L®) on R^ , it follows (see 111.2.59) that the components 
are ACTv^ on R^ . A similar argument .shows that these componenl.s arc ACTw^ 
on R^ . 

V.2.35. Continuation. In view of V.2.30 it follow.s that for a quasi-con- 
formal representation iP : g == G 7f_^ , wo have the formula 

= yl® = I (A', + G.). 

V.2.36. Let be a polyhedron and ^ : g = G i)i* , be any poly- 

hedral representation of i)3 (cf. V. 1.29). Let Wi^ , W 2 ^ , itfs* be throe distinct points 
on the boundary of that follow upon each other in the counterclockwise sense. 
Let IC be the unit disc | za [ ^ 1 in the la-plarie, and let tOi , tus , Wa be throe dis- 
tinct points on the perimeter of IC that follow upon each other in tho countor- 
clockwise sense. Then there exists a topological transformation t(IC) = such 
that the representation ^ : g = ¥+[T(za)], w £ IC, is quasi-conformal, and r(‘tOf) = 
^ h 2, 3. 

This is an immediate consequence of V.1.36 and V.2.33. Lot us note that tho 
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use of nn intermediate quasi-linear representation is really unnecessary, and 
serves only the purpose of simplifying the geometrical picture. 

V.2.37. Wo propose to derive further oxistenco thcorom.s by approximating to 
more general surfaces by means of polyhedra. In preparation, wo establish 
several simple lemmas. Let ^ be a polyhedron, and let ^ : y = i'(wr), w G K, 
bo a quasi-conformal representation of Ip, whore K is the unit disc | a; | g 1. Let 
Wa be any point in K, Tor 0 < p < 3^^V2, wo define a simple closed curve 
C(p, Wo) as follows. We draw the circle lc[p, v)^ with coiiicr Wq and radius p. 
If /c(p. Wo) C K, then C(p, Wn) - k(p, Wo)- If k(p, Wo) is not conlaiucd in K, then 
(duo to the restriction 0 < p < 3^'’V2) k(p, Wq) intersects the perimeter of K in 
two points and thirs divides thr; perimeter of K into two arcs, one of wlrich is 
interior to k(p, Wq) excejrt for its end points. This arc will bo denoted by 
Ci(p, Wq). Similarly, tire irerimetcr of K divides /c(p, lao) into two arcs, one of 
which lies in K. This arc will bo denoted by (72 (p, Wq), Finally, (7(p, rPo) is the 
sum of the two arcs (7i(p, Wq), C^ip, Wo)- 
V.2.38. Continuation. Lot us use again the symbol b)ix(vi), F) to denote 
the oscillation of i'(?y) on a .sot F C K. That is, 

io{x(w), F) = l.u.b. I 3 :(ta,) - ^(Wi) i, 

where Iho least upper bound is taken with respect to all pairs of points Wi , 102 in 
F. SupiiosG now that we find a point iCo <E K and two positive constants po , 5, 
whore po < 3^'^V2, such that 

(1) w(y(?«), Cs(p, Wo)) > 6 forpo < p < 3‘^V2. 

Then we assert the inequality 

jj2 01/2 

(2) 

Pkoof, For clarity, let us first suppose that the point Wo lies on the perimeter 
of K. Let us denote by JD the domain bounded by the ares C^ipo > Wo), € 2 ( 3 ^^^ {2, 
Wo) and iho perimeter of K. Lei us introduce polar coordinates p, 0 according to 
tho formulas 

(3) ^ ?/ — ?/o + /> cos Of V ~ Vo p sin 0, 

whero Uo H- fvo = Wo . By proper choice of 0 wo can aiTange for tlio following 
situation to hold. By means of (3) tlie domain SD appears ns the topological 
imago of a domain 20* in the p, 0 plane, where p and 6 arc considered as Cartesian 
coordinates. is bounded, in tho Cartesian p, 0 plane, b}'’ the lines p — pa , 
p = 3'^V2, and by two ares given by formulas 0 =,^i(p), 0 = (? 2 (p), whore (?,(p) 
and (? 2 (p) are single-valued continuous functions of p that satisfy the inequalities 

(4) 0 < e,{p) - ff,(p) < X, Po S P ^ 3‘'72. 

Tho transformation (3) being topological, atid the first partial derivatives of u, v 
with respect to p, 0 being clearly continuous in 2D*, this transformation satisfies, 
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4)y an ample margin, the conditions needed to apply the transformation formula 
for double integrals (cf. IV.4.58, IV.4.60, IV. 4. 6 1, IV.4.24) and thus we have the 
formula 


(5) 


JJ g(u, v) dudv — jj ff(«o + p cos 6,Va p sin 0)p dp d6, 
» a>’ 


for every function //(u, r) that is summable in SD. In writing (5), we used the 
formula 

In view of the special form of tlie domain D*, (5) may be rewritten (cf. 1.3. 10) 
in the form 


3‘>'V2 9,(p) 


( 6 ) 


JJ 9(u, v)dudv = J J g(uo + p cos 0,Uo -b p sin 0) dO p dp. 


0,(P) 


We consider now the function g{u, v) ~ fu + y, , which is summable in K by 
V.2.35, and hence a fortiori summable in 2). Now let us take any point ta in SD 
that does not lie on a side of any triangle of the triangulation associated with the 
given quasi-conformal representation of ^ (cf. V.2.34, V.2,36). ']'’licn the com- 
ponents of x(w) are harmonic functions on a sidficicntlj'^ small open disc with 
center w, and thus we can compute df/dO in terms of 0, p by using the usual 
formulas in Calculus. We find in this manner the formula 


(7) 


dO 


-p(i’„ sin 9 — cos 6). 


This formula holds a.e. in SD*. There follows the inequality 


do 


^ (i*« + 


a.e. in SD*. 


By (6), (7) we obtain (IV.4.5) 

3 >/ v 2 e,(p) 

(8) //« + <'«**/[/ |i| 

tD p. Blip) 

Now let us consider a p between po and 3^''“/2, such that the arc C2(p, Wq) docs 
not pass through any vertex,of the triangulation 3 associated with the given quasi- 
conformal representation of Then Czip, w^) intersects the sides of the triangles 
of 3 in at most a finite number of points, and consequently (cf. (d) in V.2.33) 
it follows tliat the components of ^{w), considered as functions of 6 on C 2 (p, Wo), 
are absolutely continuous on C 2 (p, Wo). For the oscillation w(j;(t«), Czipt 
there follows the inequality 
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9i(.p) 

(9) Czip, Wq)) ^ y* I II d0. 

<!t(p) 

By tlie Holder inequality wo obtain 

^s(p) 5«(p> 

[ / li <^<’1 ^ (W - ".cp)) / |ip«- 

fi(p) 9,(p) 

In view of (1), (4), (9) we get the inequality 

«Up> 

. / 

0.<P> 

According to its derivation, (10) holds for all but a finite number of values of p 
between joo and Hence (8), (10) yield 

3*/*/3 

(11) [f + 1*!) dudy ^ — f ^ ™ log—. 

J V TT J p W ^Po 

3) P* 

On the other hand, we have by V.2.35 

(12) jj (f. + f!) dudvi Jf ({I + jJ) du dv = 2B(f). 

SD /C® 

(11) and (12) imply the inequality (2) (in fact with the denominator 2r), 

Now let us assume that Wq is interior to K. Inspection reveals that the preced- 
ing argument remains valid, except that (4) is to be replaced by the inequality 
0 g 03 (p) — 01 (p) ^ 27r, po ^ P ^ 3^^V2. As a consequence, wo obtain by the 
preceding argument the inequality (2), this time with the denominator 47r- 
V.2.39, Lot denote the unit disc | w,i, j ^ 1 in the w„,-plane. Let Wi^ , 
W 2 ^ , zPa* be three points on the perimeter of that are the vortices of an 
equilateral triangle. Lot us note that the sides of this triangle have the length 
3*^*. Now let ho any two distinct points on the perimeter of , such 

that 

(1) 0 < I ta; - w'^' I < 3'^V2. 

These points divide the perimeter of into two arcs , 'Yi^ , one of 

which will contain at most one of the three points Wi^ , , Indeed, note 

that in view of (1), at least one of the points , w '^' , say , is different from 
the points Wi^ , , Ws* • Hence, if y.,!, > 7^ both contain more than one of the 

points Wi^ , %t)s^ , , then, necessarily must coincide with one of the points 

> '“^2* j > say w'^ = Wi^ , and must lie on that arc on the 

perimeter of that does not contain Wi^ = ■ Clearly this is impossible in 

view of (1). Let the notation be so chosen that 7,^ contains at most one of the 
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point!? 1/Ji^ , , m> 3^ . H Tu , ^2^ are any two points on 7.^ , then wo assort that 

(2) 1 1 ^ i iv'^' - w; |. 

Proof. The inequality would be obvious if we should know that 7,^ is tlie 
shorter one of the two arcs 7,^ , 7 j* . Let us assume that the shoHor one of 
these two arcs (note that by (1) the arcs 7.* , 7/.,, have unequal lengths) . Now if 
7,^ is the shorter arc, then for any two points f , ^ 2 ^ on 7 ,^ avc have the inequal- 
ity 

(3) I r^; “ fu I ^ i K ~ < I* 

But 7t^ contains at least two of the points Wi^ , , Wa^ (since by assumption 

7,^ contains at most one of them). Thus we can choose two of the points 
as our points , and then (3) yields ^ | 1, in 

contradiction to (t). Thus 7,^ is the shorter one of the two are.s 7.* > 7{* , and 
the inequality (2) follows. 

V.2.40. Lei a svrface S be given by a representalion 

(]) = 

vuch that the follonnng conditions hold. 

(i) 1 $ the unit disc 1 W:* [ S L 

(ii) The representation (1) is nondegeneralc (sec 11.3.21). 

(iii) yl(/S) < 

Then S admits of a generalized conformal representation (cf. V.2.20) upon the unit 
disc /f ; I M I ^ 1. 

Proof. Let Wj,,, , W2^ j 'UJa* be three points on the perimeter of that follow 
upon each other in the counterclockwise sense and arc the vortices of an ccpii- 
lateral triangle. Similarly, let 7^1 , W2 , W3 be three points on the porimotor of K 
that follow upon each other in the counterclockwise order and arc the vertices of 
an equilateral triangle. By V.2.4 we have a sequence of polyhedra such that 

( 2 ) %^S,Ei%)-^A(S). 

By II.3.1G, we have for each n a representation 

(3) : I- - f„*(w>4,), e , 

such that the representation (3) is polyhedral and 

(4) — > J*(%) uniformly on , 

By V.2 36 we have for each n a topological transformation t,XK) — such that 

(5) T^{w,) = , J = I, 2, 3, 

and such that the representation (cf. 11.3,11) 

(6) - r„(w) = 3f«*[r„(7a)], 
is quasi-conformal. Let u.s ])ut 


w £ K, 
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(7) - max [ ~ \, w* G ^ 

By (4) we have tlien 

(8) fx„ 0 fof n -~>oo^ 

Since is coutimious on is also boiincled on , and from (4) 

it follows thus immediately that the sequence is uniformly hounded on 

. Consequentlj'-, the sequence is uniformly bounded on K, As a 
further consequence of (4), the sequence is equicontiniious on 

(cf. 1,2.44). Thus for every e > 0 we have a i(e) > 0, such that for all n and 

K' > K G , 

I ~ I < e if I w'J “ w; j < 6(e), 

Since the representation (1) is nondegenerate, by II. 1.8 we have, for evory « > 0, 
an ??(e) > 0 .such that if P is any continuum in , then (cf, 11,3.21, 11.1,8) 

(9) d(r) > 6 implies P] > »?(£). 

Mow by (7) we have P] ^ w[y^(ia^)j P] - 2ju„ . Thus, i)y (9), for 

■every n, d(P) > e implies a)[j;„^(ta^), P] > 17(e) — 2/u„ . Forgiven e > 0, wo have 
by (8) an no(i) such that g„ < i7(e)/4 for n > ^^(e). Honco 

(10) T] > i7(e)/2if f/(P) > e, n > no(e). 

vVftcr those preliminary remarks, the proof will bo given in two steps. 

V.2.41, Continuation. We assort that the sequence ^..(w) i.s oiiiiicontimious 
on K (cf. 1.2.44). 

Piioor, If the assertion is denied, then there .should exist a positive constant 
A, a. sequence of subscripts ni < <”'< , and a. sequence of [)air.4 

of points ^oii , w,'^ in /C, such that the following conditions hold. 

(i) [ - w't, 1 < l//c, A; = 1, 2, • • • . 

(ii) i r,u(w/u )" T„,(w,h) I > X > 0, /) = 1, 2, ■ • • . 

If X is a constant for which this holds, then any positive constant loss than X 
satisfies (ii) also. Thus wo can assume that X < 3^^^. Since we can ex:tra<!L 
convergent subsequences from the sequences w'i , w't , we can assume without 
I 0 S.S of generality that the sequences are convergent. Lot iVq be their 

common limit (cf. (i)). The point Wa may be an interior point of K or it may lie 
on the porimoier of K. Now let us take any pu such that 0 < po < 3‘^^/2, and 
next any p such tliat 

(1) Po < P < 3‘^V2. 

Using the notations of V.2.37, let us denote by 9i(p, Wq) the (bounded) .Jordan 
region bounded by the simple closed cuive C(p, Wo). Since Wn( , lo'j, — > Wa for 
wo have a /c(po) such that 

G 9I(po , Wo) 


for /c > /c(po), 
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and hence also 

w'„i , wU G 9l(p, «>o) for k > k(po). 

By (ii), the Jordan region t„ J91(p, Wq)] contains then two points whose distance 
exceeds X, and consequently 

(2) d[Tr„iCip, Wo))] > X for k > k(po). 

We assert now that (cf. V.2.37) 

(3) d[Tr,^{C 2 {p, Wo))] > X/2 for k > kipo). 

Indeed, if (72 (p, Wq) = C{p, Wo), then the assertion is clear. Otherwise let , 
be the end points of the arc Tn^iCzip, Wq)). Then lie on the perimeter 

of , and if (3) is denied, then we should have 

(4) ^ 1 wi' - w; I ^ x/2. 

Now w '^ , w'^ are also the end points of the arc r„»((7i(p, Wo)) which is a subarfi of 
the perimeter of , Now (7j(p, «?„) contains at most one of the three points 
Wi ,W 2 ,W 3 , on account of the condition (1) (note that Wi , Ws , Wa are vertices of 
an equilateral triangle with side length 3^^^). Hence the arc t„i((7i(p, Wq)) con- 
tains at most one of the points Wi^ , . Since X < 3^''“, it follows by (4) 

and V.2.39 that 

(6) rf[T„.((7,(p, Wo))] ^ X/2. 


Since we denied (3), we sliould also have 

(6) diuiiOaip, Wo))] ^ x/2. 

But (5) and (6) contradict (2), and thus (3) is proved. Now (3) implies, by 
V.2.40 (10), the inequality 

TniiCaip, Wo))] > ri{\/2)/2, for > no(X/2), k > /c(po). 
By V. 2.40(6) it follows that 

<»[h,{w), Oaip, Wo)] > »(X/2)/2, forn* > no(X/2), k > k(po). 

By V.2.38 there follows the inequality 

^(^«*) > — ■ log ™, for Ui > no(|), k > k(po). 

For ft — )co we obtain, in view of V.2.40(2), 


A{S) ^ 




This inequality should hold for all positive values of po < 3 ‘^72. For po ~> 0 it 
would follow that A (^ = -h « , in contradiction to the assumption A{S) <-{-«>. 
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V.2.42. Continuation. Since the sequence t„{w) is equicontinuous in K by 
V.2,41 and the sequence is equicontinuous in (see V.2.40), it follows 

that the sequence = i’n^K(w)J is equicontinuous in IC As observed in 
V,2.40, the sequence is uniformly bounded in K. In view of these facts, 
it follows (see 12.44) that we have a .subsequence < • • • , that 

converges uniformly in K. Lot ic{to) be the limit ■^'•ectoi* function, and let us 
consider the surface 

(1) aS** : j; = j(w), w € K. 

Since for i , uniformly in K, we have the relation > S*. 

But ^ by V. 2.40(2). Hence = S (seo 11.3,16). In other words, we 
have for S the representation S : ^ ~ y(ty), w G K, and concerning this repre- 
sentation we can make the following .statements. 

(i) a;„,(uj) x(w), for j '">«), uniformly on K. 

(ii) For each we have the representation j = i',„,(u)), la £ Ky and this 
representation is qua.si-confoi'mal, 

(iii) S and fo*’ j (see V.2.40(2)), 

(iv) A(S) < -j-co by assumption, 

By V.2.32, V.2.34, V.2.35 it follow.'i that tho representation (1) is generalized 
conformal, and the proof of '\^.2.40 is complete, 

V,2.43. Theorem. Given a surface S : ^ = jc(u?), w ^ % suppose that the 
following conditions hold, 

(i) 4.(#S) < + 

(ii) The middle space fO? associated with the corresponding transformation 
■ T \ i — j;('Ui), ty G 9?, is a topological 2-cell {see II. 1.20), 

Then S adrnits of a generalized conformal representation, in the sense of V.2.29. 

Proof. By II.3.27, IL3.11, S admits of a nondegenerate representation upon 
the unit disc, and hence the theorem follows from V.2.40. 

V.2.44. Theorem. Given a surface S in terms of a 7'epreseniation S i ^ ~ 
^(w), w G suppose that the following conditions hold. 

(i) i4(»S) <4-00. 

(ii) 8 is hounded b?j a simple closed curve (cf. II.3.39). 

(iii) The components of x{id) are Lehesgiie monotone on (cf. 11.3.45). 

Then S admits of a generalized conformal map upon the imii disc, in the sense of 
V.2.29. 

Proof. By II.3.45, tl.3.29j the middle space 9}? is a topological 2-ccll, and 
hence the theorem follows from V.2,43. 

V.2,45. Let (9o : 0 ^ w ^ 1, 0 ^ y ^ 1, be the unit square in the w-plane. 
With every continuous vector function ^(w), defined in Qo , we associate the 
transformation T : ^ = i;(w), G Qo , and the surface S : ? = ic(w), w G Qo - 
We define the function F(T) by the formula (cf. V.2.3) 

F(T) = /t(^. 
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It wll be convenient to write 4(j) instead of in order to display the vector 
function ^(w). Thus 

F{T) = A(i) = A{S). 

V.2.46. Continuation. Clearly, F{T) ^ 0, By V.2.0, F{T) is lower 
semi-continuous in the sense of II. 2. 106. We proceed to verify that F{T) satislies 
the various assumptions stated in connection with the cyclic additivity theorem 
of n.2.113, II.2.114. 

V.2.47. Continuation. Suppose that the point-sot T{Qo), in .'c,.T 2 .T.i-.spncc, 
is a subset of a straight segment tr. Then F(T) — 0. In particular, if TiQo) 
reduces to a single point, then F{T) = 0. 

Proof. For every positive integer n, we construct in Qo a quasi-linear vector 
function as follows. We subdivide Qo > by horizontals and verticals, into 
congruent oriented squares, in each of vdiich we draw the diagonal from the 
upper left to the lower right corner. There results a rectilinear triangulation 
of Qo , and 3:r,(u>) is defined as the (univocally determined) vector function with 
the following properties, (i) = l'(w) at the vertices of 3„ . (ii) The 

components of are linear functions of u, y on each one of the triangles of , 
For each n we liave then the quasi-linear surface 

(1) = Uw), 10 G Qo . 

Clearly ^(w) unifonnly on Qo , and hence (cf. 1 1.3. 17, V.2,0) 

(2) A{S) ^ lim inf A(S„). 

On the other hand, for every triangle t, of 3„ , the vortices of ^ arc carriod, by 
means of the representation (1), into points of the straight segment o-. Hence, by 
y.2.12, V.1.26, = 0, ?i — 1, 2, ■ - • . In view of (2), it follows Uiai F(7^) == 

^(*S) = 0. 

V.2.48. Given a surface S in terms of a representation aS : y = y(w), lo G Qo , 
wliere Qo is the unit square 0 ^ ^ 1, 0 g y g 1, let us suppose that yl(*b’) < 

Hr “ . Lot i? be any subset of Qo such that 

Cf) 1 ( 10 ) ~ a for vj *G 

where a is a constant vector. Given then any tr > 0, there exists a continuous 
vector function \){w), w 6 Qo , with the following properties. 

(i) l)(iy) is Lipschitzian on Qo (cf. V.1.27), 

(ii) I l)(iy) - i-(iy) [ < er for ly G Qo . 

(iii) A(\)) < ^(iO -f (T (cf. V.2.45). 

(iv) l)('iy) = a for ta G F. 

Proof. Let e, r, 72 be positive numbers such that 

(2) 0 < e < r < R. 

By V.2.5 we have a polyhedron 'p such that 

(3) d{S, i)3) < e/2, I 4(;Sf) - Fm I < e. 
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By II.3.1S we have a representation : j' = w ^ Qq , sueh that 

(4) ! ^^(w) - x(w) I < e/2, w S Q<>- 

By V.1,37 we have for ^ a quasi-lincar representation 

(5) ^ l(w), w € <?,i , 

such that I — jfw) 1 < e/2 on Qo . In view of (4) it follows that 

(G) ' I j(w) - I < e, w ^ , 

TCo the re])resoutatioii (5) we apply the stretching process J2 = S2(r, R, n), where 

r, R, a arc taken from (1) and (2) (cf. V.1.46), and we obtain a vector function 
^*(w), w ^ Qq , Since is quasi-linear (cf. 'V.1.26) and tlioreforo Lipschitzian 
on Qo , is also LipscUitzian on Qo , by V. L.52, By V.1.51, we have | ^(w) — 
i*(w) I ^ i? in Qo , and hence by (0) 

(7) i i < + 6, w e Qo . 

By V.1.53 wo have the inequalii}'- 

( 8 ) 

where jSf* : j; = ay S Qo • Since 3’*'(iy) is Lipschitzian in Qo , vve have 

({{S'') = A(S''') by V,2. 12. Hence (cf, '^^.2.45), we olDtaiii from (3) and (8) the 
inequality 

(f) ' + 

(1) and (6) yield, for lo ^ E, \ i{w) ~ a | = ] i < hi view of (2) 

wo have tliercforo U('^) *" I < G lienee, by the defliiHion of the 

.stretching proce.sa i9 == i2(?’, R, a) (cf. V.I.4t)) 

3 *(tc) — a for w G E. 

Thus the vector function ” 3*(w) satisfies all of our rcquironienis, provided 
that 6, r, R can bo cho.son in such a way that the following incqualiti(j.s hold 
(cf. (2), (7), (9)). 

(10) 0 < « < r < 72. 

{J 1) 72 + € < V, 

(12) (/i(t) + 0< ^(r) + 

Since A{x) < -h® by assumption, these conditioii.s are easily seen to bo coin- 
patiblo. For example, we can first choose 72 to satisf 3 ’- 

(13) 0 < 72 < <r/2. 
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Next we can choose r to satisfy 


„ (14) 


0 < y < 


lie- 

2[A(j:) + ^]- 


Finally, we can choose e to satisfy 


(15) 0 < e < min (r^ aj^). 

It is easy to verify that the inequalities (13), (14), (15) imply the inequalities 

(10), (11), (12). 

V.2.49. Let & be given in tenns of a representation jS ; j: = j;('w;), to G Qo , 
and let P be a continuum in Qo such that y('u;) = a for w € P, whore 0 is a con- 
stant vector. Let D be a component of Qo — P, and let us define, in Qa , the 
continuous vector functions yifw), ^^iw) as follows (cf. II.2.105): 



( i'(w) 

for IV E 

(1) 




(« 

for w E Qo - D, 


f « 

for ta 6 A 

(2) 

h(tt>) = j 



[ yCw’) 

for w E Qo - D. 


We assert that (cf. V.2.45) ri(^,) + ^(ya) = ri(y). In other words, the function 
F(T) of V.2,46 is additive with respect to conlinua of constancy, in the sense of 
11.2,106. The proof will be given in two steps. 
y.2.50. Continuation. We first establish the inequality 

(1) + ri(i*a) S ri.(y). 

This inequality is obvious if ri (y) = 4* “ • Hence we can assume that A (y) < 
+ By V.2,48 we have then for every positive integer n a continuous vector 
function l)„(ia), wj £ Qo , with the following jiroperties. 

(i) is Lipschitzian on Qo . 

(ii) I \u(w) - y(w) I < 1/n, w e Qo . 

(iii) < ri(y) + 1/n. 

(iv) i]T,(ia) = a for to £ P. 

Let us define the vector functions l)„t(io), l)„a(to) as follows: 

f l)n(ta) for w ^ D, 

l)n.(ta) = j 

I n for w^Qo - D. 


I for w ^ Dy 

\Uw) - I 

[ h«('w^) for V) E Qa - D. 

^ an immediate consequence of (i) above, i)„, (w) and l)„ 2 (tc) arc both Lipschitzian 
in Qo • Furthermore, we liave 
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[ 0 for wSQo- 

I l)rn(w) - ¥i(ty) I = j 

[ I iu(w) - ic{w) ) for w> 6 JD. 

Hence, by (ii), 

(2) I l)ni(«^) — JiC-w) j < ^/n, w ^ Qo , 

and similarly 

(3) . I j < l/n, w E Qc . 

(2) and (3) imply (cf. V.2,45, V.2.46) 

il(ji) ^ lim inf 

II •H OO 

4 (¥ 2 ) ^ lim inf 

JI-+00 

and hence 

(4) A(h) 4- ^( 3 r‘ 2 ) ^ lim inf (A(l)„,) + 4(lj„2)). 

n^oa 

Since and ^na(ty) are Lipschitzian in Qq , we have by ¥.2.11, ¥.1.3, 

¥1.7, 

(5) A(l}„) = a(l)„ , Qo), A(\},a) - a{\)„, , Qo), .4(l)„8) - a(l)„ 2 , «9o). 

By ¥1.60, ¥1.61, 

(6) n(^^i , (3o) + a(l )«2 , Qo) = , Qo). 

(4), (5), (6) yield 

(7) vl(¥,) + ^(¥ 2 ) S lim inf 
By condition (iii) 

(8) lim inf A(\.u) ^ A(¥). 

n-»® 

(7) and (8) yield (1). 

V.2.S1. Continuation. We shall now complete the proof of V.2.49 by 
establishing the complementary inequality 

(1) ^ Mh) + ^(¥ 2 )- 

I 

This inequality is obvious if one of A (ji), A (¥ 2 ) fails to be finite. So we can as- 
sume that A{¥i) < A (¥ 2 ) < By ¥2.48 we have then, for every 

positive integer n, continuous vector functions 3 r. 2 (w) wth the following 

properties (note that ¥i(‘w) == a on C^o ~ -B and — a on D -j- r)j 
(«) 3ni(w>), iniiw) are Lipschitzian on Qq , 
b) 1 in^(w) ~ ¥,(w) t < l/n, i ^ If 2, w E Qo > 
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(y) < aa.) + l/n, 1^1,2. 

(^) == « on Qn - D, 3„2(w) = a on 7 ) + r. 

We define now 

f forwGD, 

( 2 ) in{io) = ] 

[ for V) E. Qo — D. 


Clearly ia single-vakied and Lipscliitzian on . The relation between 
hniC'^) may bo restated in the following equivalent form by using 

condition (5). 


.f Sn(«>) 

for ty G 7), 

3nl(w) == \ 


u 

for zy G Co “ 

[ hn{w) 

for ty G Cl) — 

lAw) = { 


[ rt 

for w ^ D. 

Clearly, in view of (5), we have 3„(u;) = a on r, since 

r C Co “ 7). Hence, by 


Y.1.61, V.1.7. 

(3) «U„i , Co) + a(Sr.a , Co) = a(3« , Co)- 

On the other hand, since ]„i(w), J„2(w), 3«(w) are Lipschitzian on Qo , we have by 
V.2.11, V.1.3, V.1.7, 

(4) , Co) -‘dfjni), 0(3n2 / Co) .dfjnj), > Co) “ ■^l-(hl)‘ 

(3), (4) and (7) yield 

(5) A(u) < A(i-,) + /Ife) -h 2/a. 

By (2) and V.2.49(t), V.2.49(2) we have 

f 3«iCw) - it(w) for w ^ D, 

Uw) - x{w) = j • 

i 3r,2N - i‘2(w) for to G Co “ 0. 

Hence, by (/?), | 3„('W>) — ¥(w) 1 < 2/a, w G Co . Thus 3„(w) — > i'(ty) uniformly on 
Co , and hence by V,2.45, V.2,6, 

(6) 4(j;) g lim inf A(0- 
(5) and (6) imply the inequality (1). 

V.2.S2. By V.2.46, V.2.47, Y.2.49 the function F{T) of V.2.45 is additive 
Avith respect to cyclic chains in the sense of 11,2. 106(f). We shall consider a 
very special application of this fact, Let 

' . f = m, 
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bo (I iiondegciiorate continuous vector function on the interval 

7 : 0 g 5 ^ 1; 

t'hat is, i)(^) is not constant on any nondegenerate sulnntcrval of I. Let m(Qo) = ^ 
bo a continuous and monotone transformation from the unit square Qo onto I 
(soo II. 1.1). Consider the surface 

^ : j: = = \)(n {to)), 

and the assooiated transformation (of. V.2.45)’ T \x — w^Qo. Clearly 

tho middle spaoo SD? now coincides with the interval 7. Let I* be a nondcgenerale 
subinlcryal of 7. 'Thon I* is a cyclic chain of 7 (cf. IL2.60). Let- 7’'“ be the 
l.ransformatiion T \ P (cf. II. 2. 100). Tlien T* is given by a formula P ‘.x — 
1){m'‘'(w>)], G (3{) } where is a continuous monotone transformation from Qo 
onto 7'^ Tims /ii'*'(Qo) = P> Let us now consider a subdivision of 7 into a finite 
mnnlx'r of iionoverlapping intervals 7f , 7? , •••,/*,, and let us denote by m* > 
M 2 , • ’ • ) Mil; the corresponding transformations from Qo onto 7f,7^, "‘i II 
respectively. Let' us define Sf :x — = l)[Mf(^w)]> wj G Qo = 1, 2, • • • , ?«. 

Binco t.he function F{T) of V.2.46 is additive with respect to cyclic chains as noted 
above, wo have 

-d(l') = Mxf) + ••• + A(¥*). 

Now let us make the further assumption that tho point sot t)(7f) is a straight 
segment erf in .r,a’ 2 a; 3 “Spacc, i = 1, 2, • • « , m. By V.2,47 we have then A{xf) = 0, 
j ” 1, 2, • • • , ?/i, and hence also A(¥) “ 0. 

V.2.63. Using the terminology of V.2.46, let ns assime that the middle space SO?, 
corresponding to T by means of its monotone-Ughi factonzaiion, reduces to a simple 
arc. Then I>'{T) — 0. 

Piioor. In view of IL3.11, we can assume that 9}? is the unit segment 7:0^ 
I g 1. Tho transformation T is (hen factored in the form 

T 1% = ¥(ta) = 1 )[m(«>)]j G Qn , 

wliero fiiw) is monotone and m(Qo) = I, while y = l)(^), S G /j is light on 7, and 
hene(', i)(|) is nondogonerato on 7. For every positive integer n, let us construct 
a. eonlinuous vecior-funolion ()„(^), ^ G L, as follows, With every one of the 
point's = I'/n, = 0, 1, • • • , a, we associate a vector n„fc in .r,.T 2 :rrspace. Let 

P,a i^e the second end point of a„fc , its first end point being at the origin (0, 0, 0). 
'riu'so vectors are chosen subject to (he following restrictions. 

(i) No three of the points P„o , T^ni > • ' • > F„„ are coll in oar, 

(ii) I I < 1/n, /c = 0, 1, • • • , n. 

'J'liesc eonditioirs arc obviously compatible. We define l)„(^) as the (univocally 
(lel-ermined) vector function tluit satisfies the following conditions, (a) = 

(Ink , Ic - 0) n. (b) The components of \)„(^) are linear functions of ^ on 

each one of the intervals k/n S ^ ^ (k + l)/n,k = 0,1, • ■ • ,n~ 1. The trans- 
formation X ~ l)ii(^)» ^ G /) clenrlj'- quasi-lincar, and l)„(^) l)(^) uniformly 
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on 7. Hence, if we define : j; = ^n(w) ~ l)r.[ju(w>)], G Qo > 'Sf : i* = - 

l)[/x(‘U»)], ty G Qo , then we have also ^„{w) — > i'C-u;) uniformly on Qo . Hence 
(cf. V.2.45, V.2.6) 

(1) ^(i’) ^ Um inf 

Let us denote by I„k the interval k/n ^ ^ ^ (^ + ^)/n, A: = 0, 1, • • • , n — 1. 
Then the point set lL(7„jt) is a straight segment in ^’irrgavspace, by the definition 
of \)„ . Hence, by V.2.52, - 0 for every n, and (1) yields the desired result 

A(?) = F{T) = 0. 

V.2.64. Using the terminology of V.2.45, let us assume that the middle space 9K, 
associated ioith the monotone-light factorization of T, reduces to a single proper cyclic 
element. Then F{T) > 0. 

Proof. By V.2,10, V.2.45, V.1.7 we have F{T) ^ a(i', Qo)- By V.1.64, 
V.1.7, a(¥, Qo) > 0. Hence F{T) > 0. 

V.2.55. In view of 11.2.92, V.2.46, V.2.47, V.2.49, V.2.53, V.2.54, the function 
F{T) of V.2.45 satisfies all the conditions required in II. 2. 113, II. 2.114. Hence 
v^e liave theorems for the Lebesgue area U(jS) which are entirely analogous to 
those stated for the lower area a{B) in V.1.75. In V.2.45 to V.2.64 wc worked 
with the unit square Qo for convenience, but the final theorems that correspond 
to those in V.1.75 involve only i4()S), the middle space 2)?, and the cyclic decom- 
position of S. All these entities are independent of the particular representation 
chosen for S, except that is determined only up to a homeomorphism (cf. 
II.3.20). In view of these remarks, we obtain by V.2.45 and II.2.113, II.2.114, 
the following theorems. 

Given a surface S in terms of a representation S ~ i'(uj), w G lot T he the 
associated transformation T ; j; = i’(w), w G Let 21? be the middle space that 
arises in the monotone-light factorization of T. 

Characterization theorem for surfaces S op zero Leuesque area 
A(S). The Lebesgue area A(/S) is equal to zero if and only if the middle space 21? 
is a dendnte. 

Cyclic additivity theorem for the Lebesgue area yL()S). Suppose that 
A{S) > 0. Then the middle-space 2)? has at least one proper cyclic element^ and 
hence the cyclic decomposition of S (cf. IL3.20) is not vacuous. Jf Si , • • • are the 
surfaces in the cyclic decojnposition A(S) of S, then 

MS) = E MS.). 

n 

hi case the series diverges, this formula is understood to mean that A(S) = -|- oo . 

V.2.56. According to V.2.10, always a(S) ^ A(>S). We propose to discuss 
conditions for the sign of equality to hold. Let there loe given a surface S ^ ~ 
X(w), G 9?, and let T \ ^ = x(w), w G 9?, be the associated transformation. 
Suppose that the following conditions hold. 
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(i) <C. 

(ii) Tile middle space 9)?, involved in the monotone-light factoi'ization of 'i\ 

is a topological 2-cell. ' 

Then a{S) = AiS). 

Proof. In view of II.3.29, condition (ii) implies that admits of a nondegen- 
erate representation upon the unit disc. In view of condition (i), there follows 
by V.2.40 the existence of a repro.soniation 

= f{w*), w* e K*, 


where K* is the unit disc 1 tw* | ^ 1, and the representation is generalized con- 
formal. By V.2.30 we have then the formula 


(i) 


if* 




On the other hand, by V.2.14 wo have the inequalities 

(2) JJ T'7(w*, i’*) ^ a(S) ^ A(S). 

K* 

(1) and (2) imply that aC&') = 

V.2.57. Let us replace, in V.2.66, condition (ii) by the condition (ii*). The 
middle space 10? is a topological 2-sphorc. 

, Tlion the formula a(^) = yl(jS) still holds. 

Proof. In view of II.3.28, condition (ii*) implies that jS admits of a repre- 
sentation 6' : ^ G S?’’’) with the following properties. 

(a) y‘‘(ia*) *= n on Uic boundary of 01*, whore n is a constant vector. 

(/3) x*(iy*) is not constant on any nondegonoratc continuum in the interior of 
0?*. 

Lot now 0i,t C 0?*'* bo a sequence of simply-connected Jordan regions that 
fill up 0?* from tlie interior (cf. IV. 1.41), and lot us define 

(1) : ir = f *(te*), E 0f? . 

By V.l.ll, V.2.17, Y.2.10 

(2) a(^'„)^a(.9),^l(>0,.)-^d(S), 

(3) A(iS„) ^ A (S) < 

As a consequence of (/3), Iho ropresentation (1) is nondogenerate (cf. 11,3.21). 
Hence (cf. 11.1.18) we can take 0?,t as the middle space ^^R* corresponding to the 
roprc.sontation (1). In view of (3), the ropresentation (i) satisfies all the assump- 
tions of V.2.66, and hence a(iS„) =* A(jS„). By (2) there follows the formula 
a(,S) - A(,S). 

V.2.58. Titioorism. Let S he a surface such that A{S) < 4 - Then A{S) ~ 
a(8) (cf. V.2.3, V.T.7). 
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Proof. Case (i): .1(»S') = 0, Then a{S) = 0 too l)y V.2.10. Case (ii): 
i4(>S) > 0. By V.2.55, the cyclic decomposition A{S) of S is then not vacuous. 
By V.2.55, y.1.75 we have the formulas 

(1) yl(5) = S A(S.), a(S) = Z n(S.), G A(S). 

n 

Since A{S) < +<» by assumption, it follows that < + “ for every n. 

By II.3.3G, n.3.20, the middle space 9D?„ associated with S„ is cither a topological 
2-cell or a topological 2-spherc. By V.2.56, ^h2.57 it follows that 

(2) = a(S„) for every n. 

(1) and (2) imply the formula i'l(*S) = a{S). 

V.2.59. Theorem. Let She a surface suchihat a{S) = Q, 2'hcn a{S) ~ A{S). 

Proof. By V.1.75, a{S) = 0 implies that the middle space SR associated 
with is a dendrite (or a single point). In either case, A(jS) = 0 by V.2.65. 

V.2.60. Inspection of the proof in V.2.5S shows that the result obtained there 
can be improved as follows. Let ./!(>§) > 0, and let A(#S) = [iS, , • • •] be again 
the cyclic decomposition of S. If .(“UASn) < + oo for every n, then = a{S). 
Indeed, the formulas (1) and (2) arc valid under these a.ssumptions, and the 
assertion A(jS) — a(;S) follows. Note that the as.sumption that A(Sn) < + «> 
for every n does not imply that A(>S) < + oo. We shall later on learn about 
another important special case where the formula = a(S) can bo shown 
to hold without the assumption yt(fS) < + o’. In the light of the information 
available at present, it seems reasonable to surmise that the formula a(S) = 
.4(/S) is always valid. In view of V.2.68, V.2.59, this .surmise would bo pi'ovcd 
if the truth of the following statement could be established; yi(;S) = + » implies 
that a{S) = d-oo, Since aiS) = -foo implies that d.(>S') = 4-o° by V.2.10, 
it follows that this hypothetical statement is equivalent to the following hypo- 
thetical theorem. 

Hypothetical characterization of surfaces of infinitjq LunEHauK area. 
The Lebesguc area .^I(jS) is infinite if and only if the lower area a(S) is infinite. 

V.2.61. Theorem. Lei S he a surface such that A(;S) < + and let 

(1) S : X == i(r’), 

he any representation of S. Then the follovring statements hold, 

(i) The essential generalized Jacohians x) (see V. 1.18) e.visi a.e. in and 
ore summahle in 91°. .4s a consequencCf the /luicffon 

WM ]c) == u(w, ioi^ + [si(u\ ?)]“ -f ifM 

exists a,e. %n and is summahle in 

(i>) ’ // W.(w, t) S A(S). 

Sjo 
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(iii) The formula 

(2) If W.(w, f) = 

holds if and only if the represe?itation (1) is eAC (cf. V,1.15). 

Proof. By V.2.10, a{S) g /1(>S) < + «, and thus (i) and (ii) follow directly 
from V.1.19. As regards (iii), suppose first that the represontatioii (t) is eAC 
Then by V. 1.20 

11 WXv, f) = «(S). 

SR" 

Since A(>S) < “ hy assumption, a(*S) = A(/S) by V.2.58, and (2) follows. Let 

us next suppose that (2) holds; we have to show that the representation (1) is 
eAC. We shall make the proof in two steps. 

V.2.62. Continuation. Let us finst assume that 9i coincides with the unit 
S(iuarc Qo : 0 ^ w ^ 1, 0 ^ w ^ 1. Then (1) in V.2.61 has the form 

(1) . S ; j; = w SQo , 

and by aasiimption we have the formula 

(2) jj TILCta, iO = A(S). 

By V.2.4 we have a sequence of polyhedra iPn such that 

(3) 

By II.3.16 we liave for the polyhedra % representations of the form : ¥ = 
w EQo, such that i‘(w) uniformly on Qo . By V.1.37 we have 

then for a quasi-linear representation 

(<|) : i’ = Xniw), wEQ.i, 

such that 1 " ¥«(«') I < ill Qo ■ Hence 

( 5 ^ » y(u)) uniformly on Qo • 

The representation (4) being quasi-linear, it is also Lipschitzian and hence suiely 
eAC (cf. IV.4.28, IV.4.1). Hence by V.1.20, V,2.9, V.1.33, 

(0) II WXw, f.) = Em = A(<P.). 

Q„ 

(2), (3) and (6) imply that 

// W,{w, y„) If lf.(u>, f). 


( 7 ) 
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Since the representation (4) is eAC, (5) and (7) imply, by V.1.59, that the repre- 
sentation (1) is also eAC. 

V.2.63, Continuation. Retiiraing to the general case, wo have the following 
situation. is given bj'’ a representation 

(1) ^ : i- = i-M, to G % 

and by assumption we have the formula 

( 2 ) ff W.(w,!) = MS)< +•-. 

Now let Q? be the unit square in an auxiliary ?y‘'‘-plane, and let 

(3) T : MJ* - r(w), w G 9?, r(3t) = Qo > 

be a topological transformation from 9? onto Q? that is conformal on (cf. 
1.3.19). By II.3.U we have then for S the representation 

(4) S ^ G Q? . 

Then T, considered as a transformation from 9i'' onto QJ”, is bimeasurable 
(see iy.4.66). 

Now let us note that the representations (1) and (4) are both cBV, as a conse- 
quence of the assumption A(^S) < -l-“ (cf. V.1.15, Y.l.lG, V.2.10). Honce, if 
we denote by J(w) the Jacobian of the transformation r, then we have by 
IV. 4. 64, IV. 3. 47 the formal a.s 

S'^(to, X) = ^J[t(w), f]J{w) a.e. in i = J, 2, 3. 

Hence 

(&) W,{w, iO = IT^[r(iy), X*] I J{w) i a.o. in 

Since t is bimeasiirable, we Iiavc the transformation formula (cf. IV.4.68) 

® Hat “ // **i I |. 

91 “ 

(6), (6), (2) yield (note that the boundary of QJ is of planar inca.suro zero) 

//(3f 

Hence by V.2.62, the representation (4) is eAC. Since t is bimejisurablo, it fol- 
low's by IV.4.65 that the repre.sentation (1) is also eAC. 

V.2.64 . Theorkm. Lei S be a surface such that a (S) < +«>. Lei 

(1) S:x^ ^(w), w G % 

be a representation of S such that the ordinary Jacohians J‘(w, j:) {see V.1.18) 
exist a.e, in 91°. Then the following slatemeiits hold. 
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(i) The function 

^y{v,, f) = i[7‘(», %)]‘ + {))’ + 

is summable hi 9 ?”. 

(ii) // W(w, f) S A{S). 

(iii) The formula 

(2) If Tr()D, t) = .-K-s) 

81 ' 

holds if and only if the representation (1) is eAC (c/. V.1.15). 

Proof. The statements (i) and (il) follow direct^ from V.2.14. As regards 

(iii) , let us note the inequalities (see V.2.14) 

(3) // W(w, t) g If W.{w, j) S 4(S) 

w<* 

and the formula (see V.2.68) 

(4) a{S) = A{S). 

Suppose first that (2) holds. By (3) it follows that 

// WM f) = .i(S). 

Hence the representation (1) is eAC by V.2.61, Suppose conversely that the 
representation (1) is eAC. By V.1.23 we have then 

(5) If Wiw, j) = aiS). 

(4) and (6) imply (2). 

V.2.65. (Added in proof). The validity of the formula a{S) = A (5) in the 
case when A (;S) = + “ follows from results of L. Cesari which came to the 
attention of the writer after the manuscript of this book had been completed 
(see V.4.8). The general validity of the formula a(S) = A(^) is thus established 
(sec V.2.00). As a consequence, several results proved in this chapter can be 
improved in a significant manner. In the way of illustration, we consider the 
following example. 

TiiEOREjr. Let S ~ ^ 91, he a representation of a surface S, Suppose 

that this representation is eBV, Then the following statements hold. 

(i) A(^)<+co. 
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(ii) The essenlial (jeneralized Jacobiatis exist a. e, in a 7 id the function 

TF«(w, t’) V.2.G1) is summahle in 

(iii) Wc have the inequality 

11 W.(w, f) S /US), 

91 “ 

where the sign of equality holds if and only if the representation is gAC, 

Indeed, by V. 1.1 6 we have a(S) < -b «> , and since wo now know that always 
a{S) = .4(5), it follows that /I (5) < + 00 . Thus the theorem appears as a 
direct consequence of V.2.61, 

V.2,66. Given a surface 5 : — j(w), WJ G 9?, several previously established 

results yield sufficient conditions of a special character for A{S) < (see 
V.2.22, V.2.24, V.2.2G, V.2.27, y.2.28, V.2.30). Let us add the following state- 
ment. 

If 5 is a nondegenerate surface (see II.3.21), then yi(5) < + “ if and only if S 
admits of a generalized conformal representation (cf. V.2.29). 

Proof. If S admits of a generalizcfl conformal representation, then A (5) < 
4-00 by V.2.30. Conversely, if 4(5) < 4-«*, then 5 admits of a generalized 
conformal representation by y.2.40. 

V.2.67, Let there be given a surface 5 : y = j:(to), w € 9b Lot OJ, , • • • , 
be simply connected Jordan regions with the follo^ving properties: 

(i) 9J?9f? - 0 for i 7 ^ j, 

(ii) 9b -j- * ■ ' -p 9^m = 9i. 

Let us define 5, : = j;(ty), G 9i, . Let us denote by Ci the boundary of 91, 

and by Cf the point set T(Ci) in a:ia: 2 .r 3 -space, where f is the transformation 
T : = 3;(w), G 91. Let us make the following further assumptions: 

(iii) For every i, the orthogonal projections of Cf upon the throe coordinate 
planes are point sets of (planar) measure zero. 

(iv) 4(5) < -pra. 

Additivity theorem. Under the conditions just stated^ we have the formula 

(1) 4(5) =4(50 + +4(5J. 

Proof. In the first place, as a consequence of (iii), we have the formula 

(2) a(5) = a(50 + * * • + ^(5^) 
by V.1.14 and V.1.7. By V.2.1G and (iv) we have 

4(50 ^ 4(5) < + 00 , 4 = 1, 2, • • • , m. 

Jlence, by y2.58, 

(3) a(5) = 4(5), a(50 = 4(50, 

(2) and (3) imply (1). 


i = 1, 2, • • • , m. 
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V.2.68. Let there be given a surface 

(1) >5 : f = m, wEdl. 

Let us denote again by T the transformation 

(2) Tix = i'N, e 3?. 

Suppose that the following conditions hold: 

(i) The transfoitnation T is biuniqiie in 9f; that is, Wi ^ Wi implies that 

(ii) The point set T(dl) lies in a plane -p in .ri:i; 2 a' 3 -space. As a consequence of 
(i) and (ii), the point set 7X3?) is a lioundcd, simply-connected Jordan region 9?^ 
in the plane p. Let | 9?^ | denote the (planar) measure of the interior of 9?^ . 
We assert that A(;S) == | 9?° |. 

Pkoof, By V.2.8 we can assume, wthout loss of generality, that the plane p 
coincides with the a’l^'a-plane. Then the representation (1) and the transforma- 
tion (2) may be written in the form 

(1) s : ci'i ~ X:(u, v), X 2 = Xiiu, v), a ’3 = 0, (w, v) £ 9?, 

(2) T ~ Xt (w, v), X 2 = X 2 {u, v), x^ ~ 0, (u, v) E 9?. 

Now since the transformation T(3?) == 9?,,. is topological, the inverse transforma- 
tion 7’"’(9?*) = 9? is also topological, and may be represented by formulas of the 
type 

(3) 7 , u ~ ■w(,'Cj , a’s), V ~ y(.'Ci , s:^), (jCi , .'I'a) £ 9?^. 

On replacing in (1) w and v by w(a;i , x^), , aig), we obtain (cf. IL3.11) a repre- 

sentation of S upon 9?ijs which reduces, in viev^ of (2) and (3), obviously to the 
form S : Xi = ait , a’a = x ^ , ag = 0, (xi , .Ts) E 9?,^ . As an extremely special case 
of V.2.12, we obtain the formula 

= II K * = I I- 

V,2.69. Let there be given a surface S \ x ~ G 9?, and let us denote 

again by 7' the transformation T : x = x{w), w E Then there exists a surface 

S* : X = G 9?, such that if we denote by T* the corresponding trans- 

formation T* X ~ w E 9?, the following statements hold: 

(i) T*m) - r(9?). 

(ii) A(S^) - 0. 

PitooF. Let us denote by the interval : 0 ^ ^ 1, and by Qo* the unit 

square Qo* ■ 0 ^ ^ 1, 0 ^ g 1, + iv^ = . The set 7(9?) is a Peano 

subspacc of a'l^aa’a-spacc (see 1.2.43). Hence there exists a continuous transfor- 
mation from onto 7(9?) (see 1.2.33). Using vector notation, this transforma- 
tion may be written in tlie form 

(1) n:r = 1)K), W, G/*,7,(/,) == 7(9?). 
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Let us define a surface S* by 

(2) S* : ^ , v^) = G . 

Let T be a topological transformation from onto Qo* (cf. 1.2.50). By 11.3.11 we 
have then for >S'* the representation > 8 * : a; = x*{w) = ^[r('a>)], G 9^* We assert 
that S* satisfies our requirements, Indeed, we obtain for the corresponding 
transformation T*, in view of (1) and (2), 

Tm) = 3[t( 9?)] = ri(/,) = Tidl). 

Now let us denote, for each positive integer n, by 3,,^ the rectilinear triangulation 
of Qo* obtained by subdividing into a® congruent oriented squares and then 
dra^ving the diagonal from the upper left to the lower right vertex in each one of 
these squares. Let us denote by 3 „(w*) the (univocally determined) vector func- 
tion in Qo^ that satisfies the following conditions: (a) 3 „(a>^) = 3 (t«^) at every 
vertex of . (j3) The components of 3,,(wj,^) are linear functions of in 

each one of the triangles of 3,,^ . Let us define 

jS* . j: — J)i(w)^), G Qojx • 

Clearly -» 3 (ro^) uniformly in Qo* , and hence (cf. V.2.0) 

^1(5*) g lim inf A(^t). 

On the other hand, since 3 (n^ , y^) is independent of , clearly A(^S*) ~ 0 by 
V. 2 . 11 , V.1.26, V.1.36. Hence ^(^*) = 0. 

V.2.70. We emphasized on several occasions the fact that the Lobesgue area 
X(»S) agrees, in simple cases, with what may be termed the expected value of the 
area of <8 (see V. 2 . 12 , V.1.34, V.1.35, V.2.68, V,2.67). The cases just referred to 
probably cover all cases in which one may speak of an expected value of the area. 
On the other hand, in more general cases there arise situations that justify the 
extreme caution that we practiced in proving theorems concerning the Lebesgue 
area. We proceed to illustrate this remark by several simple examples. 

V.2.71, Let us consider a surface »S : ^ w G 9ij and the corresponding 

transformation T : ); = 3 :(‘iy), w G 9t. Lot (P be any Peano subspacc of a;i.^ 2 a; 3 - 
space. Then we can choose j;(iy) in such a way that T{^1) - (p (see 1.2.33). 
By V.2.G9 we have then a surface S* ^ f(w), w E 9i, such that A(;S'^) = 0 
and !r*(9t) = (P, where T* is the transformation j; = w G 9i. Let us 

consider the following special cases. 

(i) Let us choose (P as the unit cube 0 g a:, ^ 1, f = 1, 2, 3. Then, stated 
picturesquely, is a cuhe-filling surface of zero area, 

(ii) Let us choose (P as the unit .square 0 ^ a’l ^ 1, 0 ^ a‘2 ^ 1, 0:3 - 0, and 
let us choose 


S :xi == % . 1*2 = y, .^3 = 0, 0 ^ w g 1, 0 ^ y ^ 1. 

By V,2.68, .d.(jS) = 1, while for the corresponding .surface /S* we have .4.(^8**’) ~ 0, 



V.2.72 


509 


From the construction of /S* (see V.2.69) it follow.s that under the transformation 
some points of the unit square in the .'riaj 2 “planc must be covered several times 
(since the unit square is not the topological image of a linear interval). Thus we 
have, described in picturesque terms, the following situation. The surface S 
covers the unit square just once, while S* covers the unit square in such a manner that 
some points are covered several times, and yet .4(jS*) < it(»S); in fact, i4(/S*) = 0 
and /i(^S) = 1. 

(iii) Lot iis choose (3’ a.s a siinply-coimectcd, bounded Jordan region in the 
a;l.^*^-plano, .such that the boundaiy curve of ha.s positive (planar) measure 
(sec 1.3.6). Let us choose y(w) in such a way that the GoiTe.sponding transforma- 
tion 7'(9f) = 9?^ is topological. Then, again in picturesque terms, the projection 
of the surface S upon the a'ia’ 2 ~plaiie has its mca.sure equal to \ 9?^ |, while tlic 
area A(S) of S is less than 1 |. Indeed, in view of V.2.08, .4(yS) = 1 9?^ | < 

I % I 

V.2.72. Concerning surfaces of zero area /i(6'), previou.s theorems yield two 
interesting corollaries. Given a surface /S : j: = j;(tc), w G 9?, let T he the associated 
transformation j: = y(t«), w S 9{* 

(i) Suppose that (he orthogonal projections of the point set 7’(9J) upon the three 
coordinate planes are sets of (planar) measure zero. Then ri(/8) = 0. 

PnoOF. By V.1.02, V.1.7, a(S) = 0. Hence A(S) = 0 by V.2.69. 

(ii) Suppose that the transformation T is biunique in 9f (that is, i‘(iai) ^ 
if Wi 5^ wf). Then ri.(/S) is not equal to zero. 

PiiooF. Tlic middle space 9)?, arising in the monotone-light factorization of 
T, may bo taken now as 9i itself. Thus A{S) > 0 V.2.64. 



CHAPTER V.3. SURFACES OF THE FORM ? = /(.r, y) 

V.3.1. We take up the study of surfaces /S that admit, for some choice of the 
Cartesian coordinate system , of a representation of the form 

(1) S : .Ta = S{Xy , X,)y (X, , OJa) E 9?, 

where f{xx , X 2 ) is a single-valued continuous function in the simpty-connected, 
bounded Jordan region 9? in the a'l.ra-plane. In conformity with the notations 
agreed upon in II.3.43, the representation (1) should be written explicitly in the 
form Six - , X 2 ), {xi , Xi) E 9i, where x{xi , X 2 ) - (xi , X 2 , f(xi , X 2 )), 

V.3.2. Continuation. To conform to general usage, and also for reasons of 
technical convenience, we shall change our notations as follows. Wo shall replace 
a*, , X 2 , a'a by .r, y, 2 ; the representation of >5 appears then in the form 

S : 2 = f{x, ?/), {.r, y) E % 

and the vector y of tlie general theory becomes 

y(a:, y) ^ [.r, y, f(x, y)]. 

The transformations IT' ,T’^, T* of V.X.l will be denoted by 7’*, T\ T\ We have 
then explicitly 

, 7" :y = If, z = f{x, y), (.r, y) E 9f, 

T* : 2 = Six, y), X = .r, (a*, y) E 

T IX = a, y = y, (a, y) E % 

If SD* is a domain contained in 9i“, then the essential multiplicit)' functions relative 
to 3D* and the transformations T\ T\ T% respectively, will bo denoted by K{y, 
z, r, 3D*), k{z, a, r, JD*), ^(a, y, T\ ®*) (cf. V.1.1). For the case when JD* = R\ 
where E C 9Us an oriented rectangle, we shall denote the quantities g^ix, E"), 
g^iXi E®), giix, E®), g{x, E®) of V.1.2 by (/,(/, E), {jfzC/, E), g^if, E), gif, E) respec- 
tively. Clearly g^if, E) = | E |. Thus we have, by V.1.2, IV.4.70, the formulas 

g^{S> E) = 1F,(E, /), 

<72(1, E) = 1F,(E, /), 

Mx E) = 1 E [, 

(/(/, E) = {[gxiS R)r + kr + MS, R)fV'". 

If E, , • * • , E„ is any system of nonoverlapping oriented rectangles in 9t, then 
we have by V.1.3, V.1.7 the inequality 

t,9(J,Ji<) S a(S). 
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V.3.3, Continuation. X^et 7? ; n ^ a; ^ 6, c ^ 2/ ^ rf, be an oi’icnted rec- 
tangle in 9?. We define 

7i(/, 7?) = f I f(b, y) - /(a, y) \ dy, 

72 (/, 7?) = f \fCx,d)~ /(x, c) \ dx, 
t..(/,7^) = its I, 

7(/, ^)r + [Y2(/. 72)]^ H- M/, 

Clearly (see I\^.4.71) 

7,(.b 72) ^ j7i(/. 72), 7 - 1, 2, 3, 

y(f, 72) ^ ( 7 (/, 72). 

V.3.4. Continuation. Let be a simply-connoclccl Jordan region in 9?. 
Then 9? ‘‘ gives rise to a surface : z ^ f(x, y), (x, y) G 97*- We shall use the 
symbols a(f, 9?''*), A(f, 92*) to denote the quantities 0(^5*), /t(jS'') respectively 
(of. V.i.7, V.2.3). Let now Rf , • ♦ ■ , 72* bo any finite system of oriented rec- 
tangles in 92* without common interior points. We define 

lU 8i*) = l.u.b. Er(/,-B«. 

t»l 

m 

G(f, r) = i.u,b, EnU.m), 

where the least iipiior bound is taken with respect to all systems of rectangles 
with the properties specified above. Of course, r(/, 92*), G{fi 92*) are not 
necessarily finite. In view of V.3,2, V,3.3, V.2.10 we have the inequalities 

r(/, 92*) g G{f, 92*) ^ «(/, 92*) g A(f, 92*). 

/ 

Let 72i , 723 , • ■ * > 72„ be any .system of oriented rectangles in 92 without common 
interior point, s. Obviously 

t, ry, i5») ^ r(/, 9i), . 

t, au, ^>) s (?(/, 80' 

k-i 

V.3.5, Continuation. Lei 92* be a simply-eonnccted Jordan region such 
that 


( 1 ) 


92* C 92", 



For /i > 0 let us consider the function (cf. 111.2.65) 


( 2 ) 


fhixy y) 



[ f(iv + ^,y + v) 


The region 91'*' being fixed according to (I), we have an ho > 0 such that/ftCT, y) 
i,s defined on 9?'*' and has continuous partial derivatives of the first order in St*” 
for 0 < h < ho (cf. III. 2. 66). We assume in the sequel that h satisfies the 
inequalities 0 < h < ho . TFe assert that for h sufficiently small we have the 
inequality 

(3) r(/, , di*) s m 9t). 

Proof. Let (.t, y) be a point in and let ^ and ri satisfy the inequalities 

(4) \^ \ <lu,\y \ <h,, 

where 0 < /q < ho . In view of (1), we can choose /q so small that 
(•I’j y) E implies (.^ + ^ + v) E 

if f and r/ satisfy (4). Let now R be any oriented rectangle in and let 72 (^, t}) 
be the rectangle obtained by subjecting R to the translation with components 
T}. Clearly, if rj .satisfy (4), then 

(6) 72 C implies 72(f, t?) C Oi”. 

In the sequel, h is restricted by the inequality 

(6) 0 < < /ii < ho . 

Let now 72i , • ■ • , 72„ be any system of oriented rectangles in 97* without common 
interior points. Let 72, be given by 72, : a, ^ .x’ ^ 6, , Cf ^ 2/ ^ d, . By (2) and 
V.3.3 we have then 


7i(A j R. 



1 > y) 


~ fhidi , y) I dy 




11 I i-ly + v) 

"-A •'-A 

- f(a. + 2/ + ^?) I dy^ dr\ 

f / yy(f>^i(i^,v))d^dv. 

tf-f. 


Similarly 
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and finally 

, fl.) = I «. I = yM R.((, v)). 

the Minkowski ineciualit}'- (see 1.3.10) we obtain 

yi/f, ,U{) ^ ^ I ^ I , 

and hence 

^ J I 

(7) S^y. ,«,)S7^ / / Ey(f,/l.((.v)) d(dv. 

iwi y-A y_A L 1-1 

Now, in view of (5) and (0), ?/), < • • , v) is a system of oriented reo- 

tangle.s in 9?” without common interior points. Hence (see V.3.4) 

Pt 

( 8 ) Eya,K.((,v))sr(f,m). 

(7) and (8) jdeltl 

wi 

^Ty. ry,3i). 

Since the .system , • • * , was arbitrary, the inequality (3) follows, 

V.3.6. Giveti a surface S : z ~ fix, y), (.r, y) G 9^} suppose that the first partial 
derivatives /, , /„ exist and are continuous and summahlc in 9t”. Then 

(1) ra9t) = AifSfif 

I’uooF. Let Rq be an oriented jnctangle such that C 9i'‘. Tiie first partial 
derivatives , /„ ai'O then uniformly eontinuou.s on , I-fcnee if we put 

^.(5, Rf) - max ) Rixi , 2 ^ 2 ) “ fA^t j Vi) 1, 

172 ( 5 , Ro) = mftK I , VA - SA^i , Vi) I, 

^ 7 ( 6 , Rn) == 77t(5, Ro) + >7a(5, Rq)^ 

where the maximum is taken with respect to all pair.s of points (x^ , 7 / 2 ), (a^i , iji) 
.such that 

(Xi , Vi), Org , 2 / 3 ) E Ro , [(. 1^2 - XiY A- {ijs - yiTY^^ ^ S, 

then 

(2) 7j(5, Rf) -> 0 for 5 0. 

Now let ; a g .r g 5, c g ^ ^ d, l^o any oriented rectangle in Ro , By the 
mean-value theorem wo obtain (cf. V.3.3) 

ydJ,R) -1/(^1?) ~Mn)\{d-c) 

- im 1 ?) I = !/,(?, 7?)||7g[, 



514 


V.3.6 


where (^, ri) is some point in R. If d{R) denotes the diameter of R, it follows that 
\7MR) - \f.(a,c) I |B| I S Bo) I J? |. 

Similarly 

I yM R) - I f,(a, c) I I B I I ^ v(d{R), Bo) 1 B |. 

Hence (cf. V.3.3) 

(3) 1 y{f, /?)-(!+ /.(a, cY + /.(a, c)y^^ j 72 | | g 2v{d(R), R,) \ R |, 

Now let 72o be subdivided into oriented rectangles 72i , • • • , 72„. whoso diameters 
are less than a fixed e > 0. From (3) it follows that 

m I Vi ^ 

E 7(/, 12.) ^ E (1 + f.{a. , cy + /.(a, , I 72, I 

(4) ) 


By V.3.4 we have 


- 2r}(€, Ro) I 72o |. 


(5) Et(/,b,) g r(/,B„). 

1-1 

Since/, , f„ are continuous in 72o , for given cr > 0 the summation on the right in 
(4) will exceed 

( 8 ) II a + f. + fiy'^dxdy-^ 

if 6 is small enough. In view of (5) and (G) it follows therefore from (4) that 

!'(/, 72o) > JJ (1 + /“ ~h dx dy ~ a 

if e is small enough. Since tj is arbitrary, it follows that 


(7) ■ TU.R^)^ II (l + f. + flf'Uzdy 

for every oriented rectangle 72o C IIJ”. Now since /, , /„ are sumraable in 92”, the 
function (l“|“/x4"/„) is also summable in 32”, Hence for given 5 i> 0 wo have 
a finite system of oriented rectangles 72j , • • ■ , 72S in 82*^, without common interior 
points, such that 

jj (1 + /x + /„) '' dxdy < S -jr Jf (1 + /* + dx dy. 


In view of (7) and V.3.4, it follows that 
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r(f, r(f, Rl) ^ E (1 + /^ + fir" dx dy 

> jj (1 4- /* -f- fiy^^ dx dy — 6. 

* S!” 

Since b is arbitrary, we obtain 

(8) V(J, 91) i jf il + f. + flY" * dp. 

By V.2.12 (of. V.1.35) 

(9) jf (l+f.-\-fy‘dxdv = A(/,m. 

By V.3.4 

(10) r(/ ^ A{f, di), 

(8), (0)) (10) imply (1). 

V.3.7. TiiEoiiEM. Given a surface 

(1) S:z^ fix, y), {x, y) e % 

we have the formulas (cf, V.3.4) 

(2) r(/, dl) - Gif, m = a(f, m - Aif 

In particular, for evmj surface S of the form (t), the lower area aiS) and the Lebesgue 
area Ai8) are equal to each other. 

Proof, Lei bo any .simply-connected Jordan region in 9^"^. Lot y) 
be defined as in V,3.5. For h .sufficiently small wo bavo by V,8.5 

(3) r(/, , u*) ^ vif dt). 

By Iir.2.00, for h sufTicicntly small, fn has continuous first partial dorivativea in 
some domain containing Plciice, by V,3.6, 

(4) r(/A,91*) -^i(A,9?*). 

If h ap])roaches zero through any sequence K , then —> / uniformly in 31* 
(SCO 111,2.66). I-Ionco, by V.2.6, 

(6) A(f, g lim inf A(Jh, , dt*). 

n-ieo 

(3), (4), (6) imply the inequaljty 

(6) A(f, 9t*) S !'(/, 9t). 
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Now let 91 if be a sequence of simply-connected Jordan regions that fill up 91 from 
the interior. B}'’ (6) we have 

(7) A(f,m) ^ r(/,91). 

ByV.2,17 

(8) A{f, 91t) A(f, 91). 

II-+00 

(7) and (8) yield 

(9) A(f, 9?) ^ r(X 91). 

By V.3.4 

(10) r(X 91) ^ Gif, 91) ^ a(f, 91) ^ A(f 91). 

(9) and (10) yield (2), 

V.3.8. Let fix, y) be continuoii.s in a simply-connected, bounded, Jordan 
region 91. We shall say that /(a;, y) is BYT in 91 (of bounded variation in 91 in the 
Tonelli sense) if the following conditions hold (cf. IIL2.6^J): 

(i) f(^> y) is BYT in everj’' oriented I’ectangle R C 91. 

(ii) There exists a finite constant M such that (cf. TTI.2.51) 

m tn 

E in(K, , /) < M, E WABi , /) < M, 

j -1 ,-1 

for every system of oriented rectangle.s Ri , • ■ • , /(!,„ in 91 without common 
interior points. Clearly if 91 itself is an oriented rectangle, then this definition 
is consistent with the definition already given in 111.2.64. 

V.3.9. Theorem. Given a surface S z = fix, y), (x, y) G 91, iliG Lebesgue 
area Aif 91) of S tsfinile if and only if fix, y) is BVT in 91, hi the sense of Y.3.8. 

Proof. Necessity. Suppose that Aif 91) < + <». If 72 is any oriented rec- 
tangle in 91, then we have also Aif R) < + co by Y.2.16. By Y.3.7 it follows 
that Gif 7?) < +00 and hence a fortiori gif R) < +«>; Hence, by V.3.2, 
]Y,(7?, /) < + 0 O, w,iR> I) < +««., Thus/(.r, y) is BYT in R (sec 111.2.04). 
Now let 7?i , • • • , be any sj^stem of oriented rectangles in 91 without common 
interior points. We have then, by Y.3.7, Y.3.4, 

E »(/,«,) S A(/, 9i) < + ». 

i“l 

Hence, afortion 

m m 

E , /) s A{f, 9i), 2 w.(R< , S) & A(f, at), 

Sufficiency. If R is any oriented rectangle in % then (of. V.3.2, V.3,4) 

g(f, R) & WAR, /) + W.{B, /) + I B |. 
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Hence, if/G'C, y) is BVT in 91, it follows immecliatety that G{f, 9?) < + <= 0 . Hcnco, 
by V.3.7, AiS, 90 == (?(/, 90 < + «». 

V.S.IO. Let f{x, y) be continuous in a simply-conncctcd, bounded, .loi'dan 
region 91. We shall say that f{x, y) is ACT in 91 (absolutely continuous in 91 in 
the Tonelli sense) if the following conditions hold. 

(i) fix, y) is BVT in 91 (sec V.3.8). 

(ii) fix, y) is ACT in every oriented rectangle 7? C 91 (see III. 2. 64). 

Clearly if 91 itself is an oriented rectangle, then this definition is con.sistent with 
the definition already given in III. 2. 64. 

V.3.n. Lei there he given a surface S : z = fix, y), (.r, y) G 91. If fi^y v) 
ACT in 91, then 

( 1 ) A(J, 90 = JJ a + /! + /T” <h dy. 

91 “ 

Phoop. Note that/(.^’, y) is also BVT in 91 (cf. V.3, 10). By 111.2.60 it follows 
tlmt the partial derivative.s/, , f„ exist a.e. in 91“. Since A(/, 91) < + “ by V,3.9, 
/* , f„ are summablo in 91° by V,2.14. Now the components of the vector (cf. 
V.3.2) y = (. 1 ;, y, fix, y)) clearly satisfy the assumptions of V.2.28; indeed, x and 
y are Lipschitzian in 91, wliilo fix, y) is ACT on every oriented rectangle 71 C 91 
by assumption. PTence (1) liolds by V.2.28. 

V,3,12. Given a surface S :z ~ fix, y), (.r, y) G 91, supi)oso that the following 
conditions hold. 

(i) fi'he partial derivatives /, , f„ exist a.o. in 91° and arc summable in 91°. 
As a consequence, (1 -[- fl A- i« then also summable in 91”. 

(ii) A(J, 90 = jj 0+/1 + Jl)'" dx dy. 

81 " 

Then fix, y) is ACT in 91, in the sense of V.3. 10. 

Pnoop. (ii) implies tlmt A if 91) < + «> . I'Iciice/((r, y) is BA^T in 91 by A^3.0. 
AA^'e still have to prove ihatfix, y) is ACT in ovciy oriented rectangle 71 C 91. We 
first show that 

(1) A(S , «) = //()+/] + /;)■'“ dx dy 

H 

foi' evoiy 01 ‘ientod rectangle R C 91. Let us first note tlmt surely 

AU, R) S If (I +fl + dx dy 

u 

by A^.2.M. Suppose now tliat wc have 

( 2 ) A (f, fl) = II (1 + dx dy + ,, 


€ > 0 , 
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for some rectangle R C. % We have then a sequence of orieiiteil rectangles 
Ri , “ ' ) Rv, ) ' • ' without common interior points, sucli that /2i + • • • R„ 
. . . = — 22. We have then (cf. V.2.14) 

If (! + /’ + fy‘ dxdy^ zjj a + f. + fy'‘ *y 

fin 

(3) 

£ t,AU,R„). 

(2) and (3) yield 

(4) ff a + f. + /y dxdi/SA(f,R)+EA(f, RJ - . 

*y*' tn-l 

By V.2.16 we have, for every positive integer 

(5) A(/,R)+ tA(/,R„) g A(/,St) 

fn“X 

Since iV' is arbitrary, (4) and (5) imply that 

II (1 + /’ + f.)'" dx dy S A(/, S)i) - 6, 

«» 

in contradiction to the assumption (ii). Hence (1) holds for every oriented 
rectangle R C 9h From (1) we infer (cf. V.3.2, V.3.4) 

/) - ?,(/, R) ^ g(f, R) ^ G(f, R) A(f, R) 

= II a + f. + fy‘dxdy. 

fi 

Thus 

(6) W.(R, /) S //(! + /; + fl)'" dx dy, 

fi 

and similarly 

(7) W,(S, f) S 11(1 + }l + fy’ dx dy. 

fi 

Now let Ro be a fixed oriented rectangle in 91, From (6) and (7) it follows that 
the rectangle functions ]¥^{Ri /), Wy{Rf f) are absolutely continuous in 2?o 
(of. 1,3.13). Hence, by IIL2.55,/(a:, y) is ACT in So j and the proof is complete. 
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V.3.13. The results obtained in V.3.9, Y.3.11, V.3.12 may be summarized as 
follows (cf. V.3.8, V.3.10, V.2.14). 

Theorem. Let there he given a surface S i z = f{x, y), (rc, y) E: 9?. Then A(S) 
is finite if and only if f(x, y) is BVT in If A(S) is finite, then the first ‘partial 
derivatives /* , fy exist a.e. in 91'^ and are suinmahle in As a consequetice, 
(1 ■+• "f fiy^^ is also simmabk in 9^”. Furthermore 

-4(5) g II a + fl + fiy'Uxdy, 

and the sign of equality holds if and only if f{x, y) is ACT m 9t. 

V.3.14. Theorem {cf. '\M.15, V.3.8, V.3.10). Let there be given a surface 
(1) fix, y), {x, y) e 

Then the following statements hold: 

(i) The representation (1) is eBV if and only if f{x, y) is BYT in 9?. 

(ii) The representation (1) is e AC if and only if f{x, y) is ACT in 9J. 

Proof, (i) Sufficiency. Suppose /(x, y) is BVT in 9i. Then a{B) == A(jS) < 
+ 00 by V.3.7, V.3.9. Hence the representation is eBV by V.1.16. 

Necessity, Suppose the representation is eBV. Then A(S) = a{S) < +«> 
by V.3.7, V.1.16. Hence f{x, y) is BVT in U by V.3.9. 

(ii) Sufficiency. Suppose the representation is ACT in 9i. Then 

//(! + /: + /S'" & * = ^1(5) < + » 

at” 

by V.3.13. Hence the repre.sentation is eAC by V.2.64. 

Necessity, Suppose the representation is eAC. Then it is also eBV, and hence 
J{x, y) is BVT in 9^ by (i) which we just proved. By V.3.13, it follows that 
/, , fy exist a.e, in 9?^ Hence, by V.3.7, V.1.23, 

-4(5) = 0(5) = // (1 + Si + /S'" dy. 

at* 

By V.3.13 ii follows that /(a;, y) is ACT in 91 
V3,15. Given a surface S:z= f{x, y), (jk, y) E 9i, we mtroduced previously a 
variety of rectangle functions associated with the representation in (1) (cf. 
V.3.2, V.3.3, V.3.4). We shall study presently relationships amongst these 
rectangle functions, the purpose being to establish contact with the theory of the 
Burkill integral (see III.1.12). Let 

( 1 ) Ii : a ^ X ^ b, c £ y ^ d, 

be an oriented rectangle in 9i. Let us recall some definitions used in the general 
theory of the Burkill integral (see III. 1.12). We consider subdivisions of R of 



520 


V.S.lf) 


the following general character. A subdivision D(R) of R consists of a finite 
number of oriented rectangles ri , • • • , r,„ , such that ?’X — ^ ]> ‘«id /‘i 4- 

‘ ” + J’m — R- norm || D{R) || of D{R) is defined as max d{r,), i — 1, 2, 
‘ m, where d(r,) is the diameter of r, . If ^(r) is a rectangle function defined 
for all oriented rectangles r C R, then we shall use the symbol 

E 'po-), r e Dm. 

to refer to the summation 


E •P(rx 

Now in the theory of tlic IBurkill integral we did not admit rectangle functions 
that assumed the values ± «> . On the other hand, some of tlie rectangle functions 
introduced in connection with surface area may not be finite. Wc shall first take 
care of the complications that arise in this manner. 

V.3.16. Continuation. We have the relations (cf. V.3.2, V.3.3, V.3.4) 

(1) E T,(/, r) g,(f, R), j = I, 2, 3, 

t&DnUi) 

for every sequence of subdivisions D„iR) of R such that || D„{R) !| — > 0. 

Proof. For j — 3, clcai’h’’ 

E 73(/,r) = U I = 

r6fln(/0 

and the assertion is obvious. Since the cases j = 1 and j = 2 ar(i entirely analo- 
gous, we .shall consider in detail only the case j = 1. liCt D(R) be any sub- 
division of J?, and let us consider the summation 

(2) E. Ti(/, /')■ 

TEDdl) 

Now the rectangle function 7,(/, ?’), while not additive, has a property that inaj'- 
be termed vertical additivity. If r is subdivided, by a horizontal fine, into two 
rectangles r', r", tlicn clearly (cf. V.3.3) 

Tif/, ?') = 7i{/, r') -b 7 ,(/, r''). 

It follows that the summation (2) is unchanged if D{R) is replaced bj'’ the sub- 
division obtained by producing the horizontal sides of the recUanglcs ?■ ^ D{R) 
to the right and left until they meet the vertical sides of R. In oilua* words, 
we can replace D{R) by a subdivision that is ol)tained b 3 ^ first subflividing R into 
a finite number of horizontal bauds, and then subdividing each band into a finite 
number of rectangles. Thus we can assume, without loss of geiicralitj'^, that 
/)(/f) itself is of this .special character. The summation (2) admits Unm of the 
following interpretation. Let be a number between c and d (cf. Y. 3. 1 5(1)). 
Let us consider the interval ^ .r ^ 5, y = jj. Let us assume, for claritj', that 
7, does not pass through any vertex of the subdivision D{R). 'Plien /, is sub- 
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divided, by the vortical sides of the I'cctaiiglos r that arc crossed by , into a 
finite number of segments, [f x' and .r" > x' are the a;-c*oordiuatos of the end 
points of sucli a segment, then we put y[j?, D(R)] = ^ \ f(x", ‘tf) — f(x', ‘tj) J, 
wlierc the summation i.s extended over all the .segments into which 7, is sub- 
divided. The function v[y, J)(R)] is tliu.s defined for c ^ y ^ d, \\ ith the excep- 
tion of a finite number of 2 /-valuc.s. For these exceptional value.s, we agree to 
put v[y, D{Ii)] — 0. Then v[y, D(R)] i.s defined for c S 1/ S (h and is clearly 
bounded and measurable (in fact, contimioiis except for a finite number of 
^/-values). Obviously (cf. ^^.3.3) 

(3) E y,0\>-)= /"%,£>(«)! rftf. 

rEDilt} *'t 

Furthermore (cf. ITf.2, 17, III.2.45), if D„(R) is a .sequence of subdivisions of R, 
such that |j DJR) i| — > 0, then 

(‘0 v[y, D„(R)] VAa, h, y, /), v[y, 1)AR)\ S T^(rt, h, y, f), 

with the possible exception of a countable set of y-valucs in c ^ y ^ d. Now let 
us take any .secpiencc 7).,(/?) such that |j !>„(/?) || — > 0, and lot us pul 

(5) X = lim inf X) 7i(/>»’)- 

ti->® reVn(Ji) 

Case (i). X —. + «*. By (3), (4), (5) it follow.s that V^(a, h, y, /) is not suin- 
mable in the interval c g ly g d, and hence (.see III.2.5I) 

fMf,R) = WAR,I) - +«. 

Clearly X — oo implies tliat 

Z) yi(f> '*) — > + . 

ii£Oii(n) ji-ifti 

Thus (1) holds for 7 = I. For^ = 2 the proof is .similar. 

Case (ii). X < -|- oo . Then (3), (4) imply (see 1.3. 10, 1.3. 1 1) that TC(«, b, y, f) 
is .suminable in the interval c ^ y ^ d and (cf. V.3.2) 

E 7,(/,'-)= f 4y,]Uii)]dy f 

rSDnUl) '’c n->“ *'1: 

= n^x(/rl, /) = (/.(/, /f). 

Thus (1) again holds for j = 1. 

V.3.17. Continuation. Wc have the relation (cf. V.3.2, V.3.3, V.3.4) 


(1) 

E yU,r)^iV.R), 


re «„(/() 

(2) 

rBDn(R) 


for every .sequence of subdivisions D„{R) of R .such that |[ Dn(R) || ^ 0. 
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Proop. Let us note the obvious inequalities 

(3) 7(/, r) S 7i(/, r) + jsif, r) -f r), 

(4) y,(f, r) ^ y(f, r), i = 1, 2, 3. 

We shall now distinguish between two cases to establish first (1). 

Case (i). r(/, 72) = + ~ , Then, by V.3.7, V.3.9, f{x, y) is not BYT in 72, and 
hence, by V.3.2, one at least of gi{f, 72),'j72(/, 72) fails to bo finite. Suppose, for 
example, that 72) = + “. By V.3.16 it follows that 

T, 7i(/, r) + 00 , 

leDnilt) 

and hence a fortioji (cf. (4)) 

Case (ii). r(^ 72) < + ». Then, by V.3.7, V.3.9, f(x, v) is BYT in 72. Wo 

proceed to verify that the rectangle function yif, r) is Buihill intograble in 72. 

(a) The rectangle function 7 (/, r) is continuous in 72, in tho sense of 111.1.2. 
Proof. Give e > 0. Since f(x, y) is uniformly continuous in 72, wo liavo an 
)jt > 0 such that 

(^) I /(® 2 , y) ” J(x, , z/) i < ^ if I .^2 - 1 < > 

for any two points , y), (^ 2 , y) in 72 ((7(72) denotes the diameter of 72). Sinc (5 
f(Xf y) is bounded in 72, we liave an inequality of the form 

i fix, y) \ < M for (x, y) (= 72, 

where il7 is a finite constant. Let us put 

(9) 1 ] = min (nj^ , e/2il7), 

and let r : a, ^ .r ^ 0 ^ 2 , ^ y ^ ^ 2 , be any oriented rectangle in 72 such that 

(7) I r i < 

Then either a, ~ a, < r} or ^2 - )8i < r,. In the first, Cfvso, by (5), (G), 

7i(/,?’) ^ ^ 0^5 " ^0 < e. 

In the .‘.econd case, by (6), 

7i(/, r) < 2117(^2 - /9i) < 2il7ij ^ e. 

Thus (7) implies that 7i(/} ’>') < e. The continuitj^ of 72 (/, v) is shown in the sanu; 
way. Since yaif r) = 1 r j, the continuity of yif r) follows by (3), 

(b) Let D(R) be any .subdivision of 72. Then (cf. V.3.15), in view of (3), 
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E y(f, r) S E T.(/, r) E Y^C/. ^•) + I AN 

reDlin p6-i)(R) rer)(R) 


s E S.(/, '■) + E ft(/, »•) + I K I 

reWCR) feO(/!) 


- !7i(/,A) + i7.(/,A) + l/e !. 

Since f(x, y) is now BVT in R, gi{f^ R) and g^if, R) nre both finite, and tiius 
condition (iv) in III. i. 19 is satisfied. 

(c) Let Ra be any oriented rectangle in 72, and lot ■0(/2o) be any .subdivision 
of Rq . We assert that 


(8) T.(/,ffo)S E T.(/,P). 

Indeed, let i?i(/2o) be the subdivision that is obtained from D{Rq) by producing 
the horizontal sides of all the i'cotangle.s r G D{R^) until they meet the vertical 
sides of 72o • Clearly, 


<9) E T.C/’,p)= E y.U.r). 

reOiC/fo) re/>t«o> 

Now let bo the subdivision that is obtained from Dx{Ro) bj'- deleting all 

vertical lines of division in Di{R^ except the vortical sides of itself. Clearly 

(10) E '>'.{/,>•) S E r,(/,p) =r,(/,ffio). 

ren,(flo) 


(9) and (10) imply (8). The inequality 

(11) T>(/, B») g E !'.(/, '■) 

reznWo) 

is derived in n .similar manner, and finally the relation 

( 12 ) T.(/,JJo)= E r>(/,f) 


peD(;jo) 


is obvious. From (8), (11), (12) wo obtain (cf. 1.3.10) 


t(/, Ao) ^ 


( E r, (/,»■))’ + ( E y^{S,r)) + 


E 

^rGOf/Jo) 


n l/i 


^ E r(/» »’)■ 

r£»(/io) 

Thus the rectangle function ^(^ r) increases by subdivision (cf. III. 1.5). 

As a consequence of (a), (b), (c), 'y(/, r) is Burkill integrable in R (see 111,1,23). 
Since '>'(/, r) increases by subdivision (see (c) above), it follows by III. 1.23 that 
r(/, R) is equal to the Burkill integral of y{f, r) over R, and thus (1) is established. 
As regards (2), let us note the relations (cf. V.3.2, V.3.3, V.3.4, V.3,7) 

.(13) E y(f,r)S E (lU,r)ia(f,R)= V(J,R). 

rer)n{rt) rGDnilt) 

Clearly (1) and (13) imply (2). 
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V.3.18. Theorem. Given a surface S : z = f{x, y), {x, y) 6 % ht R he an 
oriented rectangle 9{. Let Ri , ■ ‘ , R„,hc oriented rectangles such that = 0 
for i 9^ j, and 7?i + • • • R„, — R. Then (cf. V,3.4) 

(1) A{f,R) = Aai?,) + ... +A{fR„,), 

Proof. By V.3.7, (1) is equivalent to 

(2) r(/, R) = r(/, + • • • + r{f, R,„). 

On tho other hand, (2) is an obvious eonsequeiicc of ¥.3.17(1). 

V.3.19. Theorem. Given a surface S \ z = f{x, y), (a;, y) G 9i, such that 
A(S) < A- ^)lelR >a ^ X ^h,c ^ y ^ d, he an oriented rectangle in 9i. Then 
the rectangle function A{f, r) is continuous in R, in the sense of III. 1.2. 

Proof. Since A(f, r) - T{f, r) by ¥.3.7, it follows from ¥.3.17 tliat ^l(/, r) 
is the Burkill integral of the rectangle function yif, r). Since y{f, r) was shown 
to be continuous in the cour.so of tho proof in ¥.3.17, the continuity of A(f, r) 
follows by III. 1.17. 

¥.3.20. Given a surface S :z = f{x, y), (.t;, y) G sup'pose that A(S) <4-00. 
Then the derivative (cf. III. 1.24) of the rectangle function A (f r) exists and is equal to 
(1 + /* + fiy^^ a.c. in 9i“. 

Proof. Clearly it is sufficient to show that the derivative .4 '(a:, y, f) of 
.‘1(/, ?’) e.xists and is equal to (1 + fl H- /v)‘^' a.e. in any a.ssignocl oriented 
rectangle R C Now A{f R) ^ A{f 9t) < +co by ¥.2.16. By ¥.3.17(2), 
A{f, r) is the Burkill integral of the rectangle function g(f r) in R, Plence, by 
III. 1.27, it is sufficient to .show that the derivative of g(f r) exists and is equal to 
(1 + /x + fiy^~ a.e. in R. Now since A(f, R) < +^,hy ¥.3.13 the function 
f{Xf y) is B¥T in R. Hence, by 111.2.52, ¥.3.2, the rectangle functions gi{f r), 
g^if r) have \fx\>\fv\ for their derivatives a.e. in R, and hence g{f, r) has the 
derivative (1 + /r 4* fl^^^ a.e, in R. 

V.3.21. Given a surface S:z ~ f{x, y), (rr, y) G 9^, such that A(S) < + «>, let 
R he an orwited rectangle in 91 ". Ta'I us pul 

y) ” ^ / ^ /C'c + I) 2/ + y) dy. 


Then A(.i‘, y) is defined and continuous, together with Us partial derivatives of the 
first order, in R for h sufficiently small, and we have the fornnda 


( 1 ) .!(/, B) = lim Jj [1 + (1^) + (1^) ] & dy, 


where dfffidx, dfh/dy are given explicitly hy the formulas 

+ /b 2/ + ^?) - f(x ~ h, y + v)] dn, 
^ ~ 4P 1,, 2/ + /i) ~ f(^ + ^> 2/ — h)] d^. 
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Proof. Tlie formulas for df,Jdx, Qju/i^y were already discussed in III, 2. 60. 
Since 7? C Afe y) will have oontimiou.s first partial derivatives in .some do- 
main containing i? in its interior if h i.s small enough. Hence (of. V.2.12) 


( 2 ) 




+ 


\0ijJ 


dy. 


Since Jh{x, y) f{x> y) uniformly in R for h ^ 0 (see III 2. 60); it follows by 
^^.2.0 that, if /i — > 0 tlirough any sequence h„ , 

(3) A(f, R) ^ lim inf yi(A , R). 


Now let b be a ))ositive number, and let It’s be the oriented rectangle 
J?3 : n ~ 5 ^ .T g 5 -f- 5, c — 5 ^ y ^ d 4- 5, 


where R itself is given hy R : (i S x ^ h, c ^ y S d. We choose 5 so small that 
the inclusion Rs C hokls. By ¥.3.5 we have then, for h small enough, the 
inequality r(/;, , 7?) ^ r(/, Rs). Hence, by ¥.3.7, 


(I) lim sup A{/,. , R) ^ A(f, Rs), 

/ i -»0 

Now since ,(‘1(»SI) < -f wc have A(f, 7?i) — ^ A(f, R) for 5-^0, as an immediate 
con.sequence of the additivity and continuity of the rectangle function ?•) 
(cf. ¥.3.18, ¥.3.19). Tims (4) holds with Rs replaced by R, and (1) follows in 
view of (2), (3). 

V.3.22. To simplify the presentation, we assume from here on thed 9f itself is an 
oriented rectangle that we shall denote by Rq . Then S is given in the form N : 2 ! = 
f(^, y), (x, y) G Ro , where 

Ro ■ ao ^ X ^ bo , Cfy ^ y ^ do . 

We further assume that T(jS) < +“■ As a consequence, f(x, y) is BYT in R^ 
(cf. ^^3.9). Ill the sequel, R^ will be kept fixed. It will be a matter of great con- 
venience to have /(.r, y) defined in the whole rry-plaiie and not merely in 7^o * 
Therefore we extend the definition of /(.r, y) in the following manner. We fir.st 
reflect 7?o on its right-hand vertical side, taking glong the values of f{x, y) in the 
proees.s. Thus /(.r, y) is defined, by symmetry, in a larger rectangle Rl . T4iorc- 
upoii we repeat the process of extension by symmetry, this time by reflecting 
72o oil it.^ upper horizontal side. After this step, /(.r, y) is dofijicd on a still larger 
rectangle 7^0 : Oo ^ .'r ^ 21>o — Co , Co ^ y ^ 2do — Cq . Furthermore, tlio extended 
function /(.r, y) .satisfies the relations 

/(«□ » y) = /(21>o — Go , y) for Cq ^ y ^ 2da ~ Co , 

fix, Co) = fix, 2do - Co) for Oa ^ x ^ 25o -- Oa - 

Hence we can now continue tlie extension of f{x, y) to the whole plane univocally 
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by requiring that the extended function /(a;, y) be periodic with period 2(6o - an) 
in X and 2(do - Co) in y. Clearly, if E is any oriented rectangle in the .ry-plane, 
then the extended function /(:c, y) is BVT on E. Furthermore, if J{x, y) happens 
to be ACT in ]?o , then the extended function /(x*, y) is ACT on every oriented 
rectangle E in the a’^-plane. In the sequel, /(.t, y) will refer to the extended func- 
tion obtained in this precise manner. The notation A{f, R), introduced in V.3.4, 
applies now to every oriented rectangle E in the .ry-plane. 

V.3.23. Continuation. By its definition, A(f, Eo) is the smallest number 
that can be obtained as the limit of the areas of polyliodra converging to S. 
Clearly this definition, as it stands, does not give any information as to the choice 
of a sequence of polyhedra whose areas converge to this smallest possible limit 
A(f, Ro), Furthermore, it is desirable to obtain for A(f, Rn) analytic expressions 
in terms of standard operations in Analysis (differentiation, integration, and so 
on). Wc proceed presently to discuss results obtained in theso directions. Of 
course, many of the results presented in the preceding theory arc direct contribu- 
tions along these lines, and we shall first summarize the most relevant of these 
results. 

V.3.24. Given /(.r, y) a.s described in V.3.22, let R be any oriented rectangle 
in the plane. Then f(x, y) is BVT on 7?, and wc have at this time the following 
processes at our disposal to compute A (/, E ) : 

(i) By V.3.17 we have the relations 


(1) 

E 

y{f,r) 

Aif, R), 


n-»a> 


(2) 

E 

gif, r) 

Aif,R), 


reZ)«(B) n-*» 


where DJJi) is any sequence of subdivisions of R such that |( il 0. For 
example, to make the process quite definite, we may construct Dn{E) by sub- 
dividing the horizontal and vertical sides of R into n equal jmrts and then drawing 
verticals and horizontals through the points of division. 

(ii) If/ftCT, y) is the integral mean used in V.3.21, then wo have, as shown tliorc, 

(3) A{!,,R)-^ AU,R), 

A->0 

where A(/a , R) is given by the .explicit formulas listed in V.3.21. 

(iii) If /(a:, y) happens to bo ACT in R, and only then (see V.3. 13), we can use 
the standard integral formula 

(4) Aii, R) = jj (1 + /; + dx dy. 

n 

Of the formulas (1), (2), (3), (4), the last one is thus not generally available. 
Of the formulas (1), (2), (3), perhaps (1) may bo considered as the simplest, and 
certainly only (1) and (3) are elementary formulas in the sense that they involve 
only integrations bearing upon continuous functions. 
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V.3.25. We arc led to interesting questions and important results by experi- 
menting with the following ap]}roach. Let h and k bo two numbors difforent from 
zero. Then the partial clifforcnce quot ients 

fix + h, ?/) - f(x, y) V + fe) ~ f(!G, !/) 

h ' k 


are approximations to the partial derivatives and , and on replacing, in the 
familiar integral formula for the area, the derivatives , /„ by the corresponding 
difference quotients, we may obtain a usoful approximation to the area. We 
propose to investigate this Bituation, Let us put 

y, h) == 


fCx + h, y) - J{x, y) 
h 


y, 


Jjx, - j{x, V) 

k 


y, h,k) ^ {I y, h)r + bUx, y, 


I{h, k,R) ~ Jj’ i^(x, y, h, k) dx dy, 
n 

I*(K) = liin sup l(k, k, R), h — > 0, k — > 0, 

I^{R) = lim inf I(h, R)^ A —> 0, A; — > 0. 

These various quantities depend also upon the function f(x, y)] but J(x, y) will 
remain fixed in this investigation, and the notations used will bo satisfactory. 
We shall study the following two questions. 

(i) Under what conditions shall wo have the formula 


(1) /(A, K R) -»//(! + /’ + fiy'‘ dy, 

It 

for h — > 0, /c — > 0? 

(ii) Under what conditions shall wo have the formula 

(2) I(h, k, R) ^ A(f, R), 
for li 0, /c — > 0? 

Lot us note that /(a;, y) is only assumed to bo I3VT on every oriented rectangle 
in the .■ry-planc, and thus these t'w'o questions are distinct. Let us also note that 
wc want the formulas (1) and (2) respectively to hold if h and k converge to zero 
in any manner, indopcndently of each other, The answers to these questions 
require considerable prei)aration, 
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V.3.26. Continuation. Let ii.s note that f(x, y) is BYT on every oriented 
rectangle. Let 

( 1 ) r : «j ^ X ^ ^ y ^ 02 j 

be any such rectangle. We assert that (see V.3.2) 

fix + h, v) ~ fix, y) 
h 


(2) 

lim 

A->0 

(3) 

lim 

k ->0 


fix, V + h) - f{x, v) 
k 


dx dy = f7i{/, r), 
dx dy = f/iif, r). 


Proof, In discussing (2), there is a slight notational difference depending 
upon the sign of h, Wc shall consider explicitly the case when h > 0; the c{ise 
h < 0 is entirely analogous. Let 8 l)e a positive miinbor. Since /(.r, y) is BYT, 
the quantity 7,(a, , a 2 , y, /), where f(x, y) is considered as a function of for 
given y (sec 111.2.46), is finite foi- a.e. y in the interval j8, g ?/ ^ 02 , and hence, by 
III.2.42, 

► F,(a, , aa , y, /), 


(4) /" 


ffa 4- h, ?/) - .fC-r, y) 
h 


dx 


,«a-L d,y,f) i (0 <h< 8 , 


for a.e. y in the interval 0i ^y ^02 > As/(.t, y) is BYT in every oriented rectan- 
gle, the function F,(ai , aa + 5, y, /) is sumraablc in the interval 0 i ^ y ^ 02 
(cf. III.2.49), Hence, by a terinui&e integration that is legitimate in view of (4) 
(.see 1.3.11), Ave obtain from (4) the formula (2) (cf. Y.3.2). The formula (3) is 
pi'oved in a similar Avay. 

V.3.27. Continuation. We assert the inequality (cf. Y.3.25) 


I^{R) ^ A(f, R). 

Proof. Let D(R) be any subdivision of R (cf. Y.3.15). Hy 1.3. 10 avc obtain 
the inequalities 


reotJf) 


reoan 


I(h, k, R) = Z) Hk, k, r) ^ _Z *{ h’ T + // d>xC'r, y, h) dx dyj 

r 

+ jj ^h{^,V,k)dxdyjl . 


By Y.3.25, Y.3.26 there follows, for fixed D{R^ and k 0, /c 0, the inequality 

hWi E 9U,r). 

reoiit ) 

Since this holds for every subdivision D(R) of R, it follow'S that (cf. Y.3.25, Y.3.7) 
I^{R) ^ G(J, R) = A(f, R). 
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V.3.28. Continuation. AYc proeeod to derive an of^iiinaic for PiR) (see 
V.3.25); a litUe later wo sliall find the precise value of I*(R) (see V.3.36). Lot R 
be given l^y 

(1) H a ^ X ^ h, c ^ y ^ d. 

Lei us introduce an auxiliary oriented rectangle li such that i? C By y,3. 18, 
Y.3.10, V.3.2, the rectangle functions gi^f, r), {/zif, r), A(f, r) are finite, non-noga- 
tive, additive and continuous for r C. R. By III. 1.37, 111.1,43, these rectangb 
functions give rise tlioreforc to completely addith’’e functions of Borol .sets in /?, 
wliicli will bo denoted by (?,(/, Z?),j/a(/, B), /!(/, B) re.spec lively, where B is a 
gGiioric notation for a Borel set in li. We liavo then, for each one of thc.se set-- 
functions, a Lehosguo decomposition on Zf, and we shall ii.sg the symbols 
t7i(/» ^)t n'iU) ^)} B) to dcnole the .singular sot functions tlmi are involved 
in thc.se decompositions (.see 1,3.16). By A^3.20, 111.1.29, the derivativns of 
(7iC/, B), ihU,§)^ ^(.f ' B) exist and are equal to | /, |, )/J, (1 + /' + re.spcc- 
tively a.o. in /?. Hence, III. 1.32, 

g,U. li) = If I U^, V) I * ly + ylU, B), 

I) 

(hij> B) = j'J \f,(x, y) 1 fkdy -\- y'zif, B), 

n 

Au, B) = ff a + f. + fiy'‘ * ‘ly + B), 

li 

for ev(;ry Borol sot B C B. Fur therm ore, we lun^c in R Borol .sobs e, , Cg , c of 
moaHuro zero, .such Biai (cf. L3.16) 

f/;a, B) = (/,(/, Be,), oUL B) - cjzU, Bez), AV, B) = ylf/, Be) 

for every Borel sot B C. R. Finally, w(} have in li a .set e' of measure zero sueh 
(hat (ace above) the derivative.s of gAf, B), B),_A(f, B) exist and are equal to 

1/x !i 1 A li ( I + /i + respectively on the set/^ — e'. Lot then e^' bo a Borel 
sot of measure zero such that (cf. 1.3.7) e" D Ci + <^2 + c d- cf. Let us put 
= e^'R, 'Then Cq is a ]3orcl ,su])sct of measure zero of li, and the following 
.stat(5inents hold in view of the preceding romarhs. 

(i) Co C B, 1 Co I = 0, and Co is a Borol sot. 

Oi) The derivatives of (?,(/, B), {M B), A{f, B) exist and are equal to 
I U /y I, (1 d- respectively on t,ho sot R ~ . 

(iii) Fof every l^orel sot li C B. wo Imvo the forimilos 

(/!(/, B) = 0 ,(/, «<■„), »;(/, B) - ft(/, Be.), AV, li) = A(f, Be.). 

In particular, for 11 — li, 

y"<(f, 11) = «<(/, <•«). ytU, li) = (/,(/, «»), AV, R) = A(j, oo). 
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V.3,29. Continuation. Let 5 > 0 be so small that the rcct^glo (of. 
V.3.28(])) : a — 5 ^ . 1 ’ ^ 5 + c “ 5 ^ 7/ g d! + 5, is comprised in R. Then 

J{Xy y) is BVT on R\ and hence, for a.e. y in the interval c — 
f{Xy y) is of bounded variation, as a function of jk, on the interval a — 5 g ru g 
& + 5. Let Vl{a — 5, 5 5, /) be the singular variation of /(.t, y)y considered 

as a function of x for given y, on the interval a — 5 ^. t ^5 + 5 (sec III. 2.26). 
We assert the formula 

d^^i 

V°(a - 6 , b+ S,y, /) dy = gKf, R‘). 

-a 

A similar .statement holds for gl{fy R^), 

PnooF. By 111.2.26 we have 

Yl{a - byh^ 8yyy /) - VM - 5, 6 + fi, 2/, /) - H | f.{Xy y) \ dx. 

*'a-« 

Integration yields (cf. V.3.2, ¥.3.28) 

C' /) ‘^1/ = 0‘(f: - If I /•(». !/) I * d!/ = /;!(/, «*). 

J2> 

V.3.30. Continuation. For 5-^0, we have 

Ji') ^ (/:(/, R)> glu\ R') glu, R). 

Proof. If wo note that g'Kf, B) g g,{f, B), j = 1, 2, for every Borol sot B 
(cf. ¥.3. 28), then we see that the assertions follow immediately from the contin- 
uity of the rectangle functions g,{f, r), j = 1, 2 (see ¥^.2, ¥.3.19). 

¥.3 .3 1. Continuation. Since /(. t, y) is B¥T in /?, the partial derivatives 
/* , X are .summable in H (see 111.2.50). For X > 0, let us put 

n.W = I.u.b.// U.ldxdy, 

if 

SJ.(X) = I.u.b. jj I/, I dxdy, 

n(x) = n,(x) + n,(x), 

where the I.u.b. is taken with respect to all measurable sets E such that E QRy 
I I < X. By 1.3.13 we have then the relation fi(X) — > 0 for X 0. 

V.3.32. Continuation, Let e be a Borel set in R. Let 5 > 0 be determined 
as in ¥.3.29, and let h ^ Oy h 9 ^ 0 satisfy the inequalities | /i j < 5, | /c | <5. 
XX^e assert then the inequalities (cf. X^.3.28) 

fix + hy y) - fix, y) 
h 


// 


dx dy i n(| e I) + y°,(f, «’), 
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fix, V + " /(^> y) 

k 


dx dy s fl{| f I) + glifr 


Proof. Let us consider (1), and let us assume that A > 0 (the ease h < 0 k 
disposed of in a similar mannoi'). Por a.e. y in the interval c % y d, /(.t, y) 
is of bounded variation, a^ a function of x, on llie interval a ^ x S and lienee 

) fix + h, y) - fix, y) | ^ V^ix, x + h, y, f) 


= I Ux + y) I + VXx, X H- h, y, /) 


(see III.2.26). Let Oy denote the intersection of e with the horizontal lino at 
the given altitude y. Integration of (3) yields (cf. 1,3.10) 


j fh g 1 £ I + {, j/) I dy] d£ 

( 4 ) .i 

-f I j F%^, X h,y, /) dx. 

Using the inequality (cf. III. 2. 43) 

i I ^ ^ 

wc obtain, by integrating (4) with respect to y from c to d, and using V.3. 20, 

jj I Z L OA y) - I dy 

e 

® ^ 1 1* [// ' 

Now if c(^) is the set obtained from e b 3 '’ a horizontal translation of magnitude 
then we obtain by V,3.31 the inequality (note thatO g | g /? < 5, | c(4) | = | c |) 

(fO // I f^ix -h y) \ dx dy = jj I f,ix, y) | dx dy g fi(| c(^) |) = fi(| e |)’ 

« »(0 

(6) and (6) imply (1), (2) is proved in a similar way. 

V.3.33. Continuation. If e is any Porel set in R, then 

^ If ~ cLx dy ^ i2(| e I) + y'lif, R), 

e 

]im_^sup jj y) dy g n(| c I) + y;(/, R), 


This is an immediate consequence of V.3.32 and ¥.3.30, 
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V.3.34. Continuation. We a.^i^ert the inequality (ef. V.3.25) 

(1) J*{R) £ // (1 + fl + dy + R) + (M , 70. 


Proof. Let eo be the Kot defined in V.3.2S. Cn R - , thcj partial d(‘riva- 

tJves/x and/u exist, and hence, for any .sequence h,, —> 0 , /q. — > 0 , A„ 7 ^ 0, At, 0, 


(2) 

+ 

if* 

is 

! 

,fXx, y), 

«->OQ 

to, W) e ff - ('« 


(3) 

fix, y + K) - f(x, y) 

^ .fwCr, y') } 

(», v) G ff — Cn 

K 


]iy the theorem of Egoroff (.see 1.3.17), we can therefore split the set R ~ c,, , fr)r 
given e > 0, as follow's: 

(i'*') R — Co = Ff e* , where Ff is clo.sed, j ef | < c, and F^ef = 0. 

(ii*) The sequences (2), (3) converge uniformly on P'* . Lot uh put e, ~ 
R — F* . Then the following .statements hold: 

(i) E = Ef + c, , where Ef is closed, j e< | < e, and Efc, = 0, 

(ii) The seqiience.s (2), (3) converge uniformly on Ef . 

(iii) eoC e, . 

Now let us write 


(4) I{h„ , kn , R) = ‘h(.r, y, h„ , k„) dx dy + <r<ri;, y, h„ , k„) dx dy. 

By (ii) above, there follows the relation (ef. V.3.25) 

Ilf, y, K , K) dx dy II (I + /: + .0‘" (to dy 

(5) 

s // (1+ /: + ,0'" (to */, 

ff 

Clearly (cf. V.3,25) 

II V, K , to) dx rfj/ g I s. 1 + II li^-±JhuJtj:^lkiJll iiy 


+ 


// 


f(x, y + h„) - f(x, y ) 
}c„ 


dx dy. 


Since | e, j < e, we obtain by V.3.33 the inoqualitj'' 

(0) linisup ff 4‘(.r, y, h,, , A„) dx rfy ^ e -f 2Q{e) + g'Kf, R) + R). 
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(4), (5), (0) yield (since the soqucnccs h„ -> (), — > 0 wero arbitrary) 

I*(R) g // (i + ft + fiy'‘ eh dij -h r/?(/, U) + qliS, ^ + 2Q(€). 

H 

Since e > 0 was arl^itrniy, (1) foUo^\'s (cf. V.3.31). 

V.3.35. Tiikohem. Given f(x, y) ns in V.3 22, the formula (cf, V,3.25) 

(i) If (1 + fl + fy^ dx dy = lim I(h, k, H) for h -> 0, k -> 0 

n 

holds if and only iff(x, y) is ACT on U, 

InooF. By V.3 13, V,3.27, V.3. 34 wo have the inequalities 

// (i -I- fl 4- dij ^ A{f, H) s I^{R) S I\R) 

It 


( 2 ) 


a // (I +n + }T\lxdy 


+ a"(J,R) + 

y) i« Acrt' ou It. 'I'liim (see V.3.28, V.3.2) gtU ff) = 

f/aCb h) ~ 0, anti hent'o (2) yields (1). 

(ii) Sup])ose next that (J) holds. Then 

(3) /•(«) = UH) = // (t + n + ,o'« * d,j. 

It 

(2) and (3) iinjily that 

<■'> Aa,/o = // i.i + j; + fiy'Ubd,j. 

ft 

(4) implVs, by V.3. L3, that/(,i;, y) is ACT on R. 

completo answer l.o que.sUon (i) in 
V.3.20 1 he answer to (luestion (ii) in V.3.25 is more involved. We first improve 

upon V.3.<hl hy eslabbshiny Ihc formula 

n(R) = (I + ji + 

PiiooF. Let 0 be a relatively open .sub.sot of R (that is, 7^ - 0 is closed). 
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By 1.3.2, we liave then a sequence of oriented rectangles rj , • • , r,„ , • • • such 
ihat ?’, + •••+ r„ + • • • =0, rY, = 0 for i 9 ^ j. By V.3.28, III, 1.48 we have 


( 1 ) 


Oiif ) 0 \if > ^m)> 


Qzif » ^ QiU y ^’m) • 

mw J 

By V.8.26 it follows tlmt for ever}^ positive integer N 


i,f [f f^±JhjL=J(s^ 

A-iO 


ch dy 


( 2 ) 


^ lim inf ^ ff 

A^O m-l 


j{x -f h, y) - y) 

h 


dx dy = S Oiif, r„) 


Since N is arbitrary, (1) and (2) impl}^ that 


(3) 


lim inf [[ 

A-hO 


f(x + h, y) ~ fix, y) 
h 


A similar reasoning yields 

(4) lim inf ff 

t_(n J J 


/(a;, y -t- k) ~ fix, y) 
Jc 


dx dy ^ ( 7 i(/, 0). 


dx dy ^ Oiif, 0 ). 


Now give e > 0. Since the set Co of V.3.28 is of measure zero, we can split U' 
into a sum of two sets F, c as follows: 


( 6 ) 

( 0 ) 

(7) 


F fi, Fe = 0, 
F closed, I c [ < €, 

<3 3 Co . 


We choose such sets Fy e and keep them fixed. iSince R ^ e ~ F is closed, Ave 
haA'e by (3), (7) and V,3.28 the inequalities 


ff fe+Ji - V) - - , /»,!/) 

A-»o JJ h 


dx dy ^ < 7 ,(/, e) ^ giif, Co) = y?(/, 7S). 


Hence, for a given positive integer n we can determine hn to satisfy the conditions 

1 


(8) 


IJ j /(^ + K , }j) - /(x, v) 


dx 'dy > g°(f, R) 


0<\K\<^ 
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rm 


After K hfts been so chosen, wo proceed as follows. Since e D and | Cn I == 0, 
wc have a set such that 

eD CnD efi , 


(9) 



fix + K , ?/) - fix, //) 

h. 




dx dy > g\{f, R) 


\ 

n' 


( 10 ) 


72 — e„ is closed. 


Note that (9) can bo achieved, in view of (8), by making ( e„ ( sufficiently Binall, 
and (10) can bo achieved since R ~ g\q closed (see (G)). After has been so 
chosen, we have by (4), (7), and y.3.28, 


liminf ff ^ 
i-,0 J J 


, ?/ + k) - fix, ?/) 

k 


dx dy S Q^if, O > (72(/, fio) = gVj, 72). 


Hen CO, for the same n, wc can dotoi-mino /c„ to satisfy the condition.s 


(H) 


//I 


fix, V h) - fix, y) 

h„ 


dx dy > glif, R) - 


0 < u,. i< i 


Now lot us write 

lihn , K ,H)- Jj l/t K , K) dx dy -h JJ Hx, y, K , k) dx dy 


( 12 ) 


+ 


Jf ^Kx, y,hn,k)dxdy. 


lly (9), (11) and V.3.25 wo obtain 

11 Hx, y, K , h) dx dy ^ ff | j 


(13) 


> gV,R) 


JJ (Hx, y, kn , kf) dx dy ^ jJ j j dg 


(U) 


> Ol (f, R) - 
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Observe that ^(.r, y, h„ , k„) (1 + fl 4* on R and lioncc on By 

1.3.10 it follows that 

(15) Hm inf JJ y, K , K) dx dy ^ JJ (1 + /^ + /!)'^^ dx dy, 

F F 

(12), (13), (14), (15) yield (cf. V.3.25) 

(16) i*{R) ^ // (1 + /' + fy 

F 

Now since (1 + /t + if^ sumraablo on R (note that/(.^, y) is BYT on R), the 
difference 

If (1 + ft + fir’ * iy- // ( 1 + fl + Ch dy 

R F 

= Jj (1 + f. + .ny"d^dy 

€ 

will be arbitrarily small if e was cho.scn small enough (cf. (6)). Since (16) holdn 
for an arbitraiy choice of e, it follows tliat 

I*(B) i jj a + fl + JT' dx dy + R) + f/S(/, R). 

a 

In view of V.3.34, it follows that the sign of equality holds, and Lho proof is (!Oin- 
plete. 

V.3.37. Oivetif(x, y) asfny.3.22, (he formula 

(1) A{J, R) = lim /(/i, h, R) for h 0, k -> 0, 

holds if and only if (cf. V.3.28) 

(2) (/?(/, R) + glif, R) - A\f, R). 

PnooF. By V.3.27, Y.3.3G we have the inequalities 

A(f, R) S I^(R) ^ I*(R) 

(3) 

= jj (1 + 11 + ny'” dx dy + oXf, R) -I- (/■!(/, «). 

R 

Bj^ v.3.28 we have 

4 (/, R) = //(! + /^+ dx dy + A^iJ, R). 

R 

[i) Suppose that (1) holds. Then we have, by (3), 


( 4 ) 
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( 6 ) A(f,R) = JJ(J+f! + .0''^ * dv + ffXf, R) + glU, R). 

U 

(4) and (5) imply (2). 

(ii) Suppose next that (2) holds. Tlien (2) and (4) imply that 

(6) A<J,R) = If (1 + + fy'^ * rfy + R) + aXf, R). 

(3) and (6) imply that A(f, R) = 

V.3.38. We propo-se to transform the condition Y.3.37(2). We sliall need a 
lemma that may be thought of as a generalization of the trivial fact that if the 
.sum of two sides is equal to the third side in a (rectilinear) triangle, then the 
triangle must be degenerate. 

Lot there bo given, in an oriented rectangle R, three functions 0i(B), 

<f> 3 (R) of Borel sets B in 72, with the following properties: 

(«) 0,(7?) S 0,i = 1, 2, 3. 

(/?) 0,(7?) is continuous on oriented j’octanglcs in H (cf. I II. 1.30, III. 1.2), 
J - 1, 2, 3. 

(7) 0,(7?) is completely additive on Borel sets in 72 (ef. 1.3.16). Under these 
conditions, wo consider the rectangle function 

Hr) - IMr)^ Mr)^ A- h(r)T^ 

for oriented reclangle.s r C R> From 111.1.51 it follows that 0(r) is Burkill 
intcgrablc in 72. Let a(r) be the indefinite Burkill integral of 0'(r). Then a(r) 
is non-negativo, and a{r) is additive on oriented rectangles in 72 (see III. 1.14). 
Wo have the obvious inequalities 

(1) a(r) ^ 01 (r) + 02(r) -|- HO'), 

(2) Mr) ^ Hr), j = 1, 2, 3. 

As a consequence of (0) and (I), «(?•) is continuous on oriented rectangles in R. 
By III. 1.37, III. 1.43 it follows that «(?’) admits of a iion-nogative, completely 
additive extension to Borel sots in R that we shall denote Iiy «(7?), 

Lmmma. Let Co a Borel set in 72. Then the rdation 

(3) 01 (co) “f" 02(co) H“ 08(co) — Q;(eo) 


holds if and only if there exists a decomposition of co into a sum of three Borel sets 
0 i , e-i , (’.3 (some of which may be empty), such that 

(4) Co *= Cl H- C2 -f- Ca , 


( 6 ) 

CjCj — e2('ji ~ C3C1 

( 6 ) 

HOi) = 0 


( 



for i jf i > 0 , j > 0. 
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Proof. Necessity. Suppose that (3) holds. As a consequence of (2), wo 
have (cf. III. 1.45) 0 ,( 5 ) g j == 1, 2, 3, for every Porel set BC.It, Thus 
0,(5) is absolutely continuous with respect to a(5), and liciico (seo 1.3.17), wo 
have three non-iiegative, Borel raea.surable point funotions/i , /q , /a in 5, such that 


(7) 


US) = / SM 

a 


j — 1, 2 , 3, 


for every Borel set 5 C 5. Now let R* be any oriented rectangle in 5, and let 
5„(5*) be the subdivision of 5* obtained by subdividing the sides of 5“ into n 
equal parts and then drawing horizontals and verticals through tho points of 
division, By III.1.50 we have then 


( 8 ) 


.!?».,[{/ + {/W + (/^4. 


1/3 


[ (/! + /I + /T’ (la. 

li* 


Since a is the Burkill integral of 0 - ( 0 i + 02 -|- 03 )*'^^ wo also have 
( 0 ) E Mrr + M’-)' + 'P,(crr-^a(ii*). 


rSDndl ) ,)-•« 

(7), ( 8 ), (9) yield 


a(R*) = / (/! + /l + /,r= * 

S’ 


for every oriented rectangle R* C R- By 1,3. 17, III. 1,47 there follows tho forrauhi 


<B) = J(f! + fl + da 

B 

for every Borel set B CR> Let us apply this result to the Borel set Oo « Since (3) 
holds now by assumption, we obtain the equation (cf. ( 7 )) 

/ 1/. + /, + /,- (/? + /I + fly'^ da = 0. 

do 

Since the integrand is clearly non-negative, it follows that 

/i + /a 4- /s = (/i + /g + fiy'^ on Co - Co , 
where Co is a Borel subset of cq such that 

a(co) == 0 . 

From (10) we infer, by squaring, that /s/s + fji + /i/a = 0 on Co ~ Co . Since 
// ^ 0, it follows that at eveiy point of the set Co — Cq at least two of the three 
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functions /i , /2 , /a vanish. Let now ef be the subset of on which /j > 0. 

Then, by the preceding remark, 

(12) /, = 0,/a = 0 one?. 

Similarly, if e? is the subset of (e© — Cq) — ef on which /? > 0, then 

(13) /3 = 0, /. = 0 on ct , 

Finally, if ef — [(Co — Co) ~ cf] ~ c? > then clearly 

(14) /, = 0, /j == 0 on . 

Clearly, e? , e* , et are disjoint (possibly empty) Borel .sets. If we put Gi = 
c* + Go , Gj! = ef , Cs == c* , then ,62 , 63 arc Borel .sets such that 61 + 63-1-63 = 
Co , 6,63 = 6263 = GaGi = 0. By (7), (11), (12), (13), (14) we obtain readily the 
formulas (G). 

Sufficiency. Let us assume now that vve liave a decomposition of Co that 
satisfies the conditions (4), (6), (0). In view of III.1.45, there follow from (1), 
(2) the inequalities 

(16) a{B) ^ 0i(i5) + 

(16) 4>m ^ a(B), j = 1, 2, 3, 

for every Borel set B Q R. Using (4), (6), (1C), we obtain 

01 (Cq) = 01 (61 ) ^ *^(Gi)j 

and similarly 0 q( 6 o) ^ ^(ea), 03(60) ^ (x(ca). Addition yields 0, (eo) + 02(60) + 
0 b( 6 o) ^ «( 6o)j while the complementary inequality follows directly from (16). 
Hence (3) holds. 

V.3.39. Given /(.t, y) as in V.3.22, the formula 

(1) A(f, R) — lim I(h, k, R) for h 0, k 0, 

holds if and only if there exist in R two Borel sets Bi , B2 such that (cf, V.3.28, 
1,3.16) 

(i) Bi + B2 = R, and 

(ii) Oiif, B) is absolutely continuous on Bi and g^ij, B) is absolutely con- 
tinuous on B2 . 

Pnoop. Necessity. 8uppo.se that (1) holds. By V.3.37 we have then 

(2) M R) + fftif, R) - R)> 

which may be written, by V.3.28, in the form 

(3) * 9j(/, 60) + ff-Af, Go) = A{f, 60). 

Now lei us put 

(4) MB) = a, a B). MB) = B), MB) = I iS I, oc(B) = AiS, B). 
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By V.3.28, V.3.19, V.3.17, the set functions , <^2 , <^3 , « satisfy then all the as- 
sumptions of V.3.38. Since | Co 1 = 0, we can write (3) in the form 

(5) 01 (^o) + 02(Co) + 03 (®o) “ «(eo). 

(5) implies, by V.3.38, the existence of three Borel sets Ci, 63,63 with the following 
properties. 

Co ~ Cl 4" 62 + f 

6162 — CaCa == CgCi == 0, 

( 6 ) 01 (C2) = 01 (Cs) = 02 (Ci) = 02(^3) = 0 . 

Let us put B, = (i? - Co) + C2 + C3 , ^2 = Cl . Now let E be any Borel sot of 
measure zero contained in Bi . Let us write 

E ~ {R ~ 6 a)E ^2^ + 63 E. 

By (4), (6) and V.3.28 we have, since \ E\ =0, 

</,(/, {R - eo)i?) = g'lif, {R - eo)E) = (jiif, (R ~ eo)EGo) = 0, 

C 3 E) s 9 i{f, Ca) = 0, 

(Jiif, e 3 E) ^ 63) = 0. 

Addition yields the result that (ji{f, E) = 0 \l E is any Borel .subset of measure 
zero of Bi . Hence (see 1.3.16), gi(f, B) is absolutely continuous on Bt . Since 
giift Bi) = 0 by (4) and (6), clearly Oiif, B) is absolutely continuous on B 3 . 

Sufficiency, Suppose conversely that there exist Borel sots Bi , B^ satisfying 
(i) and (ii). Using again the definition (4), let us consider the set Cq defined in 
V.3.28, and let us put 

Cl = (-^2 — Bi)eo , Ca = BiCo , 63 = 0. 

We have then 0,(62) = £?i(/, ^iCo) = 0, since ff, is ab.solutcly continuous on and 
I BiBo 1 ~ 0. Furthermore 0,(63) = 0 since 63 = 0. Next we have 02(e,) = 
g^if, {Bt — Bi)eo) — 0, since Qt is absolutely continuous on and j (JS2 — i?,)eo | 
= 0, (-02 ~ .0,)eo C -02 • Since Cg == 0, we have also 02(63) == 0. The relations 
03 (c,) = 03(62) = 0 are obvious, since j e, j — | Cg 1 =0. By V.3.38 wo obtain 
now successively (5), (3), and (2), and finally (1) by V.3.37, 

V,3.40. Let us say that/(.r, y) is ACY on R : a ^ x ^ h, c ^ y ^ d (absolutely 
continuous on the oriented rectangle R, in the sense of L. G. Young), if the fol- 
lowing conditions hold. 

(i) /(^, y) is BVT on R. 

(ii) There exist two Borel sets Bi , B^ , such that (a) f(x, y) is absolutely 
continuous, as a function of a‘, on the intersection -0,„ of 5, with the horizontal 
line at altitude y (see I II. 2. 33), for a.e. y in the range c ^y S d\ (/3) f{x, y) is 
absolutely continuous, as a function of y, on the intersection B^^ of B^ with the 
vertical line corresponding to a given x, for a.e. x in the range a ^ x S h; 
(7) By + B 3 = R: 
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Given f(x, y) as in V.3.22, let us assume that/(.t', y) is ACY in E, Let B be 
any Borel subset of the set (see (ii)). By V.3.2, 111.2.61 we have then 

if 

(7.(/,b) = / y.(B.,y,S)Ay. 


By condition (ii) we have, in view of III. 2.34, 

y.{B.,y,!) = / I /.fey) life 

By 

for a,c. y in the interval c ^ y S d. Hence 


?•(/, ■®) = // I v) I 

If 


for every Borel set B Q Bi . Thus obviously gi is absolutely continuous on B, , 
and similarly g 2 is absolutely continuous on . 

Conversely, suppose that 
(i*) f(x, y) i.s BVT in B, and 

(ii’’*) there exist two Borel sots B, , Bg , such that f/,(/, B) is absolutely con- 
tinuous on Bj , g^ifi B) is absolutely continuous on , and Bi Bg ~ R. By 
1.3.10, V.3.28 wo have then 


fft(/,B,) ^ JJ j Mx, If) I (lx dy j j \ f^(x, y) | d.i;j dy, 

ttx 
d 

yiif, ^i) = / , y, /) (h, 


a Biy 


Subtraction yields 


/[MB...y,/)- / I /.fey) Id* 


dy = 0 . 


0 fl ly 

Since the integrand is non-negative for a.o. y in a ^ y ^ d by III. 2. 26, it follows 
that for a.o. y in this range we have 


K(B„ , y, /) = / I /,(*, y) I *. 

Bia 

I3y III. 2. 34, it follows that f(x, y) is absolutely continuous, as a function of a:, 
on the set Bu for a.c. y in the range c ^ ^ d. Similarly it follows that/Gi;, y) is 

absolutely continuous, as a function of y, on the sot Bg* for a.e. x in the range 
a ^ .'c ^ • Thus fix, y) is ACY in R, 


t 
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Sumroing up: If /(•'c, y) is a continuous function in R, ihen/(.'K, y) is ACY in R 
if and only if the conditions (i'^) and (ii ") hold. 

V.3.41. THEonEM. Given J{x, y) as in V.3.22, the formula (cf. V.3.25) 

A(f, R) ” lira I(h, k, R) for h — > 0, /c 0, 

holds if and only if f{x, y) is ACY on R (cf. V.3.40). 

This is an immediate consequence of V.3.40 and V.3.39. 

V.3.42. Given fix, y) as in V.3.22, loe assert the inequality (cf. V.3.25, V.3.28) 

(1) P{R) ^ A(f R) d- (2^^=* ~ R). 

Pkoof. If X, M any two positive numbers, then we have the elementary 
inequality X + /t ^ Hence, for any oriented rectangle r Q R 

(cf. V.3.4) 

ff.a r) + <lM >•) s )■)“ + g,{f, r)T'’ S 2''’g{f, r) S 2''’‘A(f, r). 

By III. 1.47, V.3.28 it follows that wo have 

gdf B) + B) S 2*^M(/. B) 

for every Borel set B C R- Applying this result to the set Co defined in V.3.28 
we obtain the inequality 

(2) i 2‘Vl“afl), 

By V.3.36 we have 

(3) /•(/?) = // (1 + + /;)■'’ dx dy + (/fa, R) + g\U, R)- 

R 

(2) and (3) yield 

(4) I*{R) S // (1 + dx dy + 2''‘A°(f, R). 

R 

By V.3.28 

(6) //(! + /: + fy‘ dx dy = .'la. B) - A‘(f, B)- ' 

R 

(4) and (6) imply (1). 

V.3.43. In V.3.36 we obtained an explicit formula for 7* (72). No explicit 
formula is known for 7,^ (72) at present. In V.3.27 we derived the inequality 
7^(72) ^ A(f 72), and there are examples to show that if f{x, y) is only known to 
be BYT in 72, then generally 7^(72) > A(f, 72). 

V.3.44, Given /(.u, 2/) as in V.3.22, let 72 ; a ^ ^ h, c S y ^ d, be an oriented 

rectangle. Then f(x, y) is BVT on 72, and A(/, 72) < -|- <» (cf. V.3.9). Let ^(x. 
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2 /, U) servo as a generic notation for a function tliat is quasi-linear in R. That is, 
^{Xy y, R) is continuous in R, and there exists a rectilinear triangulation 3 of it! 
such that 0(a:, R) is a linear function of y in every triangle of 3. The equation 
z = (p(x, y, R), (x, y) Q R, defines tlicn a polyhedron in the sense of V.1.30. The 
elementary area of this polyhedron will be denoted by R), By V,l,33, V.2.9 
we have then E{^, R) = A{<p, U) (cf. V.3.4). Let us define 

MI i hJ) = gr.l.b. Urn inf i?(<^„ , R)y 

n-»<o 

whore the greatest lower bound is taken with respect to all sequences of quasi- 
linear functions Mxy y, R) such that (f}„(x, y, R) f(Xf y) uniformly on R. 

V.3.45. Continuation. We .shall .say that the polyhedron z ~ {f){x, y, R), 
(•T, y) G R, is inscribed in the surface z = /(.t, y), (.t, y) G Rt if there exists a 
rectilinear triangulation 3 of such that the following conditions hold. 

(i) 0(ai, y, R) is linear in every triangle of 3, 

(ii) <f}{Xy y, R) = fix, y) at every vertex of the triangulation 3. Note that 
if we have such a triangulation 3, and 3' is olHained by refining 3, then condition 
(i) will hold with 3 replaced by 3', but generally condition (ii) will fail to hold for 0^ 

V.3.46. Continuation. Let u.s define 

A*(J, R) = gr.l.b. lim inf JS(qE> R), 

n-ico 

wliere the greatest lower bound is taken with respect to all sequences 0n(,T, y, R) 
of quasi-linear functions such that <li„ix, y, R) ~^Six, y) uniformly in R, and for 
every n the polyhedron z = y, R), (x, y) G R, is inscribed in the surface 
^ “ fi^'i y)i y) G hi the sense of V.3.46. Obviously (cf, V.3.4) 

(1) AifyR) S ~A{f,R) S A^ifyR). 

Indeed, each one of these three quantities is defined as a greatest lower bound in 
terms of elementary areas of polyhedra converging to the surface z ~ f{x, y), 
(x, y) G. R, but the class of poljdiedra that may bo used is subjected to more and 
more restrictions. In case of A(f, R) wo use all possible polyhedra (cf. V.2.3, 
V.3.4). In the case of A(f, R) wc use only polyhedra admitting of a representa- 
tion of the form z = ^(a;, y, R), (.r, y) G R- In the case ci if, R) we add the 
further rc.striction that the polyhedra should be in.scribed in the surface z = 
fi^i v)i y) G R' We shall investigate presently the question whether Hie sign 
of equality holds in (1). By assumption, f{x, y) is BVT in B, but this is not a 
relevant resti'iction as far as the question just raised is concerned. Indeed, if 
fix, y) were not BVT in R, then wo should have Aif^R) = -}- co by V.3.9, and 
clearly the sign of equality would hold throughout (1). Tims wc shall assume that 
f(x, y) is as described in V.3.22. 

V.3.47. Under the conditions stated in V.3.44, we assort that for every e > 0 
there exists a quasi-linear function (})(x, y, R) such that 

(i) 1 (h(x, y, R) - fix, y)\ < e in /£, 

(ii) Bi^, R) < Aif, I?) -b 6. 
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Proof. If A(f, R) - + then the assertion is obvious. So we can assume 
that AU, 7?) < +«. By the definition of A(f, R), there exists a sequence 
<f>n(x, y, R) such that 4>„(x, y, R) y) uniformly in R, and 

(1) lim inf E((pn > R) < AifjR)*-^ 

If y is a sufficiently large positive integer, then the function <pniX) yt R) will 
satisfy condition (i) for n ^ N. On the other hand, once N lias been chosen, we 
have, in view of (1), infinitely many values oi n ^ such that <j>n(Xf y, R') satisfies 
condition (ii) also. 

V.3.48. Given /(a;, y) as in V.3.22, let us suppose tlmt/(a;, y) has continuous 
first partial derivatives in the whole a;y-plane. Then A(f, R) ~ A(f, R), 
Proof. Let us subdivide the sides of R into n equal parts, and let us draw 
horizontals and verticals through the points of division. In each one of the 
resulting rectangles in R, let us draw the diagonal from tlie upper loft to the 
lower right comer. We obtain in this manner a rectilinear triangulation of 72. 
Let y, 72) be the (univocally detennined) function that is linear in every 
triangle of 3„ and agrees with f(x, y) at the vertices of . By the argument used 
in V,1.40, it follows readily that 

y, 72) fix, y) uniformly in 72, 

, iJ) -» ff (! + /' + /?)■'’ * dl/. 

R 

Hence, by the definition of A(f, 72) (cf. V.3.44), there follows the inequality 
(cf. V.1.25) 

A(f, R}i ff a + fl + fy'’ ix dy = AU, R). 

R 

By V.3.46(l), the equation 7(/, 72) == A{f, 72) follows. 

V.3.49. Theorem. Given f(x, y) as in V.3.22, we have AifR) ==* A{f, 72). 

Proof. Let be a sequence of positive numbers converging to zero. Let 
fh.iX) y) be defined as in V.3.5. Then (see V.3.21) 

(1) Lix, y) -^f{x, y) uniformly in 72, 

(2) j 72) il(/, 72). 

Now the first partial derivatives y) are continuous in the whole .Ty-plane. 

Hence (see V.3.48) 

(3) Aifn , , 72) === Aif ,,, , 72). 

By V.3.47 we have, for every positive integer n, a quasi-linear function </!)„(a?, y, 72) 
such that 
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(4) 

1 y) - y,R)\ < i/n 

ill R, 

(6) 

■S'(0n ) R) < A{fh„ , R) + 1/a. 



(1) and J4) impl 3 '- that R) y) uniformly in R, Hence, by the defini- 

tion of A{fi R), 

(6) Mf^^) ^ liiii inf , R)> 

(6)} (5), (3), (2) yield A(f, R) ^ A(f, R). JBy V.3 .‘jI: 6(I) the assertion A(f, R) = 
A(f, R) follows. 

V.3.S0. The problem of showng that A*(f, R) = A(f, R) (of. V.3.46), which 
has been termed Ihe prohkfn of Gedczc in the literature, is still unsolved. Wo sliall 
discuss a metliod that yields the best result now available. Given /(.r, y) os in 
V.3.22, consider a reotanglc 

72 ; a ^ a’ ^ c ^ 2 / g rf. 


Given two positive integers m, 71, let us subdivide the liorizontal sides of R into 
m equal parts, the vertical sides into n equal parts, and let us draw verticals and 
horizontals through tho points of division. In each one of the resulting 7nn 
rectangles wo draw the diagonal from the uiiper left to tho lower right comer, 
obtaining a rectilinear triangulation 3^^ of R- hot y, R) be the function 
that is linear in every triangle of 3„,„ and agrees with /(a:, y) at ihe vertices of 0,„n , 
Lot A {tti, 71, R) denote the elementary area of the polyhedi-on 

P(m, n, R) :z - y, R), (x, y) S R- 

By using elementary formulas in analytic geometry, A{77i, ii, R) can be computed 
readily. The result may bo written in tho following form if use is made of the 
function y, h, k) defined in y.3.26. 

A(m, n, R) 


( 1 ) 


(h - a)(d - c) 
2mn 


ss [4+^.0+^, 


5 — a d ~ c \ 
m ' n } 



u ”}■ 


(^' ± . g ' i 3 ± l)i<L.r- A 

711 ’ 71 ^ 



Now let there bo given two real numbers i;* hot us introduce the rectangle 

Lot P{m, n, R{^, i})), A(7n, 7i, Ri^, v)) have the same moaning relative to R(^, p) 
as that of P(in, n, R), n, R) relative to R, From (1) we obtain then tho 
formula 
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n)) 


(& — a){d 


2mn 


£[ 4 +.+*^..+ 


( 2 ) 


+ ^(a + 5 + <» + C + , 


m 


I 0' + 1)(^ ~ -g) _ k 5 _ i. — 1^) 

' n ’ w ’ n IS 

V.3.51. Continuation. Let us restrict ij by the inequalities 


( 1 ) 




in ' ' n 

Let a polyhedron P'{in, n, v) be defined as follows; P(m, n, R(^, n)) is given by 

P(m, n, R{^, 7])) :z = y, Ri^, v)} V) G R{k} n)> 


Let 3„„(^, 7 ]) be the rectilinear triangulation that gave rise to y, R{^, r})). 

Let us omit from v) those triangles that meet the upper horizontal or the 
right vertical side of R. In view of (1), the remaining triangles of i}) form a 
rectilinear triangulation ij) of the rectangle 


( 2 ) 




(m — l)(b — a) 
m ’ 

(n — l){d — fl) 


We complete this triangulation to a triai^gulation of R itself, by producing tlie 
horizontal and vertical lines of division in v) until they moot the sides of R, 
and by drawing the diagonal from the upper left to the lower right comer in each 
one of the resulting new rectangles that lie in ft! but are not comprised in the 
rectangle (2). Let i)) be the triangulation of R obtained in this manner, 
and let 

P'{m, = &x, y, R), (x, y) G R, 


be the polyhedron that arises from this triangulation and is inscribed in the 
surface z = f(x, y), (a*, y) G R. Let jV(m, n, ri) bo the elementary area of this 
polj^hedi'on n, ^?). For X > 0, let us put 

a)(X) = max | /(.Tg , yz) - f(xi , yi) \, 

where the maximum is taken with respect to all pairs of points (.Ta , ya)> {Xi , yl) 
such that (a'a , y^), (xi , 2/i) G P, [(.'Tz — -f {y^ — ^ X. Wo assert the 

inequality 
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A'(w, n, v) ^ H'>n, n, i?)) + 2 (^ + 1 f R 


(3) 


+ 


& + 3) + + 3), 


where rf(72) is the length of the diagonal of R. 

Pboop. i4'(Wj n, 17 ) is a sum of areas of rectilinear triangles, some of which 
were used in computing A(m, n, R(^, 17 )) and some of which wore not so used. 
Lei the sura of the areas of the second type of triangles, and let A' be a goneric 

notation for a triangle in this category. Let I' be the orthogonal projection of A' 
upon the .Diz-planG, By the coirstruction of 7^'(w, % »?), it follows that i* has a 

vertex on one of the sides of R, Lot us first consider the case where i* has a 
vertex on the side . 1 ; == & of R. To estimate the area of the corresponding triangle 
A', lot A,' , A 2 , As denote the orthogonal projections of A' upon the xy, yz, zao 
planes respectively. We have then 

1 A' 1 - [1 a; r + i AM^ -h i A^ g i a; I -H 1 A5 1 -1- 1 AM- 


Clearly (cf, ( 1 )) 


. , I 1 h — a d — c _ 1 

‘ “ 2 n ~ 2inn 


R 


,, , ^ Id - c 


■ 1 ^ Ih — a 




The number of triangles A' for which the corresponding has a vertex on the 
side X = 5 of is 2(?i -f- 1). For the sura of the areas of those triangles A' we 
obtain thus the estimate 

^ I ® I + + ’- 4 ^ • 

Working with the side rr = a of R, we obtain the samo bound, while the sides 
y — c,y >= doiR lead each to the bound (obtained by exchanging in and n in (4)) 

1 « 1 + "4^ + "4- ■ 


Since m ^ 1, n ^ Ij the inequality (3) follows. 

V.3.S2. CoNTiKUATioN. Now lot ni/, , 7 h , k 1, 2, • • • f be two sequences of 
positive integers, such that 

( 1 ) 


w* “^ + n;i, — > + “ 


548 


V.3.62 


(2) 0 < p' < ^ < p" < -f" , /i3=1,2, •••, 

where p', v" are two constants (independent of k). For each fc, lot , »jfc he two 
numbers such that 


(3) 


Q <h< 



0 < ?;* < 


d — c 
nu 


Let us denote by 0t(a;, y, R) the function y, R), introduced in V.3.61, that 
corresponds tom = uik ,n = Ui , ^ ~ , y — v>. ‘ Clearly (I>k{x, y, R) —» /(x, y) 

unifm-mly in R. Hence, by the definition of A*(f, R) (cf. V.3.46, V.3.61), 


A*(f, R) ^ lim inf A'(fnk , , t?*). 


Since, on account of the uniform continuity of f(x, y) in /J, w(X) — > 0 for X 0 
(cf. V.3,51), the inequality V.3.61 (3) yields, in view of (1), (2), (3), 

lim inf A'ivik , ft* , , vd ^ Hm inf AiviK , n,, , R(l^f, , Vk))^ 


Thus we obtain the inequalitj'^ 


(4) A*(f, R) S lira inf A{mk , ih , R{^k , ’?*))• 

fc-t« 

V.3.53. Continuation. For fixed m, n the quantity A{7n, it, R{^, y)), 
defined in V.3.60, is clearly a continuous function of We consider the integral 
mean of this function o^''er the rectangle 


( 1 ) 


P : 0 ^ f g 


h ~ a 
m ' 


0 S 1} S 


d — c 
n 


Using the fomuila V.3.60(2), we obtain after elementary manipulation.s the 
identity 


If «. S(?> v)) 4 dy 

P 



Since A(m, n, RQ, ->;)) is a continuous function of ^ and y, wo have in the interior 
of the rectangle p a point (^„„ , y„„), such that A(m, n, RQ^m Vmn)) is exactly 
equal to the mean value (2). We have then, by (1) and (2), the following rela- 
tions: 


(3) 


0 <U< 


m 


0 < y„ 
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A{m, n, B{1,„ , 



^Now let us take any positive number 8, and lei us consider the rectangle 
^ J ^ ^ ^ ^ 6 + 6, c — 5 ^ ^ d 4“ 5, and let us clxooso any two sequences 

of positive integers mi, , nu , such that the conditions V.3.52(l), (2) are satisfied 
(for example, wo may choose nik = ?i|, = /c, = 1, 2, ^ Let us denote by 

j Vk the numbers that correspond to m = ;?n , n == % (cf. (4)). We 

have then (cf. (3), (4)) 

(6) 0 < f, < 0 < „ < 

7 / 4 * fit. 


A{mk , ih , , m)) 



For h sufiicicntly large, the rocianglo 


p/ b — g d — c \ 

\ w* ' Tlk ) 

is contained in the rectangle 7f\ Flcncc (6J yields, for h sufliciently largo, tho 
inequality 

Aimk , rik , /f(f* , ?7*)) 



For k there follows, in view of V.3.62(4) and V.3.26, the inequality A*(f, 
B) ^ 1*(R^). Since 8 was arbitrary, we obtain for ^ 0 (cf. V.3.30j V.3.36) 

(7) A^if, R) ^ I^R), 


V.3.S4. Continuation. V.3.63(7), y.3.40, V.3.36 yield now the inequalities 

AiJ, R) ^ /!*(/, R) 

(1) 

S Jj (1 + /. + dv dy + (,?(/, S) + gl(J, R) 5= 

li 

Noting that A°(f, R) ^ A(f, R) (cf. V.3.28), we have by y.3.42 the inequalities 

( 2 ) Aif, R) S A*(fr R) ^ R), 

Tlxese inequalities yield several relevant results concerning tlxo problem of 
Gefieze (see V.3.60) that xve shall state prcsentlj/. 
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V.3.5S. Theorem. Given f(x, y) as in V.3.22, we have A*(f, R) = A(/, R) for 
every oriented rectangle R in which f(x, y) is ACY^ in the sense of V.3.40. 

Proof. If f{x, y) is ACY in R, then P(R) = A{f, R) by V.3.41, and thus the 
assertion follows direct^ from V.3.64(l). 

V.3.56. Theorem. Given f{x, y) as in V.3.22, the quantity A '-(f, R) is a 
function of the oriented rectangle R. The derivative of this rectangle function exists 
and is equal to (1 + /^ + flY'" ahnost everywhere. In other words, the rectangle 
functions A(f, R) and A*(f, R) have the same derivative almost everywhere {cf. 

V.3.20). 

Proof. Let (xo , yf) be a point in a fixed orienLed icctangle R, and let bo 
any sequence of oriented squares, containing (.^’o , yo), with side-lengths converging 
to zero. By V.3.20, V.3.28, 111,1.31, 1.3.13 wo have then, for (.Co , yo) not in a 
certain exceptional set of measure zero in R, the relations 


Qn) . n ga(/ , Qtj) Q 

ie„i 10.1 ' 


A(f. 0.) 

lai 


-> (1 + fi + ji) 


2\l/2 


yi-i // (1 + /; + fy‘ dx dy (1 + n -I- 

Hence, by V.3.54(l), it follows that 

+ 

I t-Kn 1 

Thus the derivative of A*{f, R) is equal to (1 + fx + / „) ^ a.e. in 7^. Since R 
was arbitrary, the proof is complete. 

V.3.57. If f{x, y), given as in V.3.22, is subjected to no furtiier lustrietions, 
then it is not loiown, at present whether A^{f, R) ~ A(f, R), By V.3.5I(2) we 
merely know that A^{f, R) is finite and in fact cannot oxocoil A{f, R) by more 
than 42%. The theorems of V.3.55, V.3.56 I'oprcsont the lR5.Hi information 
available at this time. In view of the fact that generally I^{R) > A (/, R), it i.s 
perhaps not clear whether the method used to obtain the theorcMU of V.3.55 is 
adequate to lead to a complete solution of the problem of Geocze, 


CHAPTER V.4. GENERAL COMjMENTS ON SURFACE AREA 


V.4,Z. In the introclnctoiy chapter LI we already gave a iion-teehnical survey 
of the problems that are bound to arise in any comprehensive theory of surface 
area. At that time, fundamental concepts were used in a vague intuitive sense, 
and we observed that in each instance there may exist several plausible formal 
definitions for tho concept under consideration. Thus any particular theory of 
surface area may be tJioiight of as depending upon a number of parameters, each 
parameter representing tho choice of a particular formal definition for some 
fundamental concept with an intuitive or familiar connotation. 

Analogous situations arise of course in many mathematical fields. For in- 
stance, in introducing the real number system, the concept of a real number may 
be formally defined in terms of Cauchy sequences, or in teims of Dedekind cuts, 
or in terms of ncstetl scquence.s of closed intervals, and in still other ways. 
But the particular choice of the formal definition turns out to be essentially 
irrolovatili, since the rc.su Ring systems are readily recognized as being isomorphic. 
In other word.s, tlic choice of tho formal definition of a real number is a matter of 
exposition and does not affect the theory itself. The siiuaiion is enHrely different 
in surface area theory. Taking the concept of surface area itself, we already 
commented, in Cliapier 1. 1 , on the overwhelming and still increasing number of 
formal dcfinitioius for thi.s fundamental concept. About a dozen of these defini- 
tions may bo referred to as major defmitions on account of the authority of the 
matlicmatician.s who proposed them and on account of the obvious relevancy of 
the underlying principles. Of course, any two major definitions of surface area 
agree with eacli other in tho .strictly elementary range (cf. 1.1.11) and hence 
(lioy arc equivalent n.s far a.s mathematical disciplines of a classical type are 
ooncerned. On tho other hand, the comments in Chapter I.l suggest that dis- 
crepancies are bound to ni'iso be3mnd the strictly elementaiy range. This point 
has been .studied in detail by Nbbeling [2] who established the distressing fact that 
7nosl of (he presently hiovon major definitions of surface area conflict mth each other 
in relatively simple nonelementary cases. Let us note that all such conflicts, and 
indeed all so-called paradoxes involving surface area, could be readily eliminated 
by properly restricting the concept of a surface. For example, the cube-filling 
.surface of zero area constructed by Geocze (see V.2.71) and the volume-filling 
simple closed .surface of finite area constructed by Besicovitch [1] owe their 
exislcnce to the gcnoralitj’' of the concept of surface. From the elementary 
point of view, it would bo entire^ justified to refuse membersliip in the family of 
.surfaces to a geometrical being that fills a cube or occupies a locus of positive 
tbrce-dimensioiml measure, Needless to say, the purpose of a general mathe- 
matical theory is not to eliminai c novel phenomena but rather to discover the 
general laws that govern them. From tliis point of view, the so-called paradoxes 
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involving surface area are comparable to phenomena like the continuous function 
of Weierstrass v’’hich has no derivative anywhere, or the one-sided h^oebius band. 

Even though we accept this view, the fact remains that theories of surface area 
based upon different choices of the fundamental concepts differ essentially beyond 
the elementaiy range. In other words, there exists at ’present no unified general 
theory of surface area. As a matter of fact, few of tlic major definitions of surface 
area gave rise, up to the present, to a body of studies that maj'- properly be termed 
a theory. From this point of view, the Lcliesgiie area whoso study is the 
primary objective of this book, Is an outstanding exception. Ilowevcr, concentra- 
tion upon A(S) should not be interpreted as a rejection of alternative approaches. 
On the contrary, it is hoped that a systematic presentation of the theory of A(/S) 
will serve as a stimulus, by analogy and by contrast, for the development of 
alternative theories of comparable complciencs.s. In particular, it is hoped that 
the lack of a comparable theory of surface area based upon measure-theoretical 
concepts will be more keenly realized. Significant and promising beginnings in 
this direction include the recent work of Federor [1], [2], Besicovit ch [1], Busomann 
[1], as well as some earlier papers among.st whicJi the work of Gross [ I ], [2] seems 
to deserve especial attention. 

V.4,2. Turning to a detailed survey of the results achieved and of tho major 
problems yet open in the theory of the Lobesgue area A(iS), lot us first recall that 
the term surface is used in the sense of Frdohet surface of tho typo of tho 2-cell 
(see 11,3.44). As explained in Chapter IT. 5, the selection of this concept of a 
surface implies that we decided to use path-.surfaces rather than point-surfaces 
(cf. also 1.1.5). Furtliermorc, in defining eonvci'gont sociiiences of surfaces, we 
adopted the Fr4chet distance in the space of our surfaces (see 11.3.15). Lot us 
point out that the restriction to F~.su rf ace, s of tlio typo of the 2-cc5ll is entirely 
unjustified from the geometrical point of view, and we adopted this restricted 
setting not merely to avoid excessive detail but rather bocaiiso tlio topological 
facts needed in a comparable treatment of tlio theory for /'’-.surfaces of the typo 
of a general two-dimensional manifold are not j^t available. Furihormorc, it is 
desirable for many purposes, in particular for potential ai)])HcaLions in Calculus of 
Variations, to consider oriented F-surfacc.s (cf. 11,5.4). The topologicjal Issues 
just referred to arc now being .studied by J. W, T. Youngs who.se results justify 
the assumption that a complete extension of the theory of tlie T^eliesgiie area to 
F-surfaces of the type of a general two-dimensional manifold will be soon pos,siblo. 

V.4.3, Even though we are primarily intei’c.stcd in (ho Lolx’.sguo area, wo 
had to devote a whole Chapter V.l to the studj'’ of the auxiliary lower area a{B). 
Let us insist again (ef. V,1.7, V.l. 8) that tho notation a{S) is not justified a jiriori, 
since the definition of a{&) involves the coordinate system xyz, and thus a{S) is 
actually a functional depending upon ^ and also upon tho choice of the coordinate 
system xyz. This point being understood, wo use tlio notation a{S) as a matter 
of convenience. Of course, it is hoped that ultimately a(>S) will bo shown to 
depend solely upon S. The lower area a(S), as defined in V,L7, is the ro-sult of 
successive modifications of the original concept of lower area pi’Oposod by 
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GeCcze [3], inlemiediate concepts being due to T. Radd [4], [6J, [6], and P. V. 
Reichelderfcr [8], The lower area a(S), as defined in V.l.?, is an upward revision 
of the definition used by P. V. Roichcldorfer (cf. T. Rad6 [27]). Tlic precise 
relationships between these various lov'er areas aro not fully known at present, 
except that our a(/S) is obviously the largest of all the lov'cr areas just referred to. 
While it is plausible that all those lower areas will ultimately turn out to agree 
with each other, our a{S) seems to offer technical advantages which account for 
its selection as a most useful tool in our thcoiy. The lower area a{iS) exhibits a 
number of remarkable additivity pro]3crtiGS (see V.1.13, V.1.14, V.1.01), and as a 
consequence the cyclic additivity theorem of V.1.75 (cf. 11.2.113) follows with 
case, wJiilc the corresponding properties of the Lebosgue area A (S) present serious 
problems (cf, the coinmonts in 11.5,10 concerning the woi’k of C. B, Morrey and 
J. W, T, Youngs). Also, the lower area a{S) turns out to bo a mo.st efficient tool 
in the study of the important and curious phenomena related to surfaces of zero 
area (cf. 1,1.13, J.l.K)). The study of this fundamental topic in V.1.64~V.1.74 
is based iiiion the work of Gofiezo [11] and a .subsequent investigation of T, Radd 
[24]. Section V.1.75 summarizes the results concerning surfaces of zero area and 
the cyclic additivity of the lower area a(S). Sections V. 1 .25-V. 1.44 are concerned 
with results .showing that the lowor area a^S) agrees with what may bo termed 
the expected value of the area in simple eases. The theorems in V.1.15-V. 1.23, 
due o.s.scntially to P. V. Reichelderfcr [8], relate aiS) to the fiiiulamcntal concepts 
of essential bounded variation and essential absolute continuity. In preparation for 
the study of tlio T/ebesguo area yl(jS), a number of approximation theorems for 
a{S) arc derived in V. 1. 30- V, 1.-13. Tlie intere.sting theorem on poljdiedra in 
V.1.30 is taken from Hu.skcj'^ [3], The fundamental approximation theorem of 
V.l.fiO is clue to P. V. Reichelderfcr [8], An important method of approximation 
is obtained by means of the stretching process studied in V.1.‘=J6-V.1.58 (see O. B. 
Morrey [3], T. Radd and P. Y. Rcicholdorfci* [13], J. W. T. Youngs [IJ, [3] for 
the interesting Jdstorical background). 

V.4.4. Oliapler V.2 is concerned witli the Lobosgiic area itself, for tho case of 
sui'facos given in term.s of general parametric roprasentaiions. The formal 
definition of A(aS') is given in V.2.3, and tho invariance of v4(iS) under changes of 
the Carte.sian coordinate system xyz (or altornativel.y under distance-preserving 
transformation.s) is verified in V.2.8. Sections V.2. 11, A^2.12 arc concorned with 
results showing that in the elementary range A (S) agrees xoith generally accepted 
values of the area, even though tliis statement should ho qualified by the observa- 
tion that there arises doubtful situations, even on a very elementary level, as 
regards the generally accepted value of surface area (.see I.l.ll). Generally 
speaking, A(/S) exhibits a tendency, in borderline casc.s, to agree with tho value 
furni.shod by 1,ho familiar integral formula. On tho other liand, tliis integral 
formula should bo viewed with suspicion outside of the strictly olemeuiary range. 
Indeed, as noted by J. W. ''P. Youngs [4], every surface jS admits of a representation 
whore the ordinary Jacobians exist and are equal to zero almost everywhere, and 
hence the classical integral formula yields the value zero (see V.2.20). In a 
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general way, great caution must be exercised outside of the strictly elementary 
range. The curious phenomena mentioned in 1.1,16 and discussed in detail in 
V.2.68-V.2.71 show that extreme caution and complete accuracy are indispensable 
in dealing with il(iS). 

The definition of ^(>S) involves the concept of a polyliGdron There arises 
the question whether a different functional v^ould be obtained if our formal 
definition of a polyhedron (see V.1.30) wore replaced by some other plausible 
concept. This question has been studied by Huskey [3], the answer being that 
all plausible definitions of a polyhedron lead to the same functional yl(^) (cf. 
V.2.7). Once the concepts of surface S (sec II.3.44), polylicdron ^ (see V.i.30) 
and elementary area ,£^(^) of a polyhedron 'iP (see V.1.33) arc agreed upon, the 
formal definition of the Lebesgue area A (^S) may be motivated as follows. Let K 
be the class of all surfaces S (Fr^chet surfaces of the type of the 2-coll). Let us 
ask for a functional ft:(yS) with the following properties. 

(P,) a{S) is defined and non-negative for every surface S G For certain 
surfaces S, a{S) may be infinite. 

(Pj) a($) — -F(^) for every polyhedron ip (cf. V.1.30, V.1.33). 

(P3) a{S) is a lower semLcontinuous functional. That is, the relation S 
(see II.3.16) implies the relation «(#S) g lim inf a:(iS„). 

(P4) For every S G there exists a sequence of poly hod ra ip„ such that 
and jam a(jS). 

The intention is, of course, to find an area-fimciional mih properlies analogous 
to the properties of arc length (cf. I.l.G). From this point of view, the in.sistenco 
upon the properties (Pi)~(P 4 ) is entirely reasonable. It is not a priori obvious 
that such a functional a(S) exists. Indeed, (Pi), (P2), (P3) imply that the ele- 
mentary area F(iP) is lower semi-continuous in the class of polyhedra. This fact 
is true, but the proof is by no moans trivial, oven if the proof given in V.1.33 is 
abstracted for a direct proof. Now by V.2.2-V.2.6 and V.2.9 the Lebesgue area 
i4.(;S) possesses all the properties (Pi)-(P 4 ), and the point we wish to make is that 
yi(/S) is wiivocallij determined by these properties. Indeed, if a;(»S) is any func- 
tional with these properties, then we have by (Pi) two sequences of polyhedra , 
WJ such that % S, Em a{S) and S, E^) ^ A(S). By (P^) and 
(P3) we infer that a(S) ^ lim inf ^(ip;/) - lim inf E^) = A(S), and honco 
a(S) ^ A{S). The complementary inequality A(jS) ^ a(S) follows in a similar 
way. The precedmg remarks furnish motivation of the definition of /1(;S) in 
terms of postulates represented by (Pi )-(?<). 

V.4.S, Let us turn now to the representation problem, that is, tho problem of 
deteimining the conditions under which rt()S) is given by the classical integral 
formula (cf. 1.1.2). We shall survey presently the extensive literature of this 
problem. Let a surface S be given by a representation 

(1) S :x ^ x(u, v), y = y{u, v), z = z{u, v), 0 ^ w ^ 1, 0 ^ y ^ 1, 

where the unit square is taken as the parameter range mercl}'^ to .simplify tho 
language. Let us also assume that tho first partial derivatives , x, , y„ , y , , 
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z „ , 2 „ exist almost every wlierc in Uie unit square. Let us denote b 5 '’ ir(w, v) the 
square root of the sum of the squares of tJie ordinaiy Jacobians (see Y.1.18), 
and lot us ask for conditions under which the formula 

1 1 

( 2 ) JJ W(u,v)dudi} = ^ 1 ( 5 ) 

00 

will hold. In view of the remarks in 1.1.13, the assumption of the availability 
of the ordinaiy Jacobians represents a severe restriction upon the scope of the 
problem. Still, the literature of this restricted problem is most remarkable, and 
the results wll be found very fruitful for the gonoral theory. Curiously, some of 
the most relevant contributions to this problem wore made by W. H. Young 
who thoroughly disapproved of the Lebosgue area and .studied in fact a 
surface area which he proposed himself (see W. IT. Young [1], [2]). The surface 
area in his sen.‘?D will bo denoted by A r(S). Wo shall not need the explicit defini- 
tion, and merely note that the main objective ol W. H. Young is tlio determina- 
tion of a sequence of surfaces 

(3) Sn : X = v), y = y„{u, v), z = z„{u, v), 0 g ?e ^ I, 0 ^ a ^ 1, 

subject to the following conditions, (i) Each 8,, is of an elementary character 
(quasi-linear, or of class and so forth), (ii) Xn{u, v) — > x{u, v), y„{Ut v) 
y{% v)t v) — > z{Ui v), uniformly in the unit square, (iii) the relation 

11 II 

(4) JJ Wn(u,v)dudu-> JJ W(u,v)dudv 

ftO 00 

holds. Lot us term, for brevity, a sequence (3) with these properties a Y-sequonco. 
The existence of a I'-.sequence is esiablislictl, of course, on the basis of various 
additional a.ssumptions concerning the representation (1) of the given surface iS. 
The importance of tho work of W. H. Young for the theory of the Lebesgue area 
ri.(iS) has been recognized by MeShane [2], [3] and C. B, Morroy [1], who obtained 
far-reaching results by a process that may bo described in outline as follows. If 
(3) is a 7-scqucnce, then due to tho elementary character of the representations 
(3) wo have the formulas 

1 1 

(B) ff v) du * = 4(S„). 

00 

Tlic lower seini-continuitj'^ of the Lebesgue area yields then, in view of (4), 

1 1 

jj W(u,v)dudt>& A(S). 

00 


( 0 ) 
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Hence (2) will follow if we can establish the complementary inequality 

1 1 

(7) JJ W(u,v)dudv ^ A(S), 

00 

and as a matter of fact some of the assumptions concerning the representation (1) 
are chosen, in the work of McShane and of IMorrey, for the purpose of securing 
the inequality (7). Subsequently, T. Racld [11] found that (7) holds aiito7natically 
as soon as the quantities involved exist. As a consequence, substantial iini)rovo- 
ments of previous results follow. Sections V.2.22-V,2.28 are concerned with 
results obtained by the various authors mentioned in this section. 

V.4.6. AVe turn now to investigations aiming at the solution of the ropresenla- 
iion problem in terms of a two-dimensional concept of absolute continuity ^ in analogy 
with the theory of the arc length {see 1. 1.8). Gi's^en >5 in terms of a reprosentation 
as in V.4.5(l), let T7«(w, v) denote the square root of the sum of the squares of the 
generalized essential Jacobians whenever those exist at a point (w, v) (cf. V.l.lS), 
and let TF(w, v) have the same meaning relative to the ordinary Jacobians. If 
one attempts to derive for A(jS) theorems analogous to those stated for arc 
length in 1. 1.8, one discovers that parts of these theorems folio rather readily 
for the lower area a(»S) and other parts for the Lobesgue area A ( 5) . In particular, 
fundamental results of this type for a{S) are due to P. V. Keicholderfcr [8]. Thus 
it is clear that the complete theorems for A {S) will follow whenever wo can show 
that £i(^S) = A(jS), a relation that has been first studied by Gedozo (for the lower 
area originally considered by him). We shall return to the relation a{S) ~ 
A (8) below, and proceed presently to .state the two principal results showing the 
relevancy of the concept of essential absolute continuity (see V.2.()1-V.2.C4 for 
the proofs). In the following statements, 1 P,(m, v) and T7(a, a) have the moaning 
explained earlier in this section. 

Theorem A {see T. Rad6 [27]). Giveii a surface 

Six x{u, v), y = y{u, v), z = z{u, v), 0 ^ u ^ 1,0 ^ v ^ 1, 

suppose that A{S) < ■». Then the representation is of essoitial hounded varia- 
tion {sec V.1.15). Furthermore, the essential generalized Jacobians exist aUnost 
everywhere in the unit square, Tf,(w, a) is summable there, and 

1 1 

jj Wt{u, v) du dv ^ A(jS). 

00 

The sign of equality holds if and only if the representation is essentially absolutely 
continuous (see V.1.15). 

Theorem B {see T. Rad6 [27]). Criven a surface 

S:x-^ x{u, v), y = y{u, v), z = z{u, a), 0 ^ w ^ 1, 0 ^ a ^ 1, 


suppose that ^(jS) < <». Suppose also that the first partial derivatives Xu , .'Vj , Uu > 
exist almost everywhere in the unit square. Then Wiu^ v) is smnmahle 

there and 

1 1 

JJ W(u, v) dll dv g 
0 0 

The sign of equality holds if and only if the representation is essentially absolutely 
continuous. 

Comparison with the corresponding theorems for arc length (see 1.1.8) roveals 
complete analogy, with the added insight tliat the e.s.sential generalized Jaoobians 
are superior tools as compared with the ordinary Jacobians. In fact, Theorem A 
may bo construed as confirmation of the appropriateness of tlio concepts of 
essential absolute coiitimiity and essential generalized Jacobian. In idow of the 
fundamental role, throughout Analysis, of the corresponding classical concepts 
for functions of a single variable, there arises ilie problem of testing our two- 
dimensional concepts in theories involving Jacobian.s, especially in tlie theory of 
double integral problems in Calculus of Variations. A first step in this direction 
should be, perhaps, a study of the lower .semi- continuity of double integrals 
(see MeShane [6], T. Hadd [19], W. Scott [L] for recent Uteraturc). 

V.4.7. Let us now return to the relation a{S) = A(aS) whose importance has 
been stressed in V.d.G. The .special studies reviewed in V.4,5 acquire added 
significance in this connection, due to the following facts. Using the terminology 
of V.4.5, lei us first note that we have the following improvement of V.4.6(7), 
due to P. V. Rcichcldcrfer [8], 

1 1 

(1) jj W{u, v) du dv ^ a(<8) ^ A(S) 

0 0 

assuming that A(^S) < <» and that the first partial derivatives , a:, , l/u , Vr , 

, 2 , exist almost everywhere in the unit square. Ilenco whenever 

1 1 

(2) jj If(«, (.) du dv = AIS), 

0 0 

it follows from (1) that a{S) — Thus there arises the question: under 

what conditions v'ill a surface S admit of a representation such that (2) liolds? 
The complete answer is unknown at present, but important special results (see 
V.2.43, V.2.44) were obtained by McShanc [4] and C. B, Morrey [3]. In particu- 
lar, the result discussed in V.2.43 (due to C. B. Morrey [3]) and the inequalities 
(1) yield the result that the relation o(^S) = A(^S) holds if (i) A(^S) <«> and 
(ii) tlie middle-space associated with ^8 is a 2-cell (see II. 3.20). To secure the 
relation a{S) = A (#8) without the restriction (ii), the cyclic additivity theorems 
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for A(aS) and a(S) (see V.2.55 and 7.1.75) are combined. The cyclic additivity 
theorem for A{S) was first stated by C. B. Morrey [3], but his proof is open to 
fundamental objections (see II. 5. 8). The first adequate proof is due to J. W. T. 
Youngs [3]; however, his work is concerned with Frdchet surfaces of the type of 
the 2-sphere, and the extension of his method to the 2-cell case seems to require 
further study (see 11.5.8, II. 5. 9). The proof presented in V.2.45-V.2.55 avoids 
the.se added topological difficulties by using the general cyclic additivity theorem 
of 11.2. 113 which covers simultaneously the 2-sphere case and the 2-Gell case. 
In fact, in view of a recent result of G. T. Wliyburn [4], tho theorem applies to 
all unicoherent Peano spac&s. 

As a result of these combined efforts, we have the following results concerning 
the relation a{S) = i4(»S) at our disposal (see V.2.66-V.2.59, V.3.7). 

Theohem 1 (P. 7. Reichelderfer [8]). Always a{S) ^ A(>S). 

Theorem 2 (T. Racld [27]). If A{S) <^, then aiS) == A (S). 

Theorem 3 {T. Radd [27]). If a(S) ~ 0, then A (S) = 0. 

Theorem 4 (T. Radd [2] and P, V. Reicheldcifer [8]). If S admits of a represen- 
tation of the form z = f{x, y), {x, y) G R, where R is a simply-connected Jordan 
region andf{x, y) is single-valued and continuous in R, then a{S) = A(/S) even if 

A(^=co. 

V.4.8. (Added in January 1947.) In view of the preceding results, tho gap to 
be yet filled is repi’esented by the statement that the relation il(^S) = «» implies 
that a(S) = 00 . In tliis connection, reference should 130 made to a series of papers 
by L. Cesari (see Bibliography) that appeared in Italian journals during the war 
years. At the time of this writing, fundamental portions of tho work of Cosari 
are still not available to the writer, but from the material on hand it appears that 
his work is based on the same fundamental concepts and is pointed at tho same 
general objectives as the theory presented in this book, oven though an adequate 
evaluation is impossible at this time (as a matter of fact, tho relevant j>ai)ora of 
Cesari began to reach America only after the manuscript of this ]) 00 k had been 
completed). As far as can be determined at present, tho contributions of Cesari 
fit readily into the framework of our theory, and hence wo restrict ourselves to a 
brief consideration of what appears to be the most significant result discussed by 
Cesari, as far as completion of the theory presented in this book is concerned. 
Let us consider a surface 

(1) S :x = x{u, y), y ~ y{u, v), z ~ z{it, y), 0 ^ ^ 1, 0 g a ^ 1. 

The representation (1) gives rise to the further surfaces 


(2) 


\x = Q,y = y{u, v), z = z{u, v), 

(3) 


: rr = x{% v), y ^ 0, z - z(u, v), 

{4) 


: a; = x(u, v), y = y(u, v), z - 0, 
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Cleaii}’’ (cf. V.1.3), a(jS‘) for example is simply the integral of the essential 
multiplicity function associated Avith the mapping y — y{u, v)y z - v) if 
this function is suinmablc, and a(jS^) = » otherwise. Tima the representation 
(1) is eBV (see V.1.15) if and only if a(5^) -f- + a{S^) < Now Cesari 

states the inequality 

(6) AiS) S a{S') + a(S^) + aiS% 

•Since (see V.l.lS) we have a{S) ^ ci{S'), i = 1, 2, 3, it folloAvs from (6) that if 
-/i(/S) — CO, then a(S') = for .some f, and hence a (/S) = oo. Thus the inGquaIit 3 '- 
>(5) of Cosari fills the last remaining gap in the general proof of the relation 
uiS) = A(S). Another significant application of (5) should be mentioned. 
By V.l.ifi, V.2.10 we knoAV that if A(jSI) < oo^ then the representation (1) is eBV. 
Converselj’’, if the representation is eBV, then a(>S‘) < «> , z = 1, 2, 3, as alrcadj'- 
noted, and hence A (»S) < «> b}^ (5) , Thus (5) yields the proof of the theorem that 
A (5) <00 if and only if the reprc.scntation (1) is eBV, thus material Ij'' strengtli- 
•eiiing the evidence in favor of the appropriateness of the concept of two-dimen- 
sional bounded variation adopted in this book. Of course, the general validity 
of the relation a(S) = A (#3) has further implications, pointed out at various 
points in this book. 

V.4.9. Returning to Chapter V, let us call attention again to the results in 
V.2.43, V.2.44 concerning generalized conformal maps. The general result in 
V.2,43 is due to C. B. Morrey [3], while the theorem in V,2,44 (Avhich appears as 
an application) has been discovered independently by MeShane [4]. 'riio stucloiil 
of conformal mapping will readily realize that a number of inleresling prol^loms 
Avill arise if generalized conformal maps arc .studied in more detail. 

The Lebesgue area A(<S) and the loAver area a(»S) arc both i^-invariant in the 
following sen.se: if j; = i’i(wi), tOi G , and i* = y 2 (a> 2 ), iVs G ) are /^-equiva- 
lent representations (see II. 3. 7), then the coiTe.spondmg values of a and A 
respectively arc tlie same. J. W- T. Youngs established the remarkable fact, 
for /'’-surfaces of the type of the 2-sphore, that A is even /^-invai'iant. According 
to results of R. G. Helscl, as yot unpublished, a and A are both /f -invariant in the 
2-cell case also. In vicAV of these results, there arises the possibility that K- 
equi valence may serve instead of i7-cquivalonce in defining our surfaces (cf. 
II. 1.30, II. 3. 7). The interesting topological issues involved in this approach 
are now being studied hy J. W. T. Youngs. 

We already noted that /^-surfaces of a general type should be fully studied. 
In particular, /^’-surfaces of the type of the 2-spherc arise in connection with the 
isoperimetne inequality. Using intuitive language for brevity, lot S be a simple 
closed surface, A its area, and V the volume enclosed by 2. The isoporimetric 
inequality asserts that 7^ g A^/SGtt. If one attempts to prove this inequality in 
a general form, then the definition of 7 is an important issue. Indeed, in analogy 
with the Osgood curve, Besicovitch [1] constructed a simple closed .surface 2 
such that I 2 | (the three-dimensional measure of 2) is positive. If | 2) | is the 
.three-dimensional measure of the (open) domain D enclosed by 2, then we 
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should distinguish between the interior volume 7, = | D | and tho exterior volume 
7* « I D 1 + 1 S 1, since now 7, > 7, . The isoperimetric inequality may be 
then considered in either one of the forms 

(1) 7^ g AV367r. 

(2) 7? ^ A'^/SQir. 

Now Besicovitch shows that for given e > 0 and 6^ > 0, his surface may be made 
to satisfy 7, > G, A < c, ^vhere A is tlie Lcbesgue area of S. Thus 7, is not 
compatible with the Lebesgue area A as far as the inequality (1) is concornccl. 
On the other hand, it is readily seen that in the Besicovitch oxaraplo tho inequality 
(2) does hold, a situation which suggests that the concept of enclosed volume V 
must he properly adjusted to the concept of surface area. As a matter of fact, in a 
paper to appear in the Transactions of the American Mathematical Society, the 
writer established the isoperimetric inequality in very general form, using the 
Lebesgue area. Subsequent results of J. W. T. Youngs, ns yet unpublished, 
contain even stronger results. Let us recall in tliis connection the aj^plication of 
the Lebesgue area in the Plateau problem (for developments up to 1933, tho 
reader may consult a monograph by T. Radd [7]). The role played by the 
LelDesgue area in these two classical variation problems may Ijo con.sidercd jus 
added evidence of the relevancy of this concept of surface area. 

V.4.10. Chapter V.3 is concerned with surfaces of the form z = f(x, y) (the 
7ionparametric case). Historicallj'^, this cose is of especial interest because the 
first substantial results obtained in this relatively simi3lo case served as a model 
and as an incentive in the study of the more difficult parametric case. In tho 
nonparametric case, the definition of the Lebesgue area may bo stated in tonns 
of polyhedra in nonparametric form (sec V.3. 44, V.3. 48). This altornalivo 
definition has been freely used in the early stages of tho theory, oven though tho 
explicit justification came much later (sec P. V. Rcicheldorfor [8]). In any case, 
the availability of a definition of A()8) in terms of nonparametric polylicdra, 
combined with the extreme simplicity of the topological situation in the non- 
parametric case, reduces the study of A(jS) to a problem in puro Analysis. Prom 
the analytic point of view, one has to deal with a single function /(a*, y) instead of ‘ 
the three pairs formed from the three coordinate functions in tho parametric case. 
Accordingly, perfect analogues of the classical theorems on arc length (see 1.1.8) 
were obtained by L. Tonelli [5]. Furthermore, in tho nonparametric Ga.so tho 
simple expressions of Geocze (see V.3.3) yield sums analogous to tho lengths of 
inscribed polygons in the case of arc length. These Geocze sums were shown by 
Geocze [1] to converge to A(jS[) in certain important special cases. Verifying a 
surmise of Geocze, T. Rad6 [2] proved that the Gefieze sums always converge to 
A(;Si), and Saks [3] recognized the fact that according to this result A(/S) is 
merely the Burkill integral of a certain simple rectangle function. On this basis, 
Saks developed the theoiy of A (8), in the nonparametric case, in a manner 
entirely free of Topology. The fact that A(S) is tho limit of Gefiozo sums has 
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been recognized by P. V, Reichclderfer [8] to moan tliat in the nonpai’amotrio 
case the fundamental relation a(S) — il(>S) always holds. In view of tho 
topology-free presentation in Saks [6], it seemed desirable to give in ohai)tor Y.S 
a discussion in which the nonparamctric case is treated as a special application 
of the theory developed for the parametric case. In addition, soveral more reoont 
developments were included. In particular, the sections V43.26-V.3.^J6 arti do- 
voted to a discussion of the beautiful results of L. C. Young [1], ec.'rtain details of 
exposition being improved in conformity with T. lladd [26]. 'Hio ooneliiding 
sections V.S.SO-V.S.S? are concerned with the so-called Geocze problem, Tf oiu! 
permits only mscribed polyliedra in tho definition of yl(>8) (acc V. 4.1(2)), thou 
there results a functional 4 *(aS) that may correspond more closely to the ol<’- 
mentary idea of surface area than .(“IC/S) itself. Clearly A"^(S) § hikI tho 

problem of Gebeze is the problem of deciding whether always == 

The first important results of Gebeze [1] and subsequent improvement.H by 'J\ 
Rado [23] were based on methods of discouraging complexity. Curiously, much 
better results in a much simpler way Averc obtained later on ))y Ilu.ske}'’ [2], avIioho 
ingenious method made use of the results of L. C, Young, already refcnofl to. 
The presentation of the Huskey result in Y.3.60-V,3.57 is based u]mn modifica- 
tions proposed by T. Rad6 [20], and contains additional remarks (for instance, 
the result in V.3.66). Interesting results, closely related to tho problem of 
Geocze, Avere obtained by Kempisty [1], [3], Bo.sicovilch [2], and studies on con- 
vergence in area by Me Shane [1] and T. Radd and P. V. licicheldorfer [20] niia.y 
also have a bearing on. this topic. Still, the general solution i.s not in sight as yet. 
Judging by the methods involved in the Avork up to tlie present, the Gedezo 
problem seems to be of great difficulty. ICven if an example of a .surface such 
that .^l*(»So) > /I (/So) could be found, wo Avould still have tho problem of chs- 
termining criteria for the relation ./l’*‘(^S) 7l(<S) to hold. In this conneotion, 

it is interesting to return to the example of Schwarz (see 1.1.10). In view of that 
example, it may be assumed that at the time of its publication there exiHl<id a 
general belief that the areas of approximating inscribed polyhedra, if choaoti xoiik 
some care, always converge to the area of tho surface. Tho problem of Gobezo, 
in fact, requires us to show that there exists some sequence of inscribed polyliedra 
whose areas converge to the area of the surface. Something iiituitiA''cly obvious 
appears thus, after the intensive AVork of many maihomatioians for more than 
fifty years, as a difficult unsolved problem. 
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